KHOA HOC
TRUONG DAl HOC QUY NHON

Mot ap dung cta Dinh ly tuyén tinh héa doi véi
bai toan héi tu Tauber trong khéng gian cé trong
cua cac ham chinh hinh Gateaux

Duong Thanh Vy
Khoa Toan va Thong ké, Truong Dai hoc Quy Nhon, Viét Nam

Ngay nhdn bai: 18/09/2020; Ngay ding bai: 18/10/2020

TOM TAT

Muc dich ciia bai béo la nghién citu Dinh 1y tuyén tinh héa dé giai quyét mot bai toan vé hoi tu Tauber

trén khong gian Banach ¢ trong cac ham chinh hinh Gateaux giita cdc khong gian 16i dia phuong.

Tir khéa: Tuyén tinh héa, khong gian 107 dia phuong, cdc bat bién topo tuyén tinh, cdac ham chinh hinh, cdc
ham da diéw hoa dudi.

"Tac gia lién hé chinh.
Email: duongthanhvy@qnu.edu.vn

Tap chi Khoa hoc - Truong Dai hoc Quy Nhon, 2020, 14(5), 5-15 | 5§



SCIENCE

QUY NHON UNIVERSITY

An application of Linearization Theorem to the problem
on Tauberian convergence in weighted space of
Gateaux holomorphic functions

Duong Thanh Vy

Faculty of Mathematics and Statistics, Quy Nhon University, Vietnam

Received: 18/09/2020; Accepted: 18/10/2020

ABSTRACT

The aim of this paper is to study a linearization theorem for weighted spaces of Géteaux holomorphic
functions between locally convex spaces and its applications to the problem on Tauberian convergence.
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1. INTRODUCTION

It is known that linearization technique is very im-
portant because it can help us in simplifying calcu-
lations. Indeed, if £ and F are Banach spaces and
U is an open subset of F, then the linearization re-
sults help in identifying a given class of holomorphic
functions defined on U, F—valued with the space of
continuous linear mappings from a certain Banach
space G to F, i.e., a holomorphic mapping is being
identified with a linear operator through lineariza-
tion results. The first linearization result for such
spaces was obtained by Mazet in 1984. The problem
has received much attention in the past few years.
However, most of the results are directed to spaces
of functions between Banach spaces. Six years after
the announcement of Mazet, Mujica obtained a
linearization theorem for the space H*® (D, F') of
Banach-valued bounded holomorphic mappings de-
fined on an open subset of a Banach space.

Weighted spaces of holomorphic functions de-
fined on an open subset of a finite or infinite di-
mensional Banach space have been studied widely in
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the literature by several mathematicians. Whereas
the results in the finite dimensional case, we at-
tribute to the contributions of Bierstedt, Bonet, Gal-
bis, Summers, Meise, Rubel, Shiclds, etc., the in-
finite dimensional case was introduced by Garcia,
Maestre, and Rueda, and further investigated by Bel-
tran, Jorda, Rueda, Gupta, Baweja, etc.

In this paper, we are concerned with proving a
linearization theorem for weighted Gateaux holomor-
phic functions between locally convex spaces and ap-
plying to solve some related problems in weighted
spaces of holomorphic functions.

Let E,F be locally convex spaces and v be
a weight on a domain D in E. Denote H,(D,F')
(resp. Hg (D, F)) the space of all F-valued (resp.
Gateaux) holomorphic functions on D such that
(v.f)(D) is bounded in F equipped with the topology
induced by the family {|| || p}pces(r) of semi-norms
where

[£llop := sup vl@)p(f(z)) P € es(F).

Let A, (D) (resp. Ag.v(D)) be a subspace of
H,(D) (resp. Hg (D)) such that the closed unit ball
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is compact for the compact open topology 7. Denote
Ay(D,F):={f:D—F: uofeA,(D)VueF'}.

We wish to investigate the linearization theorem
in the weighted spaces of F-valued functions in a
weak sense

AGW(D,F) =
{f:D—F: uofeAg,(D)VueF}.

