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TOM TAT

V6i mot ham trong cho trude, ta dinh nghia phép chiéu kiéu Bergman cadm sinh bdi ham
trong do. Chiing t6i dua ra mot dac trung ctia ham trong ban kinh dé phép chiéu kiéu Bergman
d6 1a bi chan tir L™ vao khong gian Bloch B trén hinh cau don vi B, ctia C*,n > 1.
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ABSTRACT

Given a weight function, we define the Bergman type projection induced by this weight. We

characterize the radial weights such that this projection is bounded from L to the Bloch space

B on the unit ball B,, of C",n > 1.
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1. INTRODUCTION AND MAIN
RESULT

Let C™ denote the n-dimensional complex
Euclidean space. For any two points z =

(21, ..
the well-known notation

. 29), w = (wq,...,wy,) in C", we use

<Z,'LU> :le_1+"'+znw_n7

and |2] = /7, 2).

Let B, = {z € C" : |z] < 1} be the unit
ball, and let S, = {# € C" : |z| = 1} be the
unit sphere in C™.

Denote by H(B,) the space of all holo-
morphic functions on the unit ball B,. Let
dv be the normalized volume measure on B,,.

The normalized surface measure on S,, will be
denoted by do.

Let p be a positive and integrable function
on [0,1). We extend it to B,, by p(z) = p(z|),
and call such p a radial weight function. The

weighted Bergman space Az is the space of
functions f in H(B,,) such that

112 [ I o)) < o

Let p be a radial weight and X be a space
of measurable functions on B,,. The Bergman
type projection P, acting on X is given by

Pof(z) = / K, (2 w) f (w)p(w)dv(w),
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for z € B,,f € X, where K,(z,w) is the
reproducing kernel of the weighted Bergman
space AZ.

When p is the standard radial weight
p(z) = (1—|2*)* a > —1, the corresponding
projection is denoted by P,.

A radial weight p belongs to the class D
if p(r) < p(Hr) for all r € [0,1), where
5(r) = [ p(s)ds.

The Bergman space and a lot of topics
related to this famous space have attracted
the attention of many mathematicians so far.
When the weight function is the standard
radial weight, the theory of Bergman space
is well-known. We recommend the books of
Zhu%10 for more details.

In 2018, we began the study of small
Bergman spaces in higher dimensions®. The
projections play a crucial role in studying
operator theory on spaces of analytic func-
tions. Bounded analytic projections can also
be used to establish duality relations and to
obtain useful equivalent norms in spaces of
analytic functions. Hence the boundedness
of projections is an interesting topic which
has been studied by many authors in recent

%78 In", Peldez and Rittyi consid-

years 1%
ered the projection P, acting on L (D), 1 <
p < oo, when two weights p1, p2 are in the
class R of the so called regular weights. A
radial weight p is regular if p(r) =< (1 —
r)p(r),r € (0,1). Recently, in 2019, they ex-
tended these results to the case where p; € 23,
p2 1 radial8.

In this paper, we are going to study the
projections acting on the space L*°. Let us
recall that the Bloch space of B,,, denoted by
B(B,,), or simply by B, is the space of holo-

morphic functions f in B,, such that

sup (1~ [22)| R ()] < .
z€B,

where

is the radial derivative of f at z € B,,. In the
one dimensional case, the Bloch space con-
sists of analytic functions f on D such that

sup(1 —|2*)| f'(2)| < o0,
zeD

and is denoted by B(D).

In the case of standard radial weight, we
have the following result.

Theorem A. For any o > —1, the Bergman
type projection P, is a bounded linear opera-
tor from L™ onto the Bloch space B.

This theorem is also valid for the case of
one dimension C and of higher dimension C".
See!® Theorem 5.2 for the proof in the case of
one variable and® Theorem 3.4 for the proof
in the case of several variables.

When the weight functions is more gen-
eral, in®, Peldez and Réttys obtained an in-
teresting result in the one dimensional case.

Theorem B. Let p be a radial weight. Then
the projection P, : L>°(D) — B(D) is bounded
if and only if p € D.

The aim of this paper is to study the
Bergman type projections acting on L*° in
the case of higher dimension. In this case,
what will be the target space and the charac-
terizations of the weight functions such that
the projection is bounded? We extend The-
orem B to the case of several variables and
obtain the following result.



Theorem 1.1. Let p be a radial weight. Then
the projection P, : L* — B is bounded if and
only if p e D.

The paper is organized as follows. In Sec-
tion 2, we give some important lemmas which
are used in the proof of Theorem 1.1 and Sec-
tion 3 gives us an explicit explanation for our
main result.

Throughout this text, the notation
U(z) S V(z) (or equivalently V(z) 2 U(z))
means that there is a positive constant C' such
that U(z) < C.V(z) holds for all z in the set
in question, which may be a space of functions
or a set of numbers. If both U(z) < V(2) and
V(z) S U(z), then we write U(z) < V(z).

2. SOME AUXILIARY LEMMAS

To prove Theorem 1.1 we need several

auxiliary lemmas.

