s Ty, vy dsamtie

Bai 2: Dao ham va vi phan

BAI 2: PAO HAM VA VI PHAN

Théi lugng \

e Bai nay duoc trinh bay trong
khoang 4 tiét bai tap va 3 tiét

ly thuyét.

hoc bai nay.

e Ban nén danh mdi tudn khoang
120 phut trong vong hai tuan dé

Huwéng dan hoc

e Hiéu dugc khai niém dao ham, vi phan
cia ham so.

e (Giai dugc cac bai tap vé dao ham, vi phan.

e Biét van dung linh hoat cac dinh ly, khai
trién va cac quy tac trong giai bai tap.

e Khéo sat tinh chat, dang di€u cua cac ham
co ban.

e Hiéu ¥ nghia hinh hoc ciing nhu y nghia
thuc tién ctia dao ham va vi phan.

e On tap, cung cO khai niém dao ham, vi phan
ctia ham s6 mot bién so.

e Cac tinh cht, tng dung cta 16p ham kha vi
trong toan hoc.

e Ban cin doc k¥ cac vi du dé nam viing Iy thuyét.

e Ban nén hoc thugc mot s6 khai niém co ban, bang dao ham cia cidc ham s6 so cap va céac

dinh ly Cauchy, Lagrange, Fermat,...
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e Ty s, vy il Bai 2: Bao ham va vi phan

2.1,
2.1.1.

2.1.2.

Pao ham
Khai niém dao ham
Cho ham s6 f(x) xac dinh trong khoang (a,b) va X, €(a,b). Néu ton tai gidi han cua

. f(x)-f . . £ © s \ , \ £
ti sO ) -1x,) khi x —x, thi giéi han ay duoc goi 1a dao ham cua ham so

X=X

y=f(x) tai diém X,, ki hiéu 1a: f'(x,) hay y'(x,).

. fA
Dat: Ax =x-x,,Ay =y-y, tadugc: y'(x,)= lim = |

Ax—0 AX
Néu ham s6 f(x) 6 dao ham tai x, thi f(x) lién tyc tai x,.
V& mit hinh hoc, dao ham cia ham sé f(x) tai diém X, biéu dién hé s6 goc cua
duodng tiép tuyén ctia d6 thi ham s6 y = f(x) tai diém M, (x,,f(x,)).
Phuong trinh tiép tuyén tai diém X, la: y=1f(x)(x—x,)+f(x,).

1

MY

Hinh 2.1

Cac phép toan vé dao ham

Néu cac ham sd u(x),v(x) co cac dao ham tai x thi:

e u(x)+v(x) cling c6 dao hamtai x va (u(x)+v(x))'=u'(x)+v'(x).

e u(x)v(x) cling c6 dao ham tai x va (u(x).v(x))'=u'(x).v(x)+u(x).v'(x).

)
V(%)

o cling c6 dao ham tai x, trr khi v(x)=0 va

u(x) |, u'(x).v(x)—-u(x).v'(x)
v(x) v (%) :
Néu ham sb u=g(x) c6 dao ham theo x, ham s y=f(u) c6 dao ham theo u thi

ham s6 hop y = f(g(x)) c6 dao ham theo x va y'(x)=y'(u).u'(x).

24
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2.1.3. Bang dao ham cua cac ham s0 sc cap cc ban

Ta c6 bang twong tmg dao ham ctia ham hop.

(c)r =0 (c la hang sd)

(X“) =ax*" (oc eR,a> O)

A

(a") =a'lna(a>0,a#1)

@)=¢

(logax)'= (a>0,a#1,x>0)

xlna
1

1 '=— 0

(Inx) ” (x>0)

(sinx)'=cosx

(cosx)'=—sinx

. 1 T
(tgx) :Coszx (X¢E+kn,keZ)

I x#knkeZ)

(u(x))" '=ou(x)*'u'(x) (aeR,x>0)
(@"™)'=a""Ina(u'(x)) (a>0,a=1)

(eu(x) ) " eu(x)u '(X)

(log, u(x))' = ﬁ(a 50,2 #1,u(x)> 0)

v
(Inu(x))'= 200 (u(x) > 0)

(sinu(x))' = cosu(x)(u'(x))
(cosu(x))'=—sinu(x)(u'(x))

,_u'(x) T
(tgu(x))'= —coszu(x) (u(x) # 5 +km, k € Z)

(cotgu(x))'= —%j()x) (u(x) #kmk e Z)

(cotgx)'=— sin® x (arcsinu(x))'= % (|u(x)| < 1)
(arcsinx)'= (|x| < 1) ()
1-x7 f
(arccosu(x))' = ————— (|u(x)| < 1)
J1-u(x)?
(arccosx)':—% (|x|<1) '
I=x (arctgu(x))'= LX)Z
1 I+u(x)
(arctgx)'= (s '
" (arcotgu(x))'= —LX)Z
I+u(x)
(arcotgx)'=— s
2.2, Vi phan

2.2.1. DPinh nghia vi phan

Cho ham s y =f(x), c6 dao ham tai x, theo dinh nghia cua dao ham ta co6:

£1(x) = lim 2

Ax—0 AX
trong do: Ay = f(x + Ax) — f(x).
Vay khi:  Ax — 0, %: £1(x)+k,k — 0 khi Ax 0.
v.d

Do dsé:  Ay=f(x+Ax)—-f(x)=1"'(x)Ax + kAx.
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e Ty s, vy il Bai 2: Bao ham va vi phan

2.2.2.

2.2.3.

2.2.4.

Ta ¢6 s hang k.Ax 1a mot VCB bac cao hon Ax . Do d6 Ay va f'(x)Ax 1a hai VCB
tuong duong. Biéu thire f'(x)Ax goi 1a vi phan ctia ham s6 y = f(x) tai x. Ki higula dy
hay df(x) .

Viay: dy =f'(x)Ax . (2.1)
Néu ham s6 ¢6 vi phan tai x, tandi f(x) kha vi tai x. Nhu vay, ddi voi ham sé mot
bién s6 khai niém ham s6 c¢6 dao ham tai x va khai niém ham sb kha vi tai x tuong
duong nhau.

Néu y=x thi dy=dx =1.Ax. Vay ddi v6i bién doc lap x, ta c6 dx =Ax. Do do,
cong thirc (2.1) c6 thé viét 1a: dy = f'(x)dx (2.2).

Vidu 1:

Néu y=+1+Inx thi y'=;.l. Do d6 dyZ;dx.

2V1+Inx X 2xV1+1Inx

Vi phén cua tong, tich, thuong

Tir cong thirc dao ham cua tong, tich, thuong cua hai ham sé suy ra:
du+v)=du+dv

d(u.v) =u.dv+vdu

d(gj: Vdu—zudv (v 0)
v v

Vi phan ciia ham hgp - tinh bat bién vé dang cua biéu thirc vi phan
Néu y =f(x) 1a ham s6 kha vi ctia bién doc 14p x thi vi phan cta nd duge tinh theo cong
thirc (2.2), ta hdy xét truong hop x 1a ham s6 kha vi ciia mot bién doc 1ap t nao do:
x =0(t).
Khi d6 y 13 ham s6 cta bién doc lap t: y = f(¢(t))
Theo cong thirc tinh vi phan va theo quy tic tinh dao ham ctia ham hop, ta co:
dy=y' dt=(y' x')dt=y' (x' dt)=y' dx.
Nhu vay biéu thirc vi phan van gitt nguyén dang trong truong hopx khong phai la
bién doc 1ap, ma phu thudc vao mot bién doc 1ap khac. Noi cach khac, biéu thic vi
phan bét bién d6i voi phép ddi bién sd: x = ¢(t).
Ung dung vi phan vao tinh gan diang
Vi khi Ax —0; f(x,+Ax)—f(x,) 1a m¢t VCB tuong duong véi f'(x,)Ax , nén khi

|Ax| kha nho, ta c6 cong thirc tinh gan ding:

f(x, +Ax) = f(x,) +f'(x,).Ax..

26
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2.3.

2.3.1.

2.3.2.

Vidu 2:
Tinh gan dtng #/15,8
1
Ta can tinh gan ding: y = f(x) = x* tai 15,8 =16-0,2.
bat x,=16,Ax=-0,2
Taco: f(x, +Ax) = f(x,)+1'(x,).Ax.

1 1 1

-3
Vi: f(X0)=%=2,f'(X)=iX4 =
Ta duoc: 4/15,8 z%—%zz—o,oo&s ~1,9938.

Cac dinh ly co ban vé ham s6 kha vi

Pinh ly Fermat

(%)= Ly
4x* S Lie =

Gia str ham s6 f(x) xac dinh trong khoang (a,b) va dat cuc trj (cuc dai hay cuc tiéu)
tai ¢ € (a,b). Khi d6 néu tai ¢ ham s f(x) c6 dao ham thi f'(c)=0.

Ching minh:

Gia stir ham sb f(x) nhan gié tri 16n nhét tai ¢. V&i moi x e (a,b) taco:

f(x) <f(c)= f(x)-f(c)<0.
Néu ham s f(x) c6 dao ham tai cthi f'(c) = lim Toget(c)
X—ct X—C
Véi gia thiét x > cta c6:
P10 L= 1) Mm a2 =1
X—C X2k X —C
Véi gia thiét x < ¢ ta co:
=1 5 o= 10y = 1im L =LO 5
X—C X2 X—C

Do d6 suy ra f (c) = 0.

Trudng hop f(x) dat gia tri nhé nhat tai diém ce(a,b) chirng minh hoan

toan tuong tu.

Pinh ly Rolle

Gia sir ham s f(x) théa man céac diéu kién:

e Xac dinh va lién tuc trén [a,b]

e Kha vi trong khoang (a,b)

o f(a)=1f(b).

Khi d6, ton tai diém c € (a,b) sao cho f'(c) =0.
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e Ty s, vy il Bai 2: Bao ham va vi phan

2.3.3.

Chirng minh:
bat f(x) = f(b) = d. Xét 3 truong hop:

e Néu f(x)=d,Vxe[a,b]=f(x) la ham hing trén [a,b].Khi d6 ¢ 1a diém tuy ¥
thudc|a, b).

e Néu Ix €(a,b) sao cho f(x) > d, thi khi d6 do flién tuc trén [a,b] nén ton tai gié tri
16n nhat M cua f(x) trén [a,b]dat tai c €[a,b]. Do M > d nén ce(a,b), dodécla
diém t6i han cua f . Mit khac do fkha vi trén (a,b) nén f' (c)=0.

e Truong hop Ix € (a,b) , sao cho f(x) < d cling 1ap luan tuong tu.

Y nghia hinh hoc cta dinh ly Rolle: Néu hai diém A,B c6 tung do béng nhau va duoc

ndi v6i nhau bang mot dudng cong lién tuc y =f(x),co tiép tuyén tai moi diém, thi

trén dudng cong cé it nhat mot diém ma tai do tiép tuyén song song véi truc hoanh.

Pinh ly Lagrange

Gia st ham s6 f(x) thoa méin cac diéu kién sau:
e Xac dinh va lién tuc trén [a,b] .

o Kha vi trong khodng (a,b).

f(b)—f(a)

Khi d6, t6n tai diém c € (a,b) sao cho: f'(c) = -
—a

Chirng minh:

f(b)~f(a)

Dit: g(x)=f(x)-f(a)- (x—a), x &[a,b].

T cac gia thiét cua dinh 1y Lagrange d& dang thay rang ham sé g(x)thoéa min
cac diéu kién:

e Lién tuc trén [a,b] .

e (0 dao ham trong (a,b):g'(x) =f'(x) —M,Vx e(a,b).
e g(a)=g(b)=0.
Theo dinh ly Rolle, tdn tai c e (a,b) sao cho:
g'(C) — f'(C) _ f(b) — f(a) 0= f'(C) — f(b) _f(a) )
b-a b-a

binh ly da dugc chiing minh.
Y nghia hinh hoc ciia dinh 1y Lagrange: Néu hai diém A va B dugc nbi v6i nhau
bang mot dudng cong lién tuc y=f(x), ¢ tiép tuyén tai moi diém, thi trén dudng

cong d6 co it nhat mot diém ma tai d6 tiép tuyén song song véi duong thang AB .

28
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"I' 4
fb)

F(ay

Hinh 2.2

2.3.4. DPinhly Cauchy
Gia st cac ham s6 f(x) va g(x) thoa man cac diéu kién sau. Xac dinh va lién tuc
trén [a,b].
e Kha vi trong khoang (a,b).
o g'(x)#0,Vxe(a,b).
f'lc) _f(b)-f(a)

Khi d6 ton tai diém c € (a,b) sao cho: : .
g'c)  g(b)-g(a)

Chirng minh:
Trude hét ta thiy rang, voi cac gia thiét cua dinh 1y thi g(b)# g(a). That vay, néu
g(b)=g(a) thi theo dinh Iy Rolle, ton tai diém ¢ sao chog'(c) =0, didu nay trai véi
gia thiét rang g'(x) # 0 Vx € (a, b).

f(b)—f(a)

g(b)-g(a)

Xét ham s6: @(x) =f(x)—

g(x).xe[a,b].

D@ thiy rang:

e @(x) lién tyc trén [a,b].

e ¢(x) khavitrong (a,b).

* ¢@)=o(b).

Theo dinh Iy Rolle, ton tai diém c € (a,b) sao cho

f(b)~f(a)

g(b)-g(a)

N f'lo) _ f(b)—f(a).
g'tc) gd)—g(a)

DPinh ly da dugc chirng minh.

¢'(c)=1'(c)- g'(c)=0

Nhén xét: Dinh ly Lagrange 1a mét truong hop riéng cua dinh ly Cauchy (véi
g(x)=x)
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2.4.
2.4.1.

2.4.2.

2.5.

2.5.1.

Pao ham va vi phan cap cao

Pao ham cap cao

Néu ham s6 y=f(x) c6 dao ham thi y'=f'(x) goi Ia dao ham cip mot cua f(x).
Pao ham, néu c6 cua dao ham cép mot goi 1a dao ham cép hai.

Kihiéu la: y"=f"(x).

Vay: y" =100 =(F(x))"

Tuong tu, dao ham cua dao ham cép (n—1) cua f(x) goi la dao ham cép n, ki hiéu

a: £ (x) Vay y® =f®x) =(f""(x))"

Vi phan cap cao

Néu ham s6 y = f(x) kha vi tai moi diém thudc khoang (a,b) thi vi phan dy 1a mot
ham sb cua bién x:dy =f'(x)dx, trong d6 vi phan dx cua bién doc lap x 1a sb gia
Ax khong phu thudc x. khai ni€ém vi phan cép cao dugc dinh nghia tuong tu nhu dao
ham cap cao.

Pinh nghia:
Vi phan cip n ctia ham s6 y = f(x) 1a vi phan ctia vi phan cdp (n—1) ctia ham s6 d6

(ta goi vi phan dy 14 vi phan cép 1).
Vi phan cp n ctia ham sé y =f(x) duogc ki hiéu 1a d"y,d"f(x):
d'y=d(d"'y).

Trong cong thirc vi phan dy = y'dx, dao ham y' phu thudc x, con dx = Ax 14 sb gia
bét ky cta bién doc 1ap x, khong phu thude x. Do d6, khi xem dy nhu mét ham sb

cia x thi dx dwoc xem nhu hing s. Ta cé:
dy = d(dy) = d(y'(x)dx) = dxd(y'(x)) = dx.(y (x)) ' dx = y "(x)(dx)*.

Bang phuong phap quy nap, ta ¢6 thé chimg minh cong thic tinh vi phan cap n cia
mot ham sb theo dao ham cip n cua no:

d"y =y™(dx)" hodc d"f(x)=f™(x)(dx)".
CHUY:

Biéu thire vi phan cap cao khong c6 tinh bat bien vé dang nhu bi€u thiic vi phan cap mét.

Tte 12 v6i, n >1 cong thirc nay chi dung khi x 1a bién doc lap.

Cong thirc Taylor va cong thirc Maclaurin

Cong thirc Taylor
O phan 2.2, khi nghién ctru vé vi phan ta da biét rang ham sé f(x) xéac dinh & 1an cén

cla x,, co dao ham tai x,, thi ta c6 cong thirc tinh gan dung:

30
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f(x, +Ax) = f(x,)+'(x (x—X,).
Néu dit x = X, + Ax, cong thuc do tré thanh:
f(x) = (X)) +1'(X (X —%p) -

Vay ¢ lan can cta x,, ta xem f(x) gan diing bang mot da thic bac 1. Van dé dat ra la:
Néu ham s6 f(x) c6 dao ham cép cao hon tai x,, liéu co thé xép xi f(x) béng mot da
thirc c6 bac 16n hon 1 dugc khong? Cong thirc Taylor ma ta thira nhan sau day s& giai quyét
vén dé do.

Pinh ly:

Néu ham sé f(x) thoa man cac diéu kién:

e (6 daoham dén cap n trén doan [a,b].

e C6 dao ham cdp (n+1) trong khoang (a,b)

thi ton tai diém c € (a,b) sao cho véi diém x, € (a,b) va véi moi x € (a,b) ta cod

£+ (©)
(n+1)!

f'(xo)

1!

f(x)=1f(x,)+ (X—Xy)+...t (x—x,)"" (2.3)

(RA=2x,)" +

£ (x,)
n!

véi c=x,+0(x—x,),0<0<I.
Cong thirc (2.3) goi 1a cong thie Taylor. S6 hang cudi ¢ vé phai goi 1a sé du dang
Lagrange. Biéu din cia ham s6 f(x) duéi dang (2.3) goi 1a khai trién hitu han cta
f(x) & 1an can cua diém X, .

Nhan xét:
. f! f(n

Néu dat P, (x)=1f(x,) +¥(x — X))+t ﬁ(x —X,)" thi cong thirc Taylor

! n!
cho phép ta biéu dién f(x) gan dung bang da thirc P (x) ¢ lan can cua x, véi sai s0:

B f(n+1) (C)

o X

R, (X)

Néu ham s6 f(x) théa man dieu kién:

n+l?

f("”)(x)‘ <M,,,Vx €|a,b]
véi M, ,, 1a mot sé duong nio do, thi ta c6 danh gia sau ddi véi R (x):

n+l

Rn(x)shh—xo
(n+1)!
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C6 thé chimg minh duoc rang véi mot gia tri xac dinh cia x, vé phai ciia bat dang
thtrc trén dan t6i 0 khi n —> oo Khi d6 ta c6 thé xap xi f(x) béi mot da thic P, (x)
v6i d6 chinh xac bat ky.

2.5.2. Cong thi'c Maclaurin
Trong cong thirc Taylor, khi x, =0 < (a,b) ta thu dugc khai trién:

L B £, ) L,
f(x)=1f(0)+ T X+...+ # X +(n+1)!x ,‘v’xe(a,b) (24)

Cong thue trén goi 1a cong thirc Mac Laurin.
Khai trién Maclaurin ctia mot s6 ham so cip thuong ding
o f(x)=(1+x)",0eR,x>-1.
Ta co:
£'(x) = o(1+x)*"
£'(x) = (o —1)(1+x)*

£f™(x) = oo —1).. (a—n+D(1+x)*™"
£ (x) = oo =1)...(c.—n)(1+x)* ™"

Do d6: £'(0) = o, f"(0) = oo = 1),...,£(0) =a(a —1)...(a —n +1).
Thay vao cong thuce (2.4) ta dugc:

(%) =1+ o+ a(a—1) o o(o—1)...(.ac—n+1) i o(o—1)...(ac—n) (140 ™
n! (n+1)!

0<B<lx>-1.

Djc biétnéu a=ne N’ thi [(1+x)" " =0, nén R, (x)=0 ta dugc:

n

n(n—1) e Jrm_|_n(n—1)(n—k+1) .

(1+x)" =1+nx+ o x.
k!
Do chinh 1a cong thirc tinh nhi thirc Newton quen thudc.
Thay o =-1 vao cong thirc ta nhan dugc:
1 2 n_n n+l m
—=1-x+x"—.+(D)"x"+(-]) 0<06<Il.