We will use these result as one of main tools to
study the problem of Tauberian convergences which
is to look for additional properties to ensure that ev-
ery sequence/net of F-valued functions defined and
converging on a subset of D is convergent entirely on
D. The classical theorem of Vitali is an important ex-
ample on the Tauberian convergence for holomorphic
functions. For a sequense {f,, }m>1 of scalar-valued
holomorphic functions which is uniformly bounded
on compact subsets of a domain D in C™ the theorem
says that if it is pointwise convergent to a function
f on asubset X of D then it converges uniformly on
compact subsets of D whenever X is not contained
in any complex hypersurface.

In 2000, Arendt and Nikolski proved Vitali’s the-
orem for nets of Banach-valued, one-complex vari-
able holomorphic functions in the case where the
small subset has an accumulation point (see * [The-
orem 3.1]). They gave an easy direct proof based
on the theorem on very weakly holomorphic and
the uniqueness theorem. After that, more general,
in 2013 Quang, Lam and Dai ? have introduced the-
orems of Vitali-type for sequences, which are locally
bounded as well as are bounded on bounded subsets,
of Fréchet-valued holomorphic functions on a domain
in a Fréchet space (see 2 [Theorems 6.1, 6.2, 6.3
and Corollaries]). The tools of linear topological
invariants, introduced and investigated by Vogt

(see 3*5), were used in their proofs.

Very recently, Dieu, Manh, Bang and Hung 6 are
concerned with finding analogues theorem of Vitali
in which the uniform boundedness of the sequence
under consideration is omitted. A possible approach
is to impose stronger mode of convergence and/or
the size of the small subset. The versions of Vitali
theorem for bounded holomorphic functions and ra-
tional functions that are rapidly pointwise conver-
gent on a non-pluripolar subset of a domain in C™

have been considered in their work. Here the speed of
approximation is measured in terms of the growth of
the sup-norms of functions. Motivated by the prob-
lem of finding local conditions for single-valuedness
of holomorphic continuation, Gonchar 7 proved that
a sequence of rational functions {ry,}m,>1 in C”
(degry < m) that converges rapidly in measure
on an open set X to a holomorphic function f de-
fined on a bounded domain D (X C D) must con-
verge rapidly in measure to f on the whole domain
D. Much later, by using techniques of pluripotential
theory, in ® [Theorem 2.1] Bloom was able to prove
an analogous result in which rapidly convergence in
measure is replaced by rapidly convergence in capac-
ity and the small subset X is only required to be
compact and non-pluripolar.

Most recently, the problem on rapidly Tauberian
convergence for sequences of polynomials have been
studied by Quang, Vy, Hung and Bang ? based on
their researchs on Zorn spaces. They establish some
results on the holomorphic extension of a Fréchet-
valued continuous function f to an entire function
from some non-polar balanced convex compact sub-
set B of a Fréchet space whenever f is approximated
fast enough on B by a sequence of polynomials.

In this paper, we use the linearization tech-
nique of weighted holomorphic functions to investi-
gate the Tauberian convergence of sequences/nets in
H,(E,F) and A,(D,F) as well as the holomorphic
extension of weak-type holomorphic functions from
a small subset of D in the weighted space A, (D, F),
where E, F' are Fréchet spaces.

The organization of the article is as follows.

We set up review in Section 2 some notations and
terminologies of functional analysis, of holomorphic
functions on locally convex spaces and of weighted
spaces of holomorphic functions pertaining to our
work. Some linear topological invariants of Fréchet
spaces introduced and investigated by Vogt and some
results on pluripolar/non-pluripolar sets are also re-
called in this section.

In Section 3, we modify the method of Mujica in
19 to obtain Theorems 3.2 which permit to identify
Ag (D, F) with F-valued continuous linear map-
pings from a dense subspace ng (D) of the pred-
ual space Py, (p). Recent works of Carando and Zal-
duendo ', and of Mujica '? are devoted to get lin-
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earization results for (unweighted) spaces of holo-
morphic functions between locally convex spaces;
and of Beltran 1? for weighted (LB)-spaces of entire
functions on Banach spaces.