Lemma 2.1. Let p be a radial weight. Then

the following conditions are equivalent:
(i) p € D;
(ii) There exist C = C(p) > 0 and [y =
Bo(p) > 0 such that

A(r) < c(l‘r)ﬁm),

1—1¢
where 0 < r <t <1, for all B> Py,

(iii) The asymptotic equality

! 1
/ s p(s)ds < ﬁ(l - —) ,
0 X

where x € [1,00), is valid;

(iv) There exist Cy = Cp(p) > 0 and C =
C(p) > 0 such that

0) < Co(3)

and p, < Cpay for alln € N.

Lemma 2.1 gives us the characterizations
of the weight function p € D. The proof of
this lemma can be found in®.

Lemma 2.2. If
f(z):ZajszHp, 0<p<2,
n=0

then
o
S G+ e IR
i=0

J

Lemma 2.3. Let {aj} be a sequence of com-
plex numbers such that qu’Q‘aj‘q < 00
for some q,2 < q < oo. Then the function
f(z) =5 a2 is in HY, and

1S DG+ 1) 2ay]
=0

J

Two above lemmas are the classical
Hardy-Littlewood inequalities, which can be
found, for example, in Duren’s book* Theo-
rem 6.2 and 6.3.

In the following lemma, we give the ex-
plicit formula for the reproducing kernel of
A2

5

Lemma 2.4. Let p be a radial weight. Then
the reproducing kernel K,(z,w) is given by

1= (d4+n—1)!
K,(z,w) = —Z—(z,w)d,
2 d
for z,w € B,,, where

1
o :/ Ept)dt, @ > 1.
0



Proof. By the multinomial formula (see®

(1.1)), we have that

d!
Z B'BB

BEN™|B|=d

(z,w)? = z,we C".

Hence, for a« € N, |a| = d,
| etertante
dl2B
= ¥ G | e

BeN"|B|=d

where z € B,,. By Lemma 1.11 in?,

- 0 if a # 3,
/ §*EPdo(§) = al(n —1)! £ o —
S din—11 1975
and we obtain
d! -
£z, €)%do(€) = —z* | £%€%da(€)
Sn (6} Sn
_d al(n—=1)!
T al(d+n—1)
o di(n—=1)!
~ (d+n-—1)

for z € B,,. Therefore, for a € N, |a| = d we
have

/B w* (2, wyp(w)do(w)
— " 2142 Yz, &) do
_y /Ot p(t)dt/SnE (2,€)%do (€)

_2d'nlpan-_1124

B,,.
d+n—1) Z€

It follows that

o _ (d+mn—1)!
2d!n!pan_1424

/ W™ (z,w) p(w)dv(w),
B
(1)

for any z € B,,.

Since p(t) > 0,0 < t < 1, we have
ps > C:(1—¢)® for every € > 0. Given z € B,
we have

/ \2 p(w)do(w)

T4 d1'd2 n!)2 Pan—142ds P2n—1+2ds

(d —1 2
@an=1b,
d'n',02n 14-2d

d1,d2>0
x / (2, w>d1<w 2) p(w) d(w)

dl'd2 n!)2 Pan—142di P2n—1+2ds

dd>0

B |51=ds

(d+n—1)! 1
__Z d'n! 2 X

Pon—1+42d

n'an—H-Qd B=8
X
Z B' dtn—_1)1" ~

:%Z (d+mn—1)! ZZBZﬁ

n!pan_1424 BI=d

d + n — ]_ 2d
= Z |2]™ < 0.
d‘n'an 1+2d

Thus, the function

o0

— (w, z
2 Z d'nlpan—1124 >

belongs to Az.

By (1) and by continuity, for every f €
A%(By,), we have

=/an<w>x

SN TR d
3 2 Tl 1 | POI0),

for z € B,,.



Therefore,

K,(z,w) = % Z WQ, w)?.

3. PROOF OF MAIN RESULT

It suffices to consider only the case n > 1.

Proposition 3.1. Ifp € 73, then the projec-
tion P, : L>* — B is bounded, where P, is
defined by

Pap() = [ K,z w)e(wip(wldoto),
forp e L™, z € B,.
Proof. We have

K,(z,w) = % Z w@, w)?.

Hence, for a fixed w € B,

RK,(z,w)

n

0K ,(
- Z T 02 az

J

1 (d+n—1)! p
_Z j@z] 2; (2 w)

d'n!pan—1424

T ~dw; (2, w)
d'n!pan_1424

(d+n—1)!
(d—1)!nlpay—1424

(2, w)!