1+x (1+6x)"*’

Thay x =—x vao cong thirc trén ta co:
n+l

L:l+x+xz+...+x“+X—+2; 0<06<I.
l-x (1-6x)"

o f(x)=¢"
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Ta c6: £ (x)= e, £ (0)=1

X X2 n 0x
Vay: e =1+—+=—+..+—+ ,0<0<1.
120 7 (n)!
2.6. Ung dung cia dao ham

2.6.1. Tinh cac gidi han dang vo dinh
2.6.1.1. Quy tac L'Hospital

Quy tic nay cho phép ta str dung dao ham dé khir cic dang vo dinh % va 2 khi tinh
o0

gidi han cua ham s6. N6i dung cua quy tac ndy nhu sau:
Pinh ly:
Gia st cac ham so u(x)va v(x) thoa man cac

diéu kién:

®) 0 CHUY:

oux) A a < .

e Gidi han lim——= c6 dang v6 dinh — hodc [T phat biéu cua dinh ly
x4 v(X) 0 a co thé hiru han hodc vé cung

0 S 3 o 3 .
—, tic 1a hai ham s6 u(x) va v(x) cung co
o0

gidi han hodc cung c6 gidi han vo han.

e Ton tai gidi han lim )
x>a v(x)

(htru han hodc vo han).

Khi d6 1im2%) e %)

xoa y(x)  xoav(x)

2.6.1.2. Cac dang vo dinh khac
Tat ca cac dang v6 dinh khac déu c6 thé bién doi vé dang 6 hoic i
o0
e Dang v6 dinh 0.0 1a dang gi6i han lim(uv), trong d6 ham s6 u =u(x) c6 gi6i han
0 va ham s6 v=v(x) ¢ gi6i han oo. Trong trudng hop niy ta co thé bién ddi

nhu sau:
lim(uv) = lim— (dang % Y hosc lim(uv) = lim—— (dang =)
\% 0 u 00
e Dang v6 dinh ©—o0 la dang giéi han lim(u—v) trong d6 u(x) va v(x) la hai

ham s0 cung dau va cung c6 gidi han oo. Trong truong hop nay ta cé thé bién doi
nhu sau:
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2.6.2.

1 1

lim(u—v) =limY¥ I U (dang %)

uv
Truong hop u va v 1a cac phan thuc véi mau s6 ¢6 gidi han 0 ta dé dang bién doi

: 0 .. . ~
ve dang 0 bang cach quy dong mau so.

e Céc dang vo dinh 17,0° va oo° xuét hién khi tinh giéi han cta biéu thirc u', trong
dé u=u(x)>0 va v=v(x):
o néuu—1vayv—oo thi limu" codangvé dinh 1”
o néuu—0vav—0 thi imu"* ¢6 dang vo dinh 0°
o néu u— +o va v—0 thi limu" c6 dang vo dinh o’
o néudat y=u" thi trong ca ba truong hop niy gi6i han ciia biéu thic Iny =vinu
déu c6 dang 0.0 (dang ndy dd dugc chi din cach tinh & trén).

o néu tinh duoc lim(Iny) =k thi ta dugc: limy = lime™ =e*.

Pao ham va xu huéng bién thién ciia ham so6
Ta d3 biét rang ham sé y =f(x) duoc goi 1a don diéu ting (don diéu giam) trén mot
khoang (a,b) néu:
Véi moi cip diém X,,X, thudc (a,b), hiéu s6 f (x,)—f(x,) ludn cung dau (trai dau)
VOl X, — X,
N6i cach khac ham sd f(x) don diéu ting (don diéu giam) trong khoang (a,b) khi va
chi khi:

x, <x, = f(x)) <f(x,) (f(x,)>1f(x,)); Vx,,x, €(a,b).

Dinh 1y sau ddy cho biét diéu kién can dé ham s f(x) don diéu ting (don diéu giam)
trong mot khoang.

DPinh ly:

Gia str ham s6 y =f(x) c¢6 dao ham tai moi diém thudc khoang (a,b). Néu f(x) don
diéu tang (hoac don di¢u giam) trong khoang (a,b) thi f'(x) >0(f'(x) £0),Vx €(a,b).
Chirng minh:

Gia st f(x) don diéu ting trong khoang (a,b). Tai diém x, bat ky thuoc khoang

(a,b) ta ludn co:

f)~1(x,)

X% X,

>0,Vx €(a,b),x #X,.
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2.6.3.
2.6.3.1.

FEO—f(x,) 5

T day suy ra: f'(x,)=lm

0
Tuong tu, néu f(x) don diéu giam trong khoang (a,b) thi tai moi diém X, €(a,b) ta
luén co:
f'(x,) <0.
Diéu kién du dé ham s6 f(x) don diéu ting (don diéu giam) trong mot khoang c6 noi
dung nhu sau:
Pinh ly:
Gia sir ham sé y =f(x) c¢6 dao ham tai moi diém thudc khoang (a,b). Khi dé:
e Néu f'(x)>0(f'(x)<0) tai moi diém x e(a,b) thi ham s6 f(x) don diéu ting
(don di¢u giam) trong khoang (a,b).
e Néu f'(x)=0 tai moi diém xe(a,b) thi f(x) nhan gia tri khong d6i trong
khoang (a,b).
Chirng minh:
Véi x,,x, la hai diém khac nhau bat ky trong khoang (a,b), theo cong thirc Lagrange

ta co:
f(xz) - f(X1) =f '(C)(X2 - Xl)

trong d6 ¢ 1a diém nam gilta x, va x,.

Tir diy ta suy ra rang, néu f'(x)>0, (f'(x)<0) tai moi diém x e(a,b) thi
f(x,)—f(x,) luon luén cing dau (trai dau) véi

X, —X,. Do d6 ham sd f(x) don diéu ting hodc don diéu giam trong khoang (a,b).

Néuf'(x) =0 tai moi diém x € (a,b) thi véi moi x,,x, € (a,b) ta ludn co:
f(x,)—f(x,) =0 hay f(x,)=1(x,).

Diéu nay chimg t6 f(x) nhan gia tri khong doi trong khoang (a, b).
Nhan xét:
Dinh 1y trén cho phép ta xac dinh cac khoang ting, giam cia mot ham sé f(x) thong

qua viéc xét dau cua dao ham f'(x).

Cuc tri cua ham s6

Khai niém cu'c tri dia phuong

Gia sir ham s6 f(x) x4c dinh va lién tuc trong khoang (a,b). Ta néi rang ham s
nhan gia tri cuc dai (gia tri cuc tiéu) tai diém x,  (a,b) néu ton tai s6 & >0 da nho

sao cho bat dang thic f(x)<f(x,)(f(x)>f(x,)) luén luon dugc théa man khi
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0< |x - x0| <.
Diém x, ma tai do ham s6 f(x) nhén gia tri cuc dai (gia tri cuc tiéu) duoc goi 1a diém

cuc dai (diém cuyec tiéu) cua nd. Biém cuc dai (di€m cuc ti€éu) dugc goi chung la diém
cuc tri cia ham so.

Viéc han ché |x—x0| <9, voi & du nhd co6 nghia la khai niém cuc tri (cuc dai hodc
cuc tiéu) duoc hiéu theo nghia cuc tri dia phuong (con goi 1a cyc tri twong déi). Theo
nghia nay, gia tri f(x,) la cuc dai (cuc tiéu) néu né 16n hon (nhoé hon) tit ca cac gia
tri khac tai nhitng diém x gan x,. Nhin lén d6 thi thi cac diém cuc dai (cuc tiéu) Ia
céc dinh nhé 1én (thut xudng) ctia duong cong y =f(x). Trén hinh v§, X,,X; la cac

diém cuc dai, con x, la diém cuc tieu cia ham s6 y = f(x).

y = f(x)

L

o l X Xy X

Hinh 2.3

2.6.3.2. Diéu kién can cta cuc tri

Diém cuc tri dia phuong x, ctia ham sb f(x) 1a diém ma tai d6 ham sé dat gié trj 16n
nhat (nho nhét) trong pham vi mot khoang (x,—0,%x,+0). Do do tur dinh ly Fermat
ta suy ra:

Pinh ly:

Néu ham s f (x) dat cuc dai hoac cuc tiéu tai diém X, €(a,b) va tai d6 ham s6 ¢6

dao ham thi: f'(x,)=0.

Nhén xét:

DBinh 1y cho biét ham s f (x) chi co thé dat cuc trj tai cac diém thudc mot trong hai

loai sau:

e Diém ma tai d6 dao ham triét tiéu (goi la diém ding).

e Diém ma tai d6 ham s6 lién tuc nhung khong c6 dao ham

o Céac diém thudc mot trong hai loai trén dugc goi chung la diém t6i han ciia ham sd.
D¢ tim cuc tri cua ham so trudce hét ta tim cac diém téi han (gidi diéu kién can), sau
do dung mét trong cac diéu kién du dudi day dé kiém tra tirng diém téi han.
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2.6.3.3.

2.6.3.4.

Diéu kién du theo dao ham cap mot.
Pinh Iy:
Gia sir diém X, la mot diém t6i han cia ham s f(x) va gia sir ham sé f(x) c6 dao
ham f'(x) mang dau xac dinh trong mdi khoang (x,—8,x,) va (X,,X, +9). Khi dé:
e Néu qua diém x, dao ham f'(x) d6i dau thi ham sb f(x) dat cyc tri tai diém do:

o X, ladiém cuc dai néu f'(x) dbi ddu tir + sang —

o X, la diém cuyc tiéu néu f'(x) do6i dau tir — sang +
e Néuqua X, dao ham f'(x,) khong d6i dau thi ham s6 khong dat cyc tri tai diém do.
Ching minh:
Néu tai diém x, dao ham f'(x) doi dau tir (+) sang (-); tic la:

f'(x)>0 Vxe(x,-0,x,)va f'(x)<0 Vxe(x,,X,+9).

Do d6, ham s6 f(x) don diéu ting trong khoang (xo -9, xo] va don di€u giam trong
khoang [x,,x,+8).Tir d6 suy ra f(x)<f(x,) tai moi dim x ma 0<|x—x,|<3,
chimg t6 x, 1a diém cuc dai cua ham s6 f(x) .
Twong tu, néu f'(x) d6i ddu tir (-) sang (+) thi f(x)>f(x,) tai moi diém x ma
0< |X - XO| <8, chiing t6 x, la diém cyc tiéu ctia ham s6 f(x).
Néu f'(x) khong d6i dau, tirc 1a f'(x) c6 ddu nhu nhau trong ca hai khoang
(X, —=0,%,) va (X,,X,+0) thi ham s6 f(x) don diéu trong khoang (X, —9,%,+9).
Do d6 x, khong phai diém cuc trj ciia ham s6 f(x).
Diéu kién du theo dao ham cap cao
Goi x, la mot diém dimg cta ham s f(x).
Pinh ly:
Gia str ton tai s6 tw nhién n >2 sao cho:
f'(x,)=f"(x,)=...=f""(x,) =0 va £ (x,)#0.

