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Toan t1w¢ hop C(ﬁrong tir khong gian kiéu Bloch

vao khong gian tang truéng trén hinh ciau don vi
cua khonggianHilbert

TOM TAT

Cho v, p 14 cac trougﬁuﬁn tac trén hinh cau don vi By cua mot#‘mg gian Hilbert phitc
vii whmu tiuy ¥ va ¢ la mot hdm chinh hinh trén By, ¢ A m xa tif chinh hinh cia
Bx. Trong bai bao nay, chiing t6i khao st cic dic trung cho tinh b1 chin va tinh compest ciia
toan it hgp co trong Wy o, f 1) ..p) tit khong gian kidu Bloch (nhé) B, (By) dén hf"mg
gian f’n@tllmug Hi(Bx), 'Hﬂ By )gdeo tinh chat If thuyét ciia ¢ vh ude hugng ham 5 ( ) (Bx)
nhitng han ché ctia cac w 1, i dén cac khong gian con m chidu vdi m > 2. Chiing tdi ciing

i

dat dirge mot cong thite chinh xAc ciia chudn todn tit Wi

Tit khéa: Todