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TOM TAT

Cho v 13 mot trong trén mot mién D trong khong gian 16i dia phuong kha métric E va F 1a
khong gian 16i dia phuong day du. Ky hieu H, (D, F) 1a khong gian c¢6 trong clia cac ham chinh
hinh trén D nhan gia tri trong F' va A, (D) la khong gian con ctia H,(D,C) sao cho hinh cau
don vi déng ctia n6 la compact theo topo compact mdé. Trong bai bao nay, ap dung mot dinh
Iy vé tuyén tinh héa trong khong gian c6 trong cdc ham chinh hinh, ching toi dua ra cac diéu
kien déi vé6i cac tap M € D va W C F’ dé mdi ham f : M — F dudc thac trién chinh hinh dén

D néu uo f ¢6 mot thac trién chinh hinh dén D véi méi v € W.

T khéa: Tuyén tinh héa, khong gian 107 dia phuong, bat bién topo tuyén tinh, chinh hinh vo

han chiéu, ham chinh hinh.

"Tac gia lién hé chinh.
Email: nguyenvandai@qgnu.edu.vn
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ABSTRACT

Let v be a weight on a domain D in a metrizable locally convex space E and F' be a complete

locally convex space. Denote H, (D, F) the weighted space of F-valued holomorphic functions
on D, and A, (D) is a subspace of H,(D,C) with the closed unit ball which is compact for the open-

compact topology. Using a linearization theorem of weighted spaces of holomorphic functions

in this paper, we set up characterizations for M C D and W C F’ such that every function

f M — F can be holomorphically extended to the whole domain D in the case u o f admits a

holomorphic extension to D for every u € W.

Keywords: Linearization, locally convex spaces, topological linear invariants, infinite- dimen-

stonal holomorphy, holomorphic functions

1. INTRODUCTION

Let E, F be locally convex spaces and D a
domain (open, connected set) in E. Holo-
morphic functions on D with values in
I are useful in analytic functional cal-
culus and in the theory of 1-parameter
semigroups. As far as we know, in func-
tional analysis, essentially two approaches
to analyticity of vector-valued functions
are through the notions of a (very) weakly
holomorphic and a (strongly) holomorphic
function, and the first way is easier to
check in practical examples. Here, a func-
tion f: D — F is (very) weakly holomor-
phic if wo f is holomorphic for each u € F’.
It is known that holomorphic functions
are always (very) weakly holomorphic. It
seems that the first answer of the question

“Corresponding author.
Email: Nguyenvandai@gnu.edu.vn

“what conditions decide the holomor-
phy of a (very) weakly holomorphic func-
tion” belongs to Dunford,! who proved
that the class of Banach-valued (very)
weakly holomorphic functions defining on
a domain in C satisfies the requirement.
Grothendieck ? extended the result for
the case the underlying spaces are qua-
sicomplete. The assertion, in fact, is true
in the case where E, F' are Hausdorff lo-
cally convex spaces and E is metrizable
(see ® [Theoréme 1.2.10]). Then, it is nat-
ural to ask (addressed by Grosse-Erdmann,
45 Arendt and Nikolski %) whether or not
(proper/smallest) subsets W of the dual
F' of the underlying spaces F' such that
a function f is holomorphic whenever f
is (not very) weak holomorphic, i.e. uo f
is holomorphic for all v € W. In other

18 | Journal of Science - Quy Nhon University, 2020, 14(5), 17-26



SCIENCE

QUY NHON UNIVERSITY

words, we have to determine the minimal
assumptions under which a weakly holo-
morphic function is (strongly) holomor-
phic as well. Arendt and Nikolski consid-
ered this problem when D C C and F' is
a complex Banach space. Let W C F’ be
a subset and o(F, W) be the weak topol-
ogy on F induced by W. A result in 6
claimed that a o(F, W)-holomorphic func-
tion f : D — F' is holomorphic if and
only if W determines boundedness, in the
sense that each o(F, W)-bounded set in F
is bounded. If f : D — F' is additionally
assumed to be locally bounded then f is
holomorphic when W is just a separating
subspace of F’. A generalization of this re-
sult to the case where F' is a locally com-
plete locally convex space was obtained
by Grosse-Erdmann.® Under additional
assumptions that F and F satisfy some
linear topological invariants, in 7, Hai ex-
tended the results of Arendt and Nikolski
in  for the case where f defines on an
open set D either in a Schwartz-Fréchet
space E € () with values in a Schwartz-
Fréchet space F' € (LBy) or in C with
values in a Fréchet space F' € (LBy) 7
[Theorems 4.1, 4.2]. Note that, in the case
of E = C the hypothesis “Schwartz” for
F' is superfluous. Recently, Quang, Lam
and Dai ® have considered the above prob-
lem in the cases where Fréchet spaces E, F'
have stronger conditions, £ € (£2) and
F € (LBy) or F € (DN); but the locally
boundedness of f is dropped to a weaker
property, the boundedness on bounded
sets in D.

This question is closely related to the
problem of holomorphic extension. One of
the extension results given by Bogdanow-
icz Y through weak extension says that
a function f defined on a domain D; in
C with values in a sequentially complete,

complex locally convex Hausdorff space F'
such that u o f can be holomorphically
extended to a domain Dy D D; for each
u € F', must admit a holomorphic exten-
sion to D,.

More recently, Grosse - Erdmann,®
Arendt and Nikolski,® Bonet, Frerick and
Jorda,® Frerick and Jorda,!'* Frerick,
Jorda and Wengenroth 2 have given re-
sults in this way but with requiring ex-
tensions of w o f only for a proper sub-
set W C F’ and the conditions on D;
are smoother. Also, Laitila and Tylli 3
have recently discussed the difference be-
tween strong and weak definitions for im-
portant spaces of vector-valued functions.
Most recently, this problem is also investi-
gated for more general cases, for instance,
on Fréchet spaces with the linear topolog-
ical invariants by Quang, Lam and Dai,?
Quang and Dai;'*' and for weakly mero-
morphic functions by Quang and Lam
16,17

The aim of this paper is to investigate
the holomorphic extension of holomorphic
functions in a subspaces of the weighted
space H,(D,F) of weakly-type holomor-
phic functions of a between locally convex
spaces given by

A, (D, F) =

{f:D—=F: uofeA,/(D)Vue F'}.

The rest of the paper is organized as
follows. Section 2 presents some prelim-
inaries. The main results will be intro-
duced in Section 3. We give the condi-
tions for subsets W C F’ under which ev-
ery F-valued function f can be extended
(unique) to a function f € A, (D, F) from
a (thin) subset of uniqueness (Theorems
3.2, 3.3) and from a (fat) sampling subset
(Theorem 3.4) M of D whenever uo f ad-
mits a unique extension f, € A,(D) for
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all u e W.

The main tool for our proofs will be the
linearization theorems in A,(D, F) that
has been proven by T. T. Quang et al.

in 18

Our notation for locally convex spaces
and functional analysis is standard and
we refer to the book of Jarchow.! A lo-
cally convex space is always a complex
vector space with a locally convex Haus-
dorff topology.

For more background and details
about the theory of infinite dimensional
holomorphy we refer to 2 and the refer-
ence given therein.

2. PRELIMINARIES
2.1. General notations

We always assume that the locally convex
structure of a Fréchet space FE is generated
by an increasing system {||-||x } xen of semi-
norms. Then we denote by Ej the com-
pletion of the canonically normed space
E/ker |||k, by wg : E — E} the canonical
map and by Uy the set {z € E : ||z||; <
1}. Sometimes it is convenient to assume
that {Uy }ren is a neighbourhood basis of
zero (shortly U(E)).

If B is an absolutely convex subset of
E we define a norm || - || on E’, the
strongly dual space of E with values in
[0, +00] by

lullp = sup{[u(z)[,» € B}.

Obviously || -]|5; is the gauge functional
of B°. Instead of || - ||;, we write || - ||}
By FEp we denote the linear hull of B
which becomes a normed space in a canon-
ical way if B is bounded. The space F is
called locally complete if for every abso-
lutely convex, closed and bounded B of £
the space Ep is Banach.

Definition 2.1. Let F' be a locally convex
space. A subset W of F’ is called

e separating if u(z) = 0 for each u €
W implies x = 0. Clearly this is
equivalent to the span of W be-
ing weak*-dense (or dense in the co-

topology);

o determining boundedness if every
subset B C F is bounded when-
ever u(B) is bounded in C for all
u € W. This holds if and only if ev-
ery o(F,spanW)-bounded set is F-
bounded. Obviously, the linear span
of such sets is o(F”, I')-dense;

Clearly, if W C F’ determines bound-
edness in F” then W is separating.

2.2. Weighted spaces of holomorphic
functions

Let E and F' be locally convex spaces and
D be a domain in E. By H(D, F) we de-
note the vector space of all holomorphic.
Instead of H(D,C), we write H(D).

For a domain D in E, a weight v : D —
(0,00) is a continuous function which is
strictly positive. The space

H,(D,F):=
{f e H(D,F): (v.f)(D) is bounded on D}
={feH(D,F):
[ £llep = supv(z)p(f(w)) < o0
Vp € es(F)}

equipped with the topology generated by
the family {|| - ||vp}pecs(r) of semi-norms.
Then H,(D, F) is complete whenever F' is
complete, in particular, it is Banach if F'
is Banach. It is easy to check that

HU(D7F>: I&H Hv(Dva)

pEcs(F)
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where F, is the completion of the canoni-
cally normed space F'/ ker p.
We also write
H,(D):=H,(D,C) =
—{fc H(D):
[fllo == supv(z)|f(x)] < oo}.
zeD
Remark 2.1. In the case F is metrizable
we have

H(D,F) = H(D, F),
={f:D—F: uofeHD)VuelF'"}

(see 3 [Theorem 1.2.10], also (** [Example
3.8(g)))-

Let A,(D) be a subspace of H,(D)
such that the closed unit ball By, (p) is
compact for the topology 7. Note that
this condition implies that A, (D) is norm-
closed and hence Banach because H,(D)
is Banach.

In 2! [Theorem 7] Jorda showed that
if, for m € N, the space Z(™FE) of con-
tinuous m-homogeneous polynomials on a
Fréchet E., endowed with its norm topol-
ogy, is contained H,(D) then the closed
unit ball of Z("FE) is compact for the
topology 7.

Another illustrative example of
A,(D, F) has been built by Quang in 2.
We briefly sketch this example as follows.

Let D be a balanced, bounded open set
in a Fréchet space E. Let v be a weight on
D satistying the following conditions:

(i) v is radial in the sense that

v(Az) =v(2)

Vze D,VYA€ A :={ e C: |\ =1},

(ii) v wvanishes at infinity outside com-
pact sets of D in the sense, if for ev-
ery € > 0 there exists a compact sub-
set K of D such that |v(z)| < e for
all ze D\ K.

For each f € H(D) we consider the
Taylor series representation at zero

f(2) = (Pf)(), z€D,

k=0
where P,f is a k-hemogeneous polyno-
mial, £ = 0,1, ..

to f uniformly on each compact subset
of D.

Now for each n > 0 we consider the

.. The series converges

linear operator
C,: H,D)— H,(D)

given by Cesaro means C), f of the partial
sums of the Taylor series of f :

CuPE) = —5 > Y (A)(E), 2 € D,

7=0 k=0

Put
Cn,v(D) = CH(HU<D))7

¢.(D) = | CunlD).

A (D) =C,(D)".
Then we have the following

Proposition 2.1 (** Proposition 4).
Let D be a balanced, bounded open set
i a Fréchet-Montel space E having the
(BB)oo-property and v be a weight on D
which vanishes at infinity outside compact
sets of D. Then, the closed unit ball of

(Au(D), || - |lv) is To-compact.

Here, we recall that a locally convex
space F has the (BB),-property if each
bounded subset of ® E is contained in

n,8,7T

ﬁ( & B) for some bounded subset B of
E, where

@B ={r®---®x: z € B}
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and ® FE denotes the space ® E endowed

n,S,7

with the projective topology 7, and ® E

n,s,m

is its completion.

If E has (BB),, for all n we say that F
has (BB)s-property.

3. THE PROBLEM OF WEIGHTED
HOLOMORPHIC EXTENSIONS

In this section we present the main resuts
of the paper. First, we recall the lineariza-

tion theorem which has been proven in %,

Let us denote by P, p) the closed
subspace of all linear functionals u €
. / 1 -
(A”(_D)’H |l,)" such that U‘BAU<D> is 79
continuous.

By the Ng Theorem 23 [Theorem 1] the
evaluation mapping

J: (Au(D), || - ls) = (Paypy)’

given by

(JF)(u) = u(f) VYu€ Pa,p),

is a topological isomorphism. This is why
the space Py, (p) is called the predual of
A, (D).

Theorem 3.1. Let v be a weight on a
domain D in a metrizable locally con-
vex space E and A,(D) be a subspace of
H,(D) such that the closed unit ball is
To-compact. Then there exists a mapping
dp € H(D, Pa,(p)) with the following uni-
versal property: For each complete locally
convez space F, a function f € A,(D,F)
of and only if there is a unique mapping
Tf S L(PAU(D),F) such that Tf odp = f
This property characterize Py, py uniquely
up to an isometric isomorphism.
Moreover, the mapping

Q:feA (D, F)— Ty € (L(Paypy, F), 1)

— lm (L(Pao) Fy)
pEcs(F)

15 a topological isomorphism.

Note that, 0p : D — P4, (p) is the eval-
uation mapping given by

5D($) = 533
with 0,(¢g) := g(z) for all g € A,(D).

First we present some notions which
will be needed in subsequent sections.

A subset M C D is said to be a set of
uniqueness for A,(D) if each f € A, (D)
such that f‘M =0 then f =0.

A subset M C D is said to be sampling
for A, (D) if there exists a constant C' > 1
such that for every f € A,(D) we have

sup v(z)[f(2)| < C'sup v(z2)[f(2)].

z€D zeM

Remark 3.1. For M C D, denote

(3.1)

My ={v(x)d,: v € M} C Bp,

where BpAU(m denotes the unit ball of
1. Since the closed unit ball By, (p)
of the space A,(D) is 1p-compact,

by the Hahn-Banach theorem, it is

easy to check that the following are
equivalent:

(i) M is a set of uniqueness for
A, (D);
(ii) M} is separating in A,(D);
(iil) (M) = spanM;  is
0(Pa,(py, Av(D))-dense.
2. For the norm given by

[flar0 := sup v(2)| f(2)]

zeM

on A,(D), it is obvious that the fol-
lowing are equivalent:

(i) M is a sampling for A,(D);
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3. Obviously, if M is sampling for
A,(D) then M is separating in
A, (D), hence, M is a set of unique-
ness for A, (D).

H : HM,U on AU(D)'

Given a Fréchet space E, an increas-
ing sequence { B, }, of bounded subsets of
E' is said to fix the topology if the polars
{B¢}, taken in E form a fundamental sys-
tem of O-neighbourhoods of E. Let us re-
call the following result.

Lemma 3.1 (Y, Proposition 7). Let
{B.}» be an increasing sequence of
bounded subsets of F'. The following as-
sertions are equivalent:

(i) {Bn}n fizes the topology of F;

(i) F'((Bn)nen)

ness in I

determines bounded-

(tii) spanlJ, B_nJ(F ) determines bound-

edness in F.

Theorem 3.2. Let v be a weight on a
domain D in a metrizable locally convex
space and A,(D) a subspace of H,(D)
such that the closed unit ball By, py s To-
compact. Let M C D be a set of unique-
ness for A,(D). Let F be a complete lo-
cally convex space and W C F' be a sub-
space which determines boundedness in F.
If f: M — F is a function such that
uo f has an extension f, € A,(D) for each
uw € W then f admits a unique extension

fe A (D, F).

Chitng minh. By Remark 3.1, (MY) is
0(Pa,(py; Au(D))-dense, and hence it is
norm-dense.

Now we take a function f : M — F
satisfying the assumptions of Theorem.

Put T : (M) — F, T(J,) := f(x). Since
W is separating, T is well defined.

Let z = ZZ:1 apv(xy)dy, € By, the
unit ball of (M}). For each u € W we have
the estimate

[(Tx,u)|

’<Zakv () f
= ’<;akv(xk)5wk,uof>‘

< [lwo fll..

e )

This means that T(Byy) is o(F, W)-
bounded and then it is bounded. Thus, T’
is a bounded linear mapping. Since (M)
is norm-dense in P4, (p) we can extend T’
to T : Py, (py — F. Now, the proof is com-
plete by applying Theorem 3.1. [

In the case where D is a domain in
a Banach space, by Montel’s theorem, the
closed unit ball By, (p)y of the space H,(D)
is Tg-compact. Therefore, from Theorem
3.1 and Remark 2.1 we get the following:

Corollary 3.1. Let D be a domain in a
Banach space and v be a weight on D and
M C D be a set of uniqueness for H,(D).
Let F be a complete locally convex space
and W C F' be a subspace which deter-
mines boundedness in F. If f : M — F is
a function such that w o f has an exten-
sion f, € H,(D) for each w € W then f
admits a unique extension fe H,(D,F).