Based on the results from the previous work, in
Section 4 we will investigate the problem on Taube-
rian convergences for sequences/nets in weighted
spaces Hg (E, F) and Ag (D, F).

The first part of the section, we present some
notations and state (without proofs) theorems on
Zorn’s property for the space (Ep,7g), where Ep
the linear hull of some compact, absolutely convex
subset B of a Fréchet space E and the topology
Tr on Ep is induced by the topology of E. The
proofs of these results are analogous to the those en-
countered in the recent work of Quang and his col-
leagues ?. We devoted to the study of the Tauberian
convergence of sequences of Fréchet-valued Gateaux
holomorphic functions on a dense subset of a do-
main in a Fréchet space and holomorphic extension
of the limit function in weighted space. Combining
the results on (BB)-Zorn spaces with the lineariza-
tion theorems, we give the conditions under which ev-
ery bounded sequence { f, }men of holomorphic func-
tions in Hgo((Ex,7E), F) is convergent to a func-
tion f € Hgo((Ex,Tr), F') uniformly on the com-
pact subsets of (Ex,7g) whenever {f,,}men con-
verges at every point of K where 7 is the topol-
ogy of Ex induced by the topology of E. Moreover,
the function f admits a holomorphic extension in
H,(E,F) if it is continuous at a simple point in K
(Theorems 4.3, 4.4).

2. PRELIMINARIES

2.1. General notations

Standard notations of the theory of locally convex
spaces as presented in the book of Schaefer '* will be
used in the paper. A locally convex space is always a
complex vector space with a locally convex Hausdorff
topology.

We always assume that the locally convex struc-
ture of a Fréchet space F is generated by an increas-
ing system {|| - ||z }ren of semi-norms. Then we de-
note by Ej the completion of the canonically normed
space E/ ker ||-||g, by wy, : E — FEj the canonical map

and by Uy the set {x € E : ||z||; < 1}. Sometimes
it is convenient to assume that {Uy}ren is a neigh-
bourhood basis of zero (shortly U(FE)).

If B is an absolutely convex subset of E we de-
fine a norm || - |3 on E’, the strongly dual space of
E with values in [0, +0c] by

[ullz = sup{|u(z)|, = € B}.

Obviously | - |5 is the gauge functional of B°.
Instead of || - ||, we write [| - [|;. By Ep we denote
the linear hull of B which becomes a normed space
in a canonical way if B is bounded.

2.2.  Some linear topological invari-
ants

We say that a Fréchet space E has the property (£2),
and write £ € (Q), if

Vp dgd>0VEk3C >0 such that
-1 < ol -1l - Nt
For B € B(E), the family of closed, bounded,

absolutely convex sets in E, we say that E has the
property (Qp), and write E € (Qp), if

Vp3dqd C>0 suchthat
*14+d * *d
- 1I5 < I sl 115
The above properties have been introduced and in-
vestigated by Vogt 3%,
Note that in 1> Dineen, Meise and Vogt proved

that £ € (Q) if and only if there exists B € K(E)
such that £ € (Qp) where K(E) is the family of
compact, absolutely convex subsets of E.

2.3. Weighted spaces of holomorphic
functions

Let E and F be locally convex spaces and D be a do-
main in E. A function f: D — F is called Gateaux

holomorphic if for every a € D,b € E and ¢ € F',
the C-valued function of one complex variable

A (po f)(a+ Ab)
is holomorphic on a neighborhood of 0 € C.

The function f is said to be holomorphic if it is
Gateaux holomorphic and continuous.
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By H(D. F) (vesp. Hz(D, F')) we denote the vec-
tor space of all holomorphic (resp. Gateaux holomor-
phic) functions on D with values in F. The space
H(D, F) equipped with the compact-open topology
0. We use Hy(E, F) to denote the space of holomor-
phic functions from F into F' which are bounded on
every bounded set in F, and H,,(¥, F') to indicate
the set of holomorphic functions which are bounded
on rU for some neighbourhood U of 0 € E and for
all r > 0. Note that H,,(E, F) C Hy(E, F).

Instead of H(D,C), Hg(D,C), Hy(E.C),
Hub(E,C) we write H(D) Hg(D), Hb(E), Hub(E)
respectively.

For details concerning holomorphic functions
on locally convex spaces; we refer to the book of

Dineen.!6

For a domain D in E, a weight v : D = (0, c)
is a continuous function which is strictly positive.
Denote H,(D, F)

={fe€eH(D,F): (v.f)(D) is bounded on D};
Ho(D) = Hy(D,C)

={f € H(D): |fllo:= sup v(z)|f(2)| < oo};
zeD

HGJ,(D,F)
:={f € Hg(D,F): (v.f)(D) is bounded on D};
HGW(D) = HG7U(D,(C)

={f e Ha(D): [Ifll.:= jggv(xﬂf(x)l < oo}

The space H,(D,F) equipped with the topol-
ogy generated by the family {||-[|o.p}pecs(r) of semi-
norms. Then H,(D,F) is complete whenever F' is
complete, in particular, it is Banach if F' is Banach.
It is easy to check that

Hy(D.F)= lim H,(D,F,)

pecs(F)

where F, is the completion of the canonically normed
space I/ ker p.

2.4. Pluripolar sets

Let D be an open subset of a topological vector
space E. An upper-semicontinuous function ¢ : D —

[—00, 4+00) is called plurisubharmonic, and write ¢ €
PSH(D), if for every a € D and b € E the function

A (a+ Ab)

is subharmonic as a function of one complex vari-
able on a neighborhood of 0 € C. For example, if
f € H(D,F), where D is an open subset of a lo-
cally convex space and F' is a vector space with a
seminorm || - || then the function z ~ log|| f(2)|| is
plurisubharmonic on D.

Definition 2.1. A subset B C D is said to be
pluripolar in D if there exists a ¢ € PSH(D) such
that ¢ £ —oo on any connected component of D and

|, = —oc.

It is clear that the union of a finite number
of pluripolar sets is pluripolar. We should say that
pluripolar sets in infinite dimension space can be
complicated. For example, there exist Fréchet spaces
in which every bounded sets is pluripolar.

In the case where dim E < oo, a fundamental re-
sult of Josefson (see 17, [Theorem 4.7.4]) says that the
function ¢ above can be chosen to be globally defined
on E. That means a subset X of CP is pluripolar if
and only if there exists ¢ € PSH(CP), ¢ # —o0 such
that

X C{zeC?: ¢(z) = —x}.

Polarity of subsets in infinite dimensional spaces has
been dealt with in detail in many places, and the
reader is refered to %1819 for further details.

3. LINEARIZATION OF WEIGHTED
SPACES OF GATEAUX HOLOMORPHIC
FUNCTIONS

Let A,(D) be a subspace of H,(D) such that the
closed unit ball By, (p) is compact for the topology
7o. Note that this condition implies that A, (D) is
norm-closed and hence Banach because H, (D) is Ba-
nach. First, we present two illustrative examples for
this assumption in the next section.

In 2! [Theorem 7] Jorda showed that if, for m €
N, the space Z(™E) of continuous m-homogeneous
polynomials on a Fréchet E, endowed with its norm
topology, is contained H,(D) then the closed unit
ball of Z(™FE) is compact for the topology 7.
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Now, we present another illustrative example.
For each f € H(D) we consider the Taylor series
representation at zero

F(z) =Y (Pef)(z), z€D,

k=0

where Py f is a k-hemogeneous polynomial, k =
0,1,... The series converges to f uniformly on each
compact subset of D.

Now given a sequence « := {ay},>0 C C\ {0}.
For each k > 1, let us denote |a|; = an:() [t -
For each n > 0, consider the linear operator C,, :
H,(D) — H,(D) given by

1 n k
€)= 2 (akg@f)(z)), zeD.
(1)
Put
Cn.v(D) = Cn(Hv(D))act'(D) = U Cn,,v(D)
n>0

and

Ay(D) =C,(D)" 2)

In 20 [Proposition 4] Quang showed that if, for D
is a balanced, bounded open set in a Fréchet-Montel
space E having the (BB)..-property, v is a weight
on D which is radial and vanishes at infinity out-
side compact sets of D, and A,(D) is defined by
(2). Then, the closed unit ball of (A, (D), 7y) is 7o~
compact.

In 22 [Theorem 2.2.1] Vy have given linearization
theorem for weighted holomorphic functions between
locally convex spaces as follows.

Proposition 3.1. Let v be a weight on a domain D
in a metrizable locally convex space E and A, (D) be
a subspace of H,(D) such that the closed unit ball is
To-compact. Then there exist a Banach space Py, (p)
and a mapping 0p € H(D, Py, (py) with the follow-
ing universal property: For each complete locally con-
vex space F, a function f € A,(D,F) if and only if
there is a unique mapping Ty € L(Py,(p), F) such
that Ty o 0p = f. This property characterize Py (p)
uniquely up to an isometric isomorphism.

Moreover, the mapping

D : f S AU(D,F) '—)Tf S (L(PAU(D)vF)aTl)

= lim (L(Pa,(p); Fp)
pEcs(F)
is a topological isomorphism.

By the Ng Theorem 2* [Theorem 1] the evalua-
tion mapping

T (Au(D), ]| llo) = (Pa,(p))
given by
(J)(u) =u(f) VYu€ Pa,(p),

is a topological isomorphism. Hence, the space
Py, (p) is called the predual of A,(D).

Now we consider the above result for weighted
Gateaux holomorphic functions.

Let D be an open subset of metrizable locally
convex space E. Denote .7 (E) the family of all fi-
nite dimensional subspaces of E. By Proposition
3.1, for each Y € .#(E) there exists a unique map
py € L(Pa,(pnyy, Pa,(p)) such that the following
diagram is commutative

pny — % (3)
dpny ép
Py

Py, (pny) P4, (p)

where id is the identity mapping and Py (pny) de-
notes the predual of 4,(DNY).

If YZ € Z(F) such that Y C Z, then by
Proposition 3.1 again, there exists a unique map
bzy € L(PA,U(DHY%PAU(DOZ)) such that the follow-
ing diagram is commutative

pny —* > pnz
dpny dpnz

-
Py, (pry) ———— P4, (pn2z)

It follows that pz o pzy = py whenever Y C Z.
Denote

PSU(D) = U Py (Pa,(pny))
YeZ(E)
and equip PB&U( D) with the topology induced by
Pa,(p)-
Let Ag (D) be a subspace of Hg (D) such that
the closed unit ball is compact for the topology 7.
For each complete locally convex space F, we put

Aco(D,F):={f:D— F: uof € Ag ,(D)Vu € F'}.
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Theorem 3.2. Under the assumptions of Proposi-
tion 3.1,

(a) PgU(D) is a dense subspace of Pa,(py:

(b) op € H(D7P2U(D))§

(¢) For cach complete locally convex space F, the
Junction f € Ag (D, F) if and only if there
exists a unique linear mapping Ty : Py (D)

F such that Ty o 6p = f. Moreover, Ty is con-
tinuous if and only if f is continuous.

Proof. (a) By #? [Theorem 3.1] we have §p : D —
Py, (p) be the evaluation mapping given by

5D(£L’) = 5x

with ¢, is the evaluation, that means 6,(g) := g(z)
for all g € A,(D); then, we have

span{d, : x € D} is a dense subspace of P4 (p).
(1)
By the commutative diagram (3), 4, € P} () for ev-
ery x € D. Thus, by (4), ng(D) is dense in Py, (p).
(b) Tt is known that dp € H(D, P4, (p)) (see
Proposition 3.1) and dp(z) € PgU(D) for all z € D.
For each z € D we write

(SD(Z) = Z Pn(SD(Z)
n=0

Thus, in order to prove ép € H(D, ng( py) it suffices
to check that

Puop(a) € P("E, Py, (p))

for every a € D and n € N, where P("E, Py 1))
denotes the vector space of all continuous n-
homogeneous polynomials from E into ng( Dy

Fixae D,neNandt e E. Let r > 0 such that
a+nteDforallnec A, ={\eC: |\ <r}and
let Y € Z(F) which is generated by a and t. Then,
it follows from the commutative diagram (3) that

1 dp(a+nt)
Pl =5 [

1 / py o dpry (a + nt)d'r]
271 [n|=r 7]n+1

=Py (Pn 5DﬂY ) (a) (t)»

and hence P,,0p(a)(t) € py (Pa,(pny)) C PR (p)-

(c) First, given a function f : D — F. As-
sume that there exists a unique linear mapping
Ty : P{ (py — F such that Ty o op = f. Then,
the commutative diagram (3) implies that Ty,; o
dpny = f‘DmY for every Y € Z(E), where Ty,; :=
Tf’pY(PAU(DﬁY)) € L(Pa,(pny), F'). By Theorem 3.1,
flpay € Au(DNY, F). Hence f € Ag.(D, F).

Conversely, for each f € Ag,(D,F) and Y €
F(E), the function fy = f|, ., € A,(DNY).
By Theorem 3.1, there is a unique map Ty €
L(PAv(DﬂY)vF) such that Ty odpny = fy. If Y, Z €
F(F) with Y C Z, the following diagram is commu-
tative

DNy —% . pnz-“ . p

J&:}ny l&:mz f

P T
Pa,(pry) — Pa,(pnz) — F

v

This implies that Tz o pzy = Ty whenever Y C Z.
Thus, there is a linear map T : PBMD) — F such
that T o py = Ty for each Y € F(X). Since
Ty 0 dpny = fy we obtain T odp = f.

If we can find § @ P{ ) — F such that
Todp = f then Sopy =Ty = T opy for every
Y € Z(E). This yields S =T.

Finally, since f = T o dp, it is obvious that f is
continuous if T" is continuous. The converse inclusion
follows from Theorem 3.1.

Now. note that a family 7 C A,(D,F) is
bounded if and only if it is amply bounded, that
means the family {w, o f : f € F} is bounded in
Ay(D, F,) for all p € ¢s(F), where w, : F — F), is
the canonical map.

Proposition 3.3. Under the assumptions of Propo-
sition 3.1, a family {f;}jcr C Ay(D, F) is bounded
if and only if the corresponding family Ty, —C
L(Py4,(py, F) is equicontinuous.

Proof. Let {T}, }jer be the corresponding family
of {f;}jer, that is f;(z) = Ty, (0,) for each x € D
(see Proposition 3.1). Let D} := {v(2)d, : v € D} C
Pa,(p)-

Assume that {7y, }jer C  L(Pa,p), F) is
equicontinuous. Then for each p € cs(F') there ex-
ists C), > 0 such that

Tpor, (D5) = {v(a)(wp 0 f;)(2) : € D}
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C CpBFp Vjel
where Br, is the unit ball of Fy,.

We now note that
acx(Dy) = (D7) = By, (py = Bray iy ()

where acx(D}) denotes the closed balanced convex
hull of D} := {v(2)d, : « € D} in Py (py. Thus, we
have
Twpofj (BPAU(D)) = Twpofj (ﬁ(DZ))
C acx(Tu,o5; (D))
CcCyBp, Vjel
This implies that the family {w, o f;},er is bounded

for all p € cs(F), hence the family {f;};er is
bounded.

Conversely, take a 0-neighbourhood V in F. We
can assume that V :=¢(_; w, ' (B, ). By the hy-
pothesis, for cach p;, 1 <i < 'm, there exists Cp, >0
such that

{o(e)(wp, 0 £5)(@) :a € D} C Cy, (Br,) Vi€l
and hence
{v(@)fj(x):zeD}CV Vjel.
Then we have
Ty,(D3) = {o(@)Ty,(5,) : « € D}
={v(z)fj(x):zeD}CV Vjel.
Consequently,

Tf].(BpA ) = Tfj (ﬁ(D;)) C Vv Vj el,

v (D)
and the proposition is proved.
The following is a consequence of Theorem 3.2

and Proposition 3.3.