1 & I'(d+n
252 (d+n)

(@) (n + Dpanaraa -

Now, given ¢ € L, let
£(2) = Poo(2)

- / K (2 w)p(w)p(w)dv(w),
where z € B,,. For all z € B,, we have
RFG) = || Rz wewptu)doto)

< / RE (2, w)]| ()| p(w)dvw)

B,

<Nl [ R (22 0)] pla)doo)
@)

Set

o

F d—1
=1

F( ) Pan— 1+2d

Since p(t) > 0,0 <t < 1, g is analytic in the
unit disk. Then

(2, w)

RK,(z,w) = NCES)

g((z,w)).  (3)
Next we consider the reproducing kernel

K} (z,w) of the Bergman space in the unit
disk with the weight p. We have

—_

Klzw —Z

df

\V]

00 _
_ 2d+1

Furthermore,

o = T(d + 1)(zw)"w"
—~ K1 —
oz" ( ) Z F(d —n -+ 1)p2d+1

o [(s+1) (zw)* lw"
Z F(S) P2s+2n—1



By a result of Peldez and Rittyd (7 Theorem
1 (ii)), we have

/‘—Kl 2, w) 1 2P 2dA(2)

/wl dt 1 <fo| <1
= =~ 5> - S |w 5
o Pt)(1—1)? 2

where p(t ft
Thus,

[lotzm] (@ =lzr-2aac)
/“" dt 1 <fo| <1
= —_— — <|w .
o P —1)? 2
Since g is analytic in the unit disk, we have
Llsm] (@ =[Py aacz)

{w] dt
5 1 +/o m, w € D. (4)

Now, by (3), we have

[ 1R ) plu)dow)
B,

< / l9((z, w))| plw)do(w)
x/ -1, (/\g (r2,€))| do(€) >

By? Lemma 1.9 and the unitary invariance of
do, we have

/S (2, €))| dor(€)

= / lg(rl2| A)] (1 =A™ 2dA(N).

Thus, by (4) we obtain

[ IRE, (0] pw)do(w)
! 2n—1 5 dt
< [ o <”/o ﬁ(t)(l—tV)dr
i 1 ! 2n—1
I e </W|r “d’“> .

U pte/l=D) e
RIS N

z €B,.

1
I

N

By (2) we obtain now that
< 1
RFE)| Sl ——y. zeB,
1—|z|

Hence,

sup (1 —|2[))|Rf ()] Slels

an

It is easy to see that

1£(0)] Sllelle
Therefore, P, is bounded. The Proposi-
tion 3.1 is proved. O

Proposition 3.2. Suppose that the projec-
tion P, : L — B is bounded. Then p € D.

Proof. Given £ € S,, and w € B, let us con-
sider a function g given by

g(\) = RK,(\¢,w),  AeD.

Then -
gA) = cal& wyir,
d=1
I'(d+n)
where ¢g = — .
* T 2nT(d)T () pan—142d



By the Hardy—Littlewood inequality (see
Lemma 2.2) we have

S d T
Z_Cd|<5’“’>| </2 a(@®)| 2
—1 d+1 ~ 0 2
27 ; d@
~ [ [rE e w5
0 7'('

Integrating both sides of the above inequality
over £ € S,, we obtain

io:df1/ (€ w
<L

_ /S |RE, (&, w)| do(€)

By the unitary invariance of do and® Lemma
1.9, we have

/Sn\@,w
— " / &l do(€)
(n— 1)]w|? /

RK, (e, w) ‘ D 1o (e

—|2")" 22| dA(2)

(n —1)m|w| / 2442
L(§+1)C(n) ol
I'(4+n) .
Hence,
/yRK ¢, w)| do
Sn
e TGO,
= d+1 T(%+n)
I I(d+n)(§+1) o
— (d+ DI (d)T(§ 4 n)pan—1+24
Since

we get
/\RK (& w)| do(€)
1 (0.9]
D D

w € B,.
g—1 Pn— 14+2d

Therefore, for z € B,,, we have

/B‘RKP(Z,pr(w)dv(w)

_on /O P21 () /S [RE (2 76)| do() dr

—on | r o rz)| do r

=2 [ 0) [ [RI (€ re)] do(e)d
q—1 P2n—1+2d

0 1
/ T2n71+dp(r)dr
0

P2n—14+d | _d
Ll LLHPILS

’ZW
> T
~Y

01 P2n—1+2d
Thus,

sup (1 —|z|
z€Bn

2)[3 ‘RKp(va”P(’w)dU

Pd+2n—1 | d
2 sup (1 —|z]) —z
zeB( ’ ‘ Zp2d+2n 1| |

(w)

d
Pd+2n—1 1
> sup — (1 — —)
NeN IV Z Y P2d+2n-1 N
> sup — Z Pd+2n—1
NeN N = padtan- 1

Since P, is bounded,

sup (1-z[%) / |RK,(2,w)| p(w)dv(w) < oo,
z€Bn
Given N > 2n, we obtain that

4N —2n
1

1>
AN —2n d_3;n+1 P2d+2n—1

Pd+2n—1

1 PAN
> —(N —n)—.
_4N( )pGN



Hence,
P6N 2 PAN -

If SN < k < 8N +8,N > 2n + 8, then

e < psn S pran S pisv < o,

and by Lemma 2.1 we conclude that p €
D. O

From Proposition 3.1 and Proposition 3.2,
we obtain the conclusion of Theorem 1.1.

Remark 3.3. The method given herein com-
bined with our results in® can be used to gen-
eralize to the unit ball case the LP estimates
proved in” in the unit disk case. This will be

the object of a forthcoming paper.
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