Theorem 3.3. Let v be a weight on a
domain D in a metrizable locally convex
space and A,(D) a subspace of H,(D)
such that the closed unit ball By, py s To-
compact. Let M C D be a set of unique-
ness for A,(D). Let F' be a Fréchet space
and W = U, B, C F'" where {B,}, fizes
the topology of F. If f : M — F is a
function such that wo f has an extension
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fu € Ay(D) for each u € W and { f,}uen,
is bounded in A,(D) for all n then f ad-
mits a unique extension f € A, (D, F).

Ching minh. By Lemma 3.1,

= span U _U(F,

determines boundedness in F. For each
u € W we write v in the form

10
u = E ;U
i=1

with u; € EU(F’F), 1 = 1,...,n9. Be-

cause {B,}, is increasing we have u €
> )B_nOU(F/’F) Without loss of gen-
erality we can assume that > % o; = 1.
Then there exists {u)}, C By, such that
u) — wu in the topology o(F’, F). It fol-
lows from the hypothesis that {f,o}x is a
bounded sequence in A,(D) and {f,0(2)}
converges to u(f(z)) for each x € M.
Therefore, by '¥[Theorem 4.3], there ex-
ists fu € Ay(D) such that {f,(z)} con-
verges f,(z) for each x € D. Then, since
we Wis arbitrary, the conclusion is a
consequence of Theorem 3.2. O

Theorem 3.4. Let v be a weight on a
domain D in a metrizable locally convex
space and A,(D) a subspace of H,(D)
such that the closed unit ball Ba,p) s
To-compact. Let M be a sampling set for
A,(D) and W a o(F', F)-dense subspace
of the dual F' of a locally complete locally
convex space F. If f: M — F is a func-
tion such that

sup v(x)p(f(x)) < oo for all p € cs(F)

zeM

(3.2)
and wo f has an extension f, € A,(D)
for each w € W then [ admits a unique
extension f € A,(D, F).

Chiing minh. Consider the Banach space
gl(M) = {Oé = (Ckx)gceM M—C:

lafl ==Y lou] < oo}

xeM

where o, = a(x) and the sum is defined
by

Z || = sup{z || :

zeM TEY

~ a finite subset of M }
Put
O(M?) = {g € Pyt Haw)eens € (1(M) :

g= Z axv(x)éx}

xeM
where
Z av(x)d, == lim Zaxv(fc)é
YEF M
zeM TEY

with %) be the directed set of all finite
sets of M ordered inder inclusion. It is
easy to check that the space ¢1(M) is Ba-
nach with the following norm

lgllar = inf { 3 Jafoa) 1) -
xeM
(e )vens € G }
where
Ge, = {(Be)eenm € (r(M) :

9= Bow@), =Y azu(@)d

xeM xeM

We denote Py, (p) the predual of
(Au(D), | - l[arw) and Bp,, ,(py is its unit
ball. Define

S fl(M) — PAJ\,m(D)

by

=D e

xzeM

am wEM
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It is easy to see that S is bounded linear,
moreover

BP]\/I,U(D) C m(M;) C S(Bh(M))-

Since || - ||, =~ || - [|a0 (see Remark 3.1)
S+ l1(M) — Pa,(p) is bounded. Then,
by the Schauder lemma ?* [Lemma 3.9], S
is open and then surjective. This implies
that the injection of ¢ (M) is an onto iso-
morphism. Therefore, for each g € Py, (p)
there exists a 1= (ag)zen € €1(M) such
that

g = Z a,v(x)d,.

xeM
Take f as in the hypothesis. We
T(g9) = > ,em @v(x)f(z). Since (3.2)

the series is convergent. Moreover, if
Y wen V()0 = 0 then for all u € W

we have

and then, because W is separating, T is
well defined. From (3.2) and || - ||, ~
| = llarw, it implies that T(Bp, ) is
bounded. Finally, the proof is complete by
applying Theorem 3.1. O
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