Corollary 3.4. Under the assumptions of Theorem
3.1, a family { f;}jer C Ag,o(D. F) is bounded if and
only if the corresponding family Ty, C L(ng (D)’ F)
18 equicontinuous.

4. TAUBERIAN CONVERGENCES IN
WEIGHTED SPACES OF GATEAUX
HOLOMORPHIC FUNCTIONS

We will apply the results of the previous section to in-
vestigate the problem on Tauberian convergences for

sequences/nets as well as the extension of limit func-
tions in weighted spaces H,(E, F') and A,(D, F').

First, we present some notions which will be
needed in subsequent sections.

A subset M C D is said to be a set of uniqueness
for A,(D) if cach f € A, (D) such that f’M =0 then
f=o.

A subset M C D is said to be sampling for
A, (D) if there exists a constant C' > 1 such that
for every f € A,(D) we have

sup v(2)|f(2)| < C sup v(2)|f(2)]- (6)
z€D zeM
Remark 1. For M C D, denote M := {v(z)dy : x €
M} C Bp (D) where B Pa, o) denotes the unit ball
Of PAU(D)'

1. Since the closed unit ball B4, p) of the space
Ay (D) is 7p-compact, by the Hahn-Banach
theorem, it is easy to check that the follow-
ing are equivalent:

(i) M is a set of uniqueness for A,(D);
(i) M is separating in A,(D);

(i) (M) := span? is o(Pa, py Av(D))-
dense.

2. For the norm given by |flu. =
sup,ear v(2)|f(2)] on Ay (D), it is obvious that
the following are equivalent:

(i) M is sampling for A,(D);
(i) - flo =11+ [lar.0 on Ay(D).

3. Obviously, if M is sampling for A,(D) then
M is separating in A, (D), hence, M is a set
of uniqueness for A, (D).

Now, we state Theorems of Zorn type which will
be needed in subsequent sections.

Definition 4.1. A locally convex space F is said to
be (BB)-Zorn space (or, to have (BB)-Zorn Prop-
erty) if for every open subset D of E, every f €
H¢ (D) which is bounded on bounded sets in D and
continuous at a single point of D is holomorphic
on D.
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In ?, Quang and his colleagues have investigated
the Zorn property of the linear hull of some convex
balanced compact subset B of a Fréchet space. In the
same way as in ? we get the following.

Theorem 4.1. Let E be a nuclear Fréchet space
with the topology 75 and E € (ﬁ) Then there ex-
ists K € K(E) such thalt (Ex,Tg) is a (BB)-Zorn
space. Moreover, for every domain D in E we have

Hy(D(K).g) = Hy(D)

where D(K) := DN Ek.
In particular, H(Ex,mp) = H(E) = Hyp(E).

Theorem 4.2. Let E be a Fréchet-Schwartz space
with an absolute Schauder basis and the topology Tg
and E € (ﬁ) Then there exists a non-pluripolar set
K € K(E) such that (Ef,Tg) is a (BB)-Zorn space.

Moreover, for every domain D in E we have
Hy(D(K),75) = Hy(D)

where D(K) := DN Ek.
In particular, Hy(Ex,mr) = H(E) = Hy(F).

Note that, under the assumptions of F the set K
is non-pluripolar (see ' [Theorem 9]).

The first results of this section are concerned
with the weighted Tauberian convergence of se-
quences of Gateaux holomorphic functions in a space
(Ex,Tg), where Ex the linear hull of some K €
K(E) where the topology 7s on Ex is induced by
the topology of a Fréchet space E.

Theorem 4.3. Let E, F be Fréchet spaces and v
be a weight on E. Assume that E is nuclear with
the topology T and E € (ﬁ) Then there ex-
ists a non-pluripolar set K € IC(E) satisfying the
following: if {fm}tmen is a bounded sequence in
Heo(Ex,TE), F) such that {fm }men is convergent
at each © € K to a function f which is continuous at
some xg € K then f has an extension [ € H,(E,F)
and { fm}men is convergent to f uniformly on the
compact subsets of (Ex,Tg).

Proof. By Theorem 4.1 there exists a non-
pluripolar K € IC(E) such that (Ex,7g) is a (BB)-
Zorn space.

First, without loss of generality we may as-
sume that F((Ex,7r)) = {Q1,...,Qn,...} where

dim@, = n and @, C Quu1 C (Eg,7g) for all
n € N. Then

(Bxe,75) = | Q-

neN

Since dim@,, = n < oo, by Montel’s theorem,
the closed unit ball B, , of H,(Q,) is 7o-compact.
As in Theorem 3.2 we denote

Pl prere) = | Pan (Pr,(@n)
neN
and equip PQIU( B rp) With the topology induced by
the predual Py, (g, 7,y of Hy(Ek,TE).

Let {fm}men be a sequence as in the theo-
rem. From Theorem 3.2 there exists a sequence
{T}, }men C L(PI(?IU(EK‘TE)7 F) such that Ty, 0dp, =
fm for all m € N.

Then, since {fi, }men is bounded, it follows from
Corollary 3.4 that {T¥,, }men is equicontinuous.

Then the topology of pointwise convergence on
Py, (Ex,rp) coincides with the topology of point-
wise convergence on (Eg,7g); by 2 [39.4(1)].
Thus {T}};er is pointwise convergent to T €
L(PIO{v (Exrm) E ). The convergence is uniform on the

compact subsets of Py 1> by %4 [39.4(2)).

By Proposition 3.1 there exists f* €
Heo((Ex,7g), F) such that f*(z) = T(d;) for all
x € Eg. It is obvious that {f;};cs is convergent to
f*. On the other hand, the function 0z, : x — 0, is
holomorphic (see Proposition 3.1) and then contin-
uous. Thus, if L C Eg is compact then {0, : = € L}
is compact in Py, (g, 7,). It follows that {f;};es is
convergent to f* uniformly on the compact subsets
of (Ex,7g). It is obvious that f* = f on K.

On the other hand, since K is not pluripolar, by

15 [Theorem 2] E € (Q). It implics that Ef is dense
in E.

Then, because f is continuous at some xy € K,
by Theorem 4.1, u o f* € H,(Eg,7g) for all u €
F’. Consequently, it follows from Theorem 4.1 that
uwo f* € H(Fk,Tp) admits an extension f; € H,(F)
for all u € I,

Now, because E € (), by 25 [Lemma 2.2, K
is a set of uniqueness for H(FE), hence, it is also of
uniqueness for H,(E).

From Remark 1, (K}) := spanK] is
0(Pu, (g Hy(E))-dense, and hence it is norm-dense.

Ek,7E
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Put T: (K:) — F, T(5,) := f*(x).
Since F' is separating, T is well defined.

Let x =), apv(x)ds, € Bk, the unit ball
of (K}). For each v € F' we have the estimate

(T, u)| = ‘<Za"v )
(St
k=1

< lwo £

awer)

This means that f(B(K;>) is o(F, F")-bounded
and then it is bounded. Thus, T is a bounded linear
mapping.

Since (K) is norm-dense in Py, (g) we can ex-
tendftof:PH( y — F.

Fmally by applying Propos1t10n 3.1 there exists
unique f € H,(E,F) such that To 0 = f Obvi-
ously, f f* on Fg.

From Theorem 4.2, as Theorem 4.3, we have

Theorem 4.4. Let E F be Fréchet spaces and v
be a weight on E. Assume that E is Schwartz with
an absolute Schauder basis and the topology Tr and
E € (Q). Then there ezists a non-pluripolar set
K € K(E) satisfying the following: if {fm }men 48
a bounded sequence in He ((Ex,Tr), F') such that
{fm}men is convergent at each x € K to a function
f which is continuous at some xq € K then f has an
extension fe H,(E,F) and {fm }men is convergent
to a function f uniformly on the compact subsets of
(EK, TE).
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