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TOM TAT

Bat ding thiic Aczél xuat hien lan dau tién vao nam 1956. Ké tit d6, né da thu hit sy quan
tam ctia nhiéu nha toan hoc. Tt dé céc két qua md rong va tng dung ciia bat dang thic nay da
dude cong bd. Trong bai bao nay, chting toi trinh bay cac phién ban tich phan cho mot s6 mé
rong ciia bat déng thitc Aczél. Qua dé, ching t6i thu duge dang tich phan cho cac bat ding thic
Aczél va Bellman.

Tt khéa: Bdt dang thic dang Aczél, bt ding thic Popoviciu, bat dang thic Bellman.
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ABSTRACT

Aczél inequality was first proposed in 1956. Then it has been considered by many mathematicians. Thus its

generalizations and applications were published. In this paper we establish integral versions of some generalizations

of Aczél’s inequality. As a consequence, we obtain integral types of Aczél’s inequality and Bellman’s inequality.
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1. INTRODUCTION

In 1956, a famous result of J. Aczél was published in?
stated as follows.

Theorem A (!). If a1, ao,.
positive real numbers such that a? > a3 + a3 + -+ + a2
and b > b3 + b3+ -+ b2, then
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Inequality (1) was later called ‘Aczél’s inequal-
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ity’. In 1959, the first extension of (1) was provided
by Popoviciu? and later called ‘Popoviciu’s inequality’
stated as follows.

Theorem B (3). Let p, q be positive real numbers such
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that — 4+ — = 1 and let ay,...,ay, bi,...,b, be pos-
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itive real numbers such that af > ab + -+ + a? and

b{ > b+ -+ L. Then
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The next result is the famous Bellman’s inequal-
ity. Although this inequality was discovered in 1934 by
Hardy et al.2, it is also considered as a Aczél-type in-
equality. Let us recall this inequality.

Theorem C (2). Let ay,...,an, by,...,b, be positive
real numbers and p > 1. If af > ab + -+ + a® and
WY > by +--- 4 b2, then
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Recently, some generalizations of inequalities (2)
and (3) are presented by Chang-Jian Zhao and Wing-
Sum Cheung®. These results are stated as the following
theorems.

Theorem D (4). Let p, q be positive real numbers such
1 1

that — 4+ — =1 and let a;,b;,a5:,b5 (i=1,...,n,j =
p q

1,...,m) be positive real numbers such that
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Then
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Let p > 1, a;,bia;:,b5 (5 =
n) be positive real numbers such that
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In the present paper we establish integral versions
for inequalities (4) and (5). As a result, respective inte-
gral versions of inequalities (1) and (3) are obtained.

2. MAIN RESULT

We first establish an integral version of inequality
(4) in Theorem D as follows.

Theorem 2.1. Let A,B, A;,B; (j=1,...,
itive real numbers. Let f, g, fj,g9; (j = 1,...,m) be

m) be pos-

positive Riemann integrable functions on [a, b] such that
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Proof. For any positive integer n, we choose an equidis-
tant partition of [a,b] by n + 1 points

To <21 < -+ < Ty,
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with g = a, x; = a+1
1=1,2,...,n. Due to (G)nand (7), it follows that tlrllere
exists a positive integer number N such that for all
n > N we have
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It follows from (8) that
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Since f, g, fj, g; are Riemann integrable on [a,b], so

are 12, ¢2, fg, fj2, gjz, and f;jg; (j =1,...,m). Letting
n — oo in both sides of (9A), we obtain (9). The proof
is complete. O

In the case of m = 1, we get an integral type of
Aczél’s inequality (1):

Corollary 2.2. Let A > 0, B > 0, and let f,g
[a, 0] — (0,
that A? > ff2

o0) be Riemann integmble functions such

Ydx and B? > fg Ydz. Then
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By using a similar method in the proof of Theorem
2.1, we get the following result, which is an integral
version of inequality (5).

Theorem 2.3. Let p > 1, A > 0, B > 0. Let
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Proof. For any positive integer n, we choose an equidis-
tant partition of [a,b] by n + 1 points
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(Ap — pr ($1_1)A$> —

i=1

m m n

(Ee-EE e

j=1 =1

>0,

and

(Bp - Zg” (zi-1) Am) -
i=1

Zb” PIPICACED

j=11i=1

Since (13) , it follows that
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Since f, g, f;,g; are Riemann integrable on [a, b], it fol-
lows that [P, g%, (f+9)?, f, g3, (fi+g;)?, i =1,....,m
are also Riemann integrable on [a,b]. Letting n — oo
in both sides of (14A), we obtain (14). The proof of
Theorem 2.3 is complete. O

By getting m = 1 in (14), we obtain an integral
version of the famous Bellman’s integral as follows.

Corollary 2.4. Letp>1, A>0, B> 0. Let f and g
be positive Riemann integrable functions on |a,b] such

that AP > ffp Ydz and BP > fgp Ydz. Then
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