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ABSTRACT

In this paper, we introduce and study a class of generalized convex functions, which are defined according
to a pair of quasi-arithmetic means and called (Mg, M,)-convex functions, and establish various Fejér
type inequalities for such a function class. These inequalities not merely provide a natural and intrinsic
characterization of the (Mg, M,)-convex functions, but actually offer a generalization and refinement of
some Hermite-Hadamard and Fejér type inequalities obtained in earlier studies for different kinds of strong
convexity.
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Tém tiat

Trong bai bdo nay, ching t6i xem xét mot 16p ham 16i manh mé rong lién quan dén mot ciip tua trung
binh s6 hoc, duge goi 1a ham (M, M., )-16i manh tit d6 thiét lap mot s6 bat déng thic kiéu Fejér cho 16p ham
16i manh nay. Cac bat ding thitc mdi nay 1a sy mé rong thie sy clia cic bat ding thitc Hermite-Hadamard

va bat ding thic Fejér duge thiét 1ap gan day déi véi ham 16i manh vd mot s6 dang mé rong ctia 16p ham
16i manh. Hon nita, cac bat déng thic mdi con dic trung cho 16p ham (M, My,)-16i manh.
Tt khéa: Ham (Mg, My,)-1oi manh, Tya trung binh s6 hoc, Ham 16i, Bdt ding thic Hermite-Hadamard,

Bdt ddng thitc Fejér.
1. GI01 THIEU

Bit ding thitic Hermite-Hadamard dugce gidi
thieu lan dau tién vio nam 1883 bdi Hermite? va
10 nam sau bdi Hadamard® : Cho f : [a,b] — R 1a
ham 16i

Dang c6 trong clia bat ding thic Hermite-
Hadamard duge dua ra béi Fejér® : Néu f : [a,b] —
R 1a ham 16i, g : [a,b] — [0,00) la ham kh& tich
voi f; g(z)dz > 0 va dbéi xting qua “F%, tic la
g(x) =gla+b—x) véi moi x € [a,b], thi

a+b\ _ [Lf@)g(x)de _ fla)+ £(b)
f<2)< Powdr — 2

Trong nhitng niam gan day, cac bat ding thitc

(2)

trén da va dang nhan dugc sy quan tam lén ctia cac
nha toidn hoc nhim muc dich phét trién va mé rong
theo nhiéu hudng khac nhau, cling nhu tim kiém céc
ing dung ciia cac bat ddng thic trong 1y thuyét ham
16i, 1y thuyét t6i wu. Mot trong nhitng hudng phat
trién d6 1 thiét 1ap cAc bat ding thitc méi cho cac
16p ham 16i md rong khac nhau (xem®9:2L7) Mot
16p con quan trong ciia 16p ham 13i trong ly thuyét
t6i 1tu duge quan tam d6 13 16p ham 16i manh. Lép
ham nay dugc Polyak™® dua ra vio nim 1966 nhim
muc dich gidi quyét mot s6 van dé lien quan dén
mot bai toan t6i uu.

Ham s6 f : [a,b] — R dugc goi 1a ham 16i manh
véi modun ¢ (¢ > 0) néu

fltz+(1=t)y) < tf(@)+(1-1)f(y)—ct(1-t)(z—y)*

voi moi x,y € [a,b] va z < y. Ta n6i f 1a ham 16i
manh trung diém véi modun ¢ néu

; (;y) @+ )

_ (z—y)?

- 2 4

v6i moi z,y € [a,b] va x < y.

Nim 2010, Merentes v Nikodem"" da thiét lap
bét ddng thitc Hermite-Hadamard cho ham 15i manh
nhu sau: Cho f : [a,b] — R la ham 16i manh véi
modun ¢, khi dé6

a C b
F(550) + 002 < 2 [ fwae
@10 ey
T (U

3)

Nam 2012, Azocar? cling cic cong syt da dua ra
déng thiic Fejér cho ham 16i manh: Cho f : [a,b] —
R 13 ham 16i manh v6i modun ¢ va g : [a, b] — [0, 00)
14 ham kha tich vdi f;g(x)dx =1 va d6i xitng qua

atb khi d6



mailto:~email

Trong thoi gian gan day, mot s6 md& rong cia
bat ding thic ciing da duge dua ra bing cach
thiét lap bat ding thitc cho ham log 16i manh, ham
16i diéu hoa manh"#1¢, Tiép tuc huéng nghien ctiu
nay, trén co sé xay dyng mot 16p ham 16i manh mé
rong liéen quan dén mot cap trung binh s6 hoc, chiing
toi thiét lap mot s6 bat dng thitc kiéu Fejér cho 16p
ham méi. Nhitng bat ding thitic méi khong chi dic
trung cho 16p cac ham 16i manh md rong va lién tuc
ma con nhitng két qud md rong thyc sy clia nhing
bat ding thitc duge dua ra gan day 419,

2. KIEN THUC CHUAN BI

Ky hiéu I va J 1a cac khoang s6 thyc, ¢ : I — R
va ¢ : J = R 1a cdc ham don diéu nghiém ngat va
lien tuc. St dung cdp tya trung binh s6 hoc M, va
My, v6i My(a,b;a) = ¢~ (ag(a) + (1 — a)p(b))
Aumann”' da dua ra khai niem ham (M, M, )-161
nhu sau:

Dinh nghia 1 (Y). Ham s6 f : I — J dugc goi 1a
(M¢, Mw)—léi néu

fMp(a,b;a)) < My(f(a), f(b);e)  (5)
voi moi a,b € I va o € [0,1].

Trong trudng hop f théa man bat ding thitc
v6i ¢(x) = x, ta n6i f la M, -16i, con néu f thoa
man bt ding thitc (B)) v6i ¢(z) = 2 va (z) = = thi
13 ham 16i.

V6i cdp tua trung binh s6 hoc My va My, ta
dinh nghia mot 16p ham 16i manh mé rong sau.

Dinh nghia 2. Ham s6 f : [ — J dugc goi la
(M, My)-16i manh véi modun ¢ (¢ > 0) néu:

FMo(a b)) <97 (avo f(a) + (1= a0 £(b)

—ca(l - a)(é(a) - 6())?)

(6)
v6i moi a,b € I va « € [0, 1]. Néu dau ctia bat ding
thite (6) déi chiéu thi ta néi f 1a ham (Mg, My)-
16m manh vé6i modun ec.

Chi ¥, néu ¢ lam ham ting thi f : I — J 1a
ham (M, M,,)-16i manh v6i modun ¢ khi va chi
khi ¢ o f o ! 1a ham 16i manh v6i modun c trén
¢(I). Con néu 1 lam ham gidm thi f : I — J la
ham (M, M,,)-16i manh v6i modun ¢ khi va chi
khi 1 o f o ¢~! 1a ham 16m manh véi modun ¢ trén
o).

Ta noi rang ham f 1a M,-16i manh véi modun
¢ néu f théa méan bat déng thic (6) trong trudng
hop ¢(z) = z. Bing cach chon cdc ham ¢ va ¢ dic
biét ching ta c6 cac khai niém sau:

e Ham 16i manh, néu ta chon ¢(z) = = va

Y(x) = x:

flaa+(1—a)
< af(a) + (1 - a)f(b) - ca(l - a)(a - b)?
(7)

véi moi a,b € I va a € [0,1].

Ham log-16i manh"¥, néu ta chon ¢(z) = z va

Y(z) =Ina:

In f(aa + (1 — a)b)
<alnf(a)+ (1 —a)ln f(b) — ca(l — a)(a — b)?
(8)

vOi moi a,b € I va a € [0, 1].

Ham mii-16i manh?, néu ta chon ¢(z) = z va
ham ¢ (z) = e:

ef (@at+(1—a)b)
< aef@ 4+ (1 —a)ef® — ca(l — a)(a — b)?

(9)
v6i moi a,b € I va a € [0, 1].

Ham 1561 didu hoa manh?4, néu ta chon ¢(z) =
1/z va ¢(x) = a:

! (Wllb_oob)

<af@+ (=)o) - cali—a) (2 b>2

v6i moi a,b € I va a € [0, 1].

Ham log-16i didu hoa manh néu ta chon

o(x) =1/z va¢(x) =Inz.

! (#b_@b)

2
< @S0 — calt - o) (20
)

v6i moi a,b e I va o € [0, 1].
Ham p-16i manh, néu ¢(z) = 2P va ¥ (z) = x.

f(laa” + (1 — a)p?]"/?)
< af(a) +(1-a)f(b) - ca(l - a)(a” - b")?
(12)

voi moi a,b € I va a € [0,1].



e Ham 16i nhan manh, néu ¢(z) = Inz va

¥(x)

F(@ =) < f(a)* () —ca(l-a) n* (7
(13)

=Inx:

v6i moi a,b € I va a € [0, 1].

Béde 3 (M), 1. Him s6 f : I — J la ham
10i manh vdi modun ¢ néu va chi néu g(z) =

f(x) — cz? la ham loi.
2. Himso f: 1 — J la ham léi manh trung diém

vdi modun ¢ néu va chi néu g(r) = f(x) — ca?
la ham 1oi trung diém.

Tit B dé trén va tieu chuin Jensen vé tinh 16i°
ta thay ring néu f lién tuc trén I va 16i manh trung
diém v6i modun c thi f cling 1a ham 16i manh v6i
modun c trén I.

1 manh vdi
) — ca®

B6 dé 4. Ham so fla (M, My)-lo
modun ¢ néu va chi néu g(z) =1po fog™
la ham 16i manh trén ¢(I).

Ching minh. Ta c6 f 1a ham (Mg, My )-161 manh
v6i modun ¢ néu va chi néu ¢ o f o ¢! 1a ham 15i
manh v6i modun ¢ trén ¢(7). Diéu nay ciing véi B6
deldan dén f I — J la ham (Mg, My,)-161 manh

v6i modun ¢ néu va chi néu g(x) = Yo fod=(x)—ca?
1a ham 16i tren ¢(7). O

3. MOT sO BAT bANG THUC KIEU FEJER
CHO HAM (M, M,,)-LOI MANH

Trong bai béo nay, ta luon gia thiét f: I — J
la ham (M, My)-16i manh véi modun ¢ (¢ > 0);
a,be I véia<b; ac(0,1); wy,ws:[0,1] = [0,00)
13 cdc ham s6 kha tich va thda min diéu kién
f0w1 )dt > 0 v6i moi s € (0,1]. Vaf wa(t)dt > 0

v6i moi s € [0,1). Ky higu

L(t) = My(a, My(a, b; a); t)
va

R(t) = Mg(b, My (a,b;a);t)
véi t € [0,1].

Dinh 1y 5. Cho F,G :[0,1] — R la cdc ham sé lan
lugt duge zdc dinh bdi

Fit) = <a<w o fo L(t) - clpo LH)
(- a)(o foR() — cloo R(t)]?))

va

G(t) =tF(1)+ (1 —t)F(0).

(1) F va G la cde ham My,-loi, tang tren [0,1] va

F(0) = 6(0)
F(t) <6@t), telo,1], (14)
F(1)=6(1)

(2) Voise(0,1], ta dat

(fo wa(t >dt>
Jsw ( )dt

o twi(t)dt
Jo wi(t)dt

Khi dé FoBy, IT1 va Go By la cdc ham tdang trén
(0,1] va théa man

Il (8)

Va4

Bi(s) =

g PO = g B0 =l G0 =G0
FopBi(s) <Zi(s) < Gopi(s), € (0,1]. (15)

(3) Tuong tu, vdi s € [0,1), ta dinh nghia
1
Toie) — ot [ s ¥ o F@ua(t)dt
2(s) =9 ( Tt
V0 fl .
_ J, twn(t)dt
T

Khi dé6 FoBs, Iy va Go By la cic ham tang trén
[0,1) va théa man

FoPa(s) < Ia(s) < Gopha(s),
111{17 FopBa(s) = lir{{ Is(s) = 111{17 GoBa(s)

s€[0,1), (16)
—g(1).
Hon nita, néu wy = we thi Z;(1) = Z5(0).

Dé chitng minh dinh 1y trén, ching ta can két

qué sau.
B6 dé 6 (5). Cho P:[0,1] — R la ham ting, lien
tuc.
(1) Vgis e (0,1], ta dat
" P(t)w: (t)dt
Pl(S) — fO 3( )U)l( ) i
Jo wi(t)dt

Khi dé Py la ham tang tren (0, 1] va

lir& Pi(s) = P(0) < Pi(s) < P(s), s €(0,1].
S (a7
(2) Tuong tu, vdi s € [0,1), ta dat
p(s) = L POt
S, wa(t)dt

Khi do P, la ham tang trén [0,1) va
P(s) < Pa(s) < P(1) = lim Pu(s), s€0,1).

s—=1—



Bay gio ta ching minh Dinh 1y

Chitng minh Dinh ly @ Vi ¢ don diéu nghiém ngat
nén ta can xét hai trudng hop cta . Trudc hét gia
st ring 1 ting nghiém ngit trén J. Vi ¢ lién tuc
trén .J nén ¢! lién tuc va ting nghiém ngit trén
().
1. Dé chiing minh F 14 ham M,;-15i trén [0, 1], ta
chi can ching minh ¢ o F 16i trén [0,1]. That
vay,

Yo F(t)
=a (Yo fod  (A(t) - c(A®t))
+(1—a) (Yo oo™ (B(t) - c(B(t)?),

trong do
A(t) = to(a) + (1 —t)(ag(a) + (1 — a)¢(b))
(18)
va
B(t) = t¢(b) + (1 — t)(ag(a) + (1 — a)p(b)).
(19)

Theo B dé [d 1o fo ¢~ (x) — ca? 15i tren
&([a, b)), hon nita A(t) vd B(t) tuyén tinh trén
[0,1] néen ¢ o F 16i tréen [0,1]. Tinh M,-16i
ctia G trén [0, 1] dugc suy ra tryc tiép tit dinh
nghia ctia G.

Tinh toédn tryc tiép, dé thay ring
F(0) =6(0)
— i (vo FMylaio) .

~ cfag(a) + (1— a)¢(b))2)

F(1)=6(1)
= (ave fla) + (- S0 )

~ cfag?(a) + (1 a>¢2<b>>).

Bay gio, do tinh 16i ctia 1 o f o ¢~ (z) — ca?

nén
bo fogT A1) — (A1)
<t o f(a) - c(4(a))?)
+ (1 =t)(po fF(Mg(a, b))
— c(ag(a) + (1 - a)p(b))?)
va

pofod T (B(t) - c(B(t))?
<t(¢o (b) — c(#(0))?)
+ (1 =)o f(My(a, b5 )
—c(ag(a) + (1 — a)d(0))?).

Do do6

voF(t) < (avo @) + (1= a)wo f(1)
- clad?(@) + (1~ 2)*0)
F= 007 (w0 fMy(arbia)

- cladla) + (1~ @)o0))
— Yo G(t).
Vi ¢~ tang trén 1 (J),
]:(t) < g(t), t e [0, 1],
nén diing.

Tiép theo, ta chitng minh F ting. Gii st 0 <
t <r <1. Do tinh (Mg, My)-16i manh cta f
va aA(t)+ (1 —a)B(t) = ad(a) + (1 — a)p(b),

ta co
¥ o F(0)
=1 o fog  ad(a) + (1 - a)g(b))
—c(ag(a) + (1 — a)o(b))?
=10 fog ! (aA(t)) + (1 - a)B(t)))
—c(aA(t) + (1 - a)B(t)))*
Sa(pofod (A1) — c(A(t)?)
+(1—a) (o fo ™ (B(t) - c(B(1)?)
=)o F(t).
Ma @) o F 1 ham 16i nén
Yo F(r) —yoF(t) | Yo F(t) —yoF(0)

r—t - t—0

Do do

Yo F() = o F(t) | o F(t) —woF()
r—t - t—0 -

hay v o F téng tren [0,1 ~! tang trén

0,1]. V
¥(J) nén F tang trén [0,1]. V
) =

$oG(t) =tF(1) - F(0)] + F(0)

va
F(1)—=F(0)>0

nén oG tang trén [0, 1] hay G tang trén [0, 1].

. Ap dung Bé délavéiP:wo}'tacéwOIl

tang trén (0,1] voi
lim ¥ oZy(s) = ¢ o F(0).
s—0t

Vi ¢)~! tang nghiém ngat va lien tuc trén ¢ (J)
nén 7; tang tren (0,1] va

lim Z;(s) = ¢ o F(0).
s—0+
Lai theo B6 dé @ ta c6 B1 tang tren (0, 1] véi
lim Bi(s) =0< pi(s) <s, s€(0,1].
s—0t+



Do d6 FopB; va Gofy xéc dinh, tang trén (0, 1]
va

lim Fo fi(s) = lim Go fi(s) = G(0).

s—0+t

Tiép theo, chiing ta chitng minh cac bat ding
thitc trong (13). C6 dinh s € (0,1]. Ap dung
bat déng thitc Jensen cho ham 16i ¢ o F trén
khodng [0, s, ta dugc

o Jo twi (1) Jo ¥ wy (t)dt
‘”f(fo )‘ f <>dt |

Suy ra

F o Bi(s) <Iy(s).

Do F(t) < G(t), te]0,1],taco
Jo o F(tyw (t)dt fo Yo G(Hw(t)dt
fo wy (t)dt I wl(t)dt
=1 oGopfi(s)

Vi ham ! ting nén
Il(s) S Q [e] 61(8).

. Ap dung B3 dé [ véi P = ¢ o F ta c6 ¢ o T
tang trén [0,1) véi

lim 1 o Zo(s)

s—1—

— o F(1).
Vi ¢! ting nghiém ngét va lien tuc trén ¢ (J)
nén 7, tang trén [0,1) va

lim Zy(s) = F(1).

s—1—
Lai theo B6 dé @ ta c6 By téng tren [0,1) v6i

hnlf{ Ba(s) =12 Pa(s) = s, s€[0,1).

Vi vay, F o B2 va G o B9 xac dinh, ting trén
[0,1) va

lim F o f(s) = lim Go fa(s) = G(1).

s—1-

Bay gio, chﬁng ta chitng minh céc bat ding
thitc trong (16 . 06 dinh s € [0,1). Ap dung

bat déng thlIC Jensen17 cho ham 15i 9o F trén
khoang [s, 1], ta c¢6

%f(fltw? ) Jo w0 F(tywa(t)dt
[, ws(t)t S, wa(t)t

do do6

Fo 52(8) S IQ(S)

Tu F(t) < G(t), te]0,1],tasuyra

f Yo F(t) f Yo G(t)wa(t)dt
Jhwa(t )dt T [lus(t)dt
=1 oGofBa(s)

Vi ham ¢! tang nén
Ts(s) < G o Bas).

Ngoai ra, khi w; = we, tit caAc dinh nghia cta
Ty va Iy suy ra I; (1) = Z»(0).

Dinh 1y dugc ching minh twong ty cho trudng
hgp khi v gidm. O

Dinh 1y [5| khong chi 13 mot he qua cda tinh
(Mg, My)-161 manh ma né con dic trung cho 16p
ham (M, My,)-16i manh v6i modun ¢ va lién tuc.

Hé qua 7. Déi vdi ham lien tuc f : I — J, cdc
khdng dinh sau day la tuong duong:

(1) f la ham (M, My)-1oi manh véi modun c.

(2) Ham F tang tren [0,1] vdi moi a,b € I,a <b
va o =1/2.

(3) Ham I, tang trén (0,1] vdi moi a,b € I,a <
b,a=1/2 va wy = 1.

(4) Voi moia,be I vaa<b, ta cé
b o f(Mg(a,b;a)) = c(ag(a) + (1 — a)¢(b))?

b
< m / (¢ o f(x) — c¢52($)) do(x).

(5) Ham Iy tang trén [0,1) vdi moi a,b € I,a <
b,a=1/2 va we = 1.

(6) Vdi moia,be Il vaa<b, ta cé

b
m/ (1/)of(x)—c¢2(x)) do(z)
a)ipo f(b)

<ayo fla)+(1-
—c(ag®(a) + (1 - a)¢*(b)).

(7) Ham G tang trén [0,1] vdi moi a,b € I,a < b
va o =1/2.

Dé chitng minh He qué ta can két qud sau day.
B6 dé 8 (1% Theorem 6). Cho I C R la mot khodng
va f: I — R la mot ham lien tuc. Khi dé, cdc khdng
dinh sau la twong duong.

(1) f la ham loi manh vdi modun c.

(2) Voi moi z,y €I,z <y, ta cé

1 Yy
() + e <2 [

(3) Voi moi z,y €I,z <y, ta cé

y—x



Chitng minh cia Hé qud @ Theo Dinh 1y cac
khing dinh (1) = (2) = (3) = (4), (1) = (5) = (6)
va (1) = (7) dtng. Phan con lai la ching minh
(4) = (1), (6) = (1) va (7) = (1). Khong méat tong
quat c6 thé gid sit ¢ don diéu ting. Ta can chiing
minh v o f o ¢~ ! 16i manh trén ¢(I) mién 1a mot
trong cac diéu kien (4), (6) va (7) x4y ra. Vi ¢ lien
tuc vi don diéu nghiém ngat trén I nén ¢! lién tuc
va don diéu nghiém ngat trén ¢(7). Bay gio tinh lien
tuc clia ¢, f vh ¢! kéo theo ¥ o f o ¢~ ! lien tuc
trén ¢(I). Ro rang, (7) kéo theo 1o fop~! 16i manh
trung diém trén ¢(I). Do d6 v o f o ¢! 16i manh
tren ¢(I). Cudi cing, tit He qua |8 ta thiy khi mot
trong cac diéu kien (4) va (6) xdy ra d6i v6i ham
lien tuc Yo fop~t trén ¢(I) thi o fop—! 16i manh
trén ¢(I). Vay hé qud dugc ching minh xong. [

Tit Dinh 1y 5| ching ta c6 thé thiét lap duge
mot s6 bat ding thitc kiu Fejér déi véi cAc ham
(Mg, My)-16i manh v6i modun ¢ bang cich chon
cac ham w; v wy khac nhau. Ching han, ta chon
(1—a)

w;(t) = gjo L(t) +agjoR(t), te[0,1],

trong d6 g; : [a,b] — [0,00), véi j = 1,2, dugc chon

théa man

oLl = T o R, tel0s] (22)
va

Lo or(t) = g oR(), tels 1) (23)

Chu ¥ rang khi o = 1/2 v ¢(z) = , cac gid thiét
va quy vé cac gia thiét g; va gy dbi xing
qua (a+b)/2.

Sit dung va £(0) = R(0) dé thay ring

/Oswl(t)dt:(1—a)/osgloﬁ(t)dwra/osgloR(t)dt

1 R(s)
= 30— 0@ /as) 91(z)d¢()

\

/ Yo F(t)wi(t

—(1-a) / (o foL(t) - clpo L)) g1 o L(t)dt

a/o (o foR(t) —clpoR(t)]?) g1 o R(t)dt

R(s)
- s /as) (60 fl@) = cd*(@)) g

va do do

R() (1 o —cd?(2)) g1(x x
S ( sy (0 () — e >))g< )do( ))

R
fL(S) g1(w)de(x

(z)de(x)

Tuong ty, do (23), £(1) = a va R(1) = b,
I2(S)
L2 o f(@) = 6*(@) ga(a)dd(a)
— w—l < a[:
) 92(2)d() + [, 92(2)do()
e @0 F(2) = cd*(x)) g2(x) as(x))
JED ga(@)do (@) + [, 92(2)do ()

Cung v6i Dinh 1y 5l ta c6 két qua sau day.

Hé qua 9. Gid s g1,92 : [a,b] — [0,00) la cdc
ham khd tich, trong do [ g1 o L(t)dt > 0 vdi moi
s €(0,1] va fsl g2 0 R(t)dt > 0 vdi moi s € [0,1) va
théa man , . Khi do,

(i) Vi moi s € (0,1], ta cé
07t (00 FMofar b)) = claota) + (1 - )o(0)?)
- F (fos tg1 o L‘(t)dt)

Jo g1 0 L(t)dt
A TES (o f(@) - ed* () g (x)do(x)
- fa? g1 (x)do(z)

<g (f; tg1 0 L(t)d >

fos g1 o ,C(t)dt

<yl <aw o f(a) + (1—a)po f(b)

~ clad?(a) + (1 - a>o>2<b>>).
(24)

(ii) Vi moi s € [0,1), ta cé

gl (w o F(My(a.b;a)) — clad(a) + (1 a>¢<b>>2>

S g2 0 L(t)dt
_ <f‘“) (¢ 0 f(x) — cd(x)) ga(x)dd ()
I ga(a)do(x +fR(s)g2 z)do ()
+f7’;(s) (o f(x) — c6*(x)) galx) ¢<x>>
S go(@)d() + [, 92(2)do ()

<g (fsltggoa )d )
B J, g2 0 L(t)dt

<y (aw o f(a)+ (1 - )b o F(b)

~ cod?(a) + (1 - a><z>2<b>>).
(25)

Nhan xét 10. He qua[omé rong thuc su mot s6 bat
déng thtic Hermite-Hadamard dugc thiét lap gan

. day cho cac 16p ham 16i manh v mot s6 dang maé

rong ciia ham 16i manh.



1. Chon a = 1/2, va ¢(z) = ¢(x) = =, tUt bat
déng thitc ta nhan dugc két qua chit hon
bat ddng thic Fejér (@) do Azocar va céc cong
su® Theorem 5 thiét 1ap cho 16p ham 15i manh.

. Chon oo = 1/2, g1 = 1 va ¢¥(z) = ¢(x) =
Khi d6, bat ding thitc kéo theo
b
o + —(b—a)?

()

- f(5a—80—3b> +f(3a—é—5b) N
2
3a+b
P

flx )d;v+

2
<
“b—a

f) + £ (5)
2

b
%a/ F(z)dz
fla)+f

a+3b
4

<

vdi f :[a,b] — R 1 ham 16i manh v6i modun
c. Két qué nay chét hon bat déng thic (3).

Néu a =1/2, g1 =1 va ¢(z) = 1/z,¢(z) =
thi suy ra bat ding thitc sau day™*

f 2ab +£ b—a\?
a+b 12 ab
f(sfi%b) +f(3c§ib5b> 13¢ (ba)2
< + —
2 192 ab
<3a+b><a+3b>/“i“ (2) gy 4 < (b0
- 8(b—a) sazto 2 v 16 ab
f(ﬁgb)Jff(g?fb) < b—a\?
- 48 ab
/f
_b 2
1 2ab (@ +f()\ ¢ (b-a
-2 a+b 2 24 ab
b—a

c
6 ab
Béat ding thic trén lam chit bat déng thic
‘crong14 do Noor va cong sy thiét 1lap cho cac
ham 18i diéu hoa manh v6i modun c.

. Tit (24 . ) ta nhan dugc mot bat dang thic lam
min bat ding thitc Hermite-Hadamard d01 véi
ham log-16i manh dugce xay dung trong™® néu

y

a=3,01=1va¢(x) =)=z
b
eXp(lnf a—2|— )+1[:2(b—a)2>
“ e <1nf(5a48ré3b)+lnf(3a48r5b) 13¢
2 192
2 atle

< exp (b—a o In f(z)dz + — (ba))

1 3a+b 1 a+3b
gexp<nf( i );’nf( 1 )+4€8(b_a)2>

SeXp<bi /lnf() )

< 1/2exp (mf <“;b) + - a)2>
+1/2exp (W - a)2>
Infl@) +Infb) c

2 6

Sexp(
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