Khi do:
e Néu n lasé chin thi x, 1a mot diém cye tri cia ham s6 f(x)

o X, ladiém cyc dai néu f™(x,)<0

o X, ladiém cyc tiéu néu f™(x,)>0.
e Néu n 1¢thi X, khong phai la diém cuc tri ctia ham 86 f(x) .

Chirng minh:

Véi cac gia thiét dd néu, theo cong thirc Taylor ta co:
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2.6.3.5.

£ (x,)

f(x)=f(x,)+ (x—x,)" +0((x—x,)")

= £~ F(x,) = (XX, )" [f( )IS() * Oiix__x):;?l )} -

Do f™(x,)#0 va do s6 hang thtr hai trong d4u ngodc vudng c6 giéi han 0 khi

X =X, nén khi x du gan o dau cua biéu thuc trong diu ngodc vudéng nhu diu

ciia f™(x,).

Truong hgp n chin (x—x,)" >0, do d6 ton tai s6 >0 sao cho khi 0<|x—x,[<8.

Cac hi¢u f(x)—f(x,) cung dau voi £ (x,) . Tt day suy ra:

e Néu f™(x,)>0 thi f(x)>f(x,) khi 0<|x—x,|<3, chimg o x, 1a diém cuc tiéu
ctia ham s6 f(x) .

e Néu f™(x,)<0 thi f(x)<f(x,) khi 0<|x—x,|<8, ching t6 x, la diém cyc dai
ctia ham s6 f(x).

Trudng hop n 1é, ton tai s6 & >0 sao cho trong hai khoang (x,—6,%,)va (X,,X,+9),

cac hiu f(x)—-f(x,) trai ddu nhau. Piéu ndy c6 nghia 1a néu f(x)>f(x,) trong

khoang nay thi f(x)<f(x,) trong khoang kia. Do d6 x, khong phai la diém cuc tri

ctia ham s6 f(x) .

Nhan xét:

Dic biét, véi trudng hop n=2 ta c6 quy tic nhu sau:

e Néu f'(x,)=0 va f"(x,)>0 thi x, la diém cuc tiéu ciia ham s6 f(x).

e Néu f'(x,)=0 va f"(x,)<0 thi x, 1a diém cyc dai cia ham s6 f(x).

Bai toan cuc tri toan thé

Nhu ta d3 biét, néu ham sb f (x) lién tuc trén doan [a,b] - thi trén doan d6 ham sb ¢o
gia tri 1on nhat (GTLN) va gia tri nho nhat (GTNN). Néu ham s dat GTLN (GTNN)
tal mot diém X, bén trong khoang (a,b) thi f(x,) la mot gia tri cuc dai (cuc tiéu).
Ngoai ra, cac gid tri tai dau mut a,b cling co thé 1a GTLN hodc GTNN cua ham sd.
Nhu véy, dé tim GTLN (GTNN) ctia ham s f(x), trudc hét ta phai tim tat ca cac gia
tri cuc dai (gia tri cuc tiéu), sau d6 so sanh cac gid tri d6 cing véi cac gia tri f(a) va
f(b) dé chon ra sd 16n nhit, s6 nho nhit.Ta cling co thé im GTLN va GTNN cua ham
s6 f(x) trén doan [a,b] bing cach tinh gié tri ciia nd tai tit ca cac diém t6i han va tai hai

dau mut. Sau do chon ra soO 16n nhat va so nhé nhat.
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2.6.4. Lién hé giira dao ham cap hai va tinh I6i Iom ctia ham s6

2.6.4.1. Pinh nghia ham s6 I6i va ham s6 Iom
Cho ham sb f(x) xac dinh va lién tuc trén mot khoang (a,b). Ham s6 f(x) duoc goi
12 ham s6 16i (16m) trong khoang (a,b) néu: Véi X,,X, la hai diém bat ky thudc
khoang (a,b), bat dang thuc:
f(tx, +(1-1)x,) > (tf (x,) + (1 -t)f (x,) dugc théa man voi moi t €(0,1).
Duéi goc do hinh hoc, dudng cong y = f(x) duoc goi 1a duong cong 16i (dudng cong
16m) néu moi cung dudng cong giita hai diém M,,M, bat ky déu ndm phia dudi

(phia trén) doan thang M,M,.

1r|'“|

V.
Z0

A

L X,

Hinh 2.4: budng cong y = f(x)

Néu ham sb (x) c6 dao ham tai moi diém thudc khoang (a,b) thi tai moi diém cua

dudng cong y =f(x) ta co thé ké tiép tuyén. Co thé chimg minh duoc rang:

Puong cong y=f(x) 1a dudng cong 16i (dudng cong 1dm) khi va chi khi tiép tuyén

tai moi diém cua duong cong d6 nam phia dudi (phia trén) so voi dudng cong.
2.6.4.2. Lién hé véi dao ham cap hai

Dinh 1y sau ddy cho phép ta sir dung dao ham cap hai dé kiém tra tinh chat 16i, 16m cta

ham so:

Pinh ly:

Gia sir ham s f(x) c¢6 dao ham cép hai trong khoang (a,b).

Khi do:

e Néu ham s6 f(x) 16i (1om) trong khoang (a,b) thi f"(x)<0[f"(x)>0] véi moi

x €(a,b) (diéu kién cén).

e Néu f"(x)<0[f"(x)>0] véi moi x e (a,b)thi ham s6 f(x)1a ham 16i (ham 15m)

trong khoang (a,b) (diéu kién du).
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St dung dinh 1y trén ta c6 thé xac dinh cac khoang 16i, 16m ctia ham sb thong qua
viéc xét dau cua dao ham cép hai.

2.6.4.3. DPiém udn ciia ham s6

Mot ham s6 lién tuc trén khoang X co thé thay d6i huéng 16i 16m. Trong vi du ham

s6: f(x) = xe* thay doi hudng 16i 16m tai diém x =-2.

Dinh nghia:

Diém x, ma tai ¢6 ham s6 lién tuc f(x) thay d6i huéng 16i 16m dugc goi 14 diém uén

ctia ham sb do.

Piém M, [xo,f (xo)] tuong ung trén do thi 1a diém ndi tiép cta hai cung dwong cong

¢6 hudng 16i 16m nguoc nhau, duoc goi 1a diém udn cua duong cong lién tuc y = f(x)

Dé x4c dinh diém uén ciia ham s lién tuc f(x) ta luu ¥ cdc ménh dé sau:

e Néu X, 1a diém udn coa ham sb f(x) thi f "(x,)=0, hodc f"(x,) khong t6n tai
(diéu kién cén).

o Voi gid thiét f (x) la ham s6 lién tuc tai diém < néu dao ham cép hai ton tai trong
khoang (x, —8,%,),(X,, X, +0) va doi dau khi chuyén qua x, thi x, 1a diém udn cta
ham sb f(x) (diéu kién du).
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TOM LUQ'C CUOI BAI

Trong bai nay chung ta da nghién ctru bon véan dé 1a:

e DPao ham, vi phan cua ham $6.

e Cac dinh Iy co ban vé& ham kha vi.

e Khai trién Taylor, Maclaurin.

e Ung dung ctia dao ham.

Phan dAu tién giGi thiéu vé khai niém dao ham, vi phan, va tmg dung cta vi phan trong tinh gan
dung. Trong phan nay, hoc vién can nim duogc cach tinh dao ham va vi phan cip cao clia mot sb
ham co ban da dugc dé cap dén. Phan cac dinh 1y co ban vé ham kha vi dugc sir dung dé giai
mot s bai tap mang tinh 1y thuyét. Ung dung cu thé cia dao ham cép cao duoc trinh bay trong
khai trién Taylor va truong hop dic biét ctia nd 1a khai trién Maclaurin. Va phan cubi bai s& trinh
bay mdt ) ung dung cua dao ham nhu tim cuc tri, xét tinh 16i 16m ctia ham sb.

CAU HOI ON TAP

1. Pao ham cua ham sb: dinh nghia, y nghia hinh hoc, dinh nghia dao ham cép cao.

2. Vi phan cta ham s6: dinh nghia, ¥ nghia hinh hoc, dinh nghia vi phan cap cao. Néu tng
dung cua vi phan trong cong thirc tinh gan dung.

Quy tic L Hospital ¢ thé ap dung duoc cho nhing truong hop nao?

Viét khai trién Taylor ctia ham s6 trong 14n c4n cia diém x.

Viét khai trién Maclaurin ctia cac ham so: e*, sinx , cosx, In (1 + X).

AR

Diéu kién can cuia cuyc tri. Piéu kién du cua cuc tri. Quy tac tim cuc tri cia ham s6 mot
bién s0.
Quy tac tim GTLN, GTNN cua ham so6 trong mdt khoang dong.

En

8. Dinh 1y vé su 161, 1dm, diém udn cua d thi ham s6 y=f (x).

MAT101_Bai 2_v2.3013101225 41



e Ty s, vy il Bai 2: Bao ham va vi phan

BAI TAP
1. Cho f(x)=3x— 2Jx. Tinh £(1),f'(1),f(a*),f'(a*).
2. Ching minh rang ham s6 y=C,e™ +C,e™ vé6i C,,C, la nhitng hang s tiy ¥ théa man
phuong trinh y"+3y'+2y =0.
3. Tinh
a. d(xe") b. d(\/a2 - 'S )
X 2
Ty d[ j d. d(In(1-x7)).
V1-x°
4. Tim dao ham cip n cta cac ham sb
a. y= (ax + b)a b. y= a(ax+b)
c. y=sin(ax+b) d. y=-cos(ax +b)
5. Chimg minh rang phuong trinh x" +px +q =0, n nguyén duong, khong c6 qua hai
nghiém thuc phan biét néu n chén, khong qua ba nghiém thyuc phan biét néu n 1é.
2
6. Dung cong thic tinh gan diung e* ~ 1+x +X? , tinh % va udc luong sai sb.
c
7. Tim GTLN, GTNN cta c4c ham sb

a. y=x-3x"-9x+35 (-4<x<4).

b. y=x'Inx (1<x<e).

d.  y=2sinx+sin2x (OSXS%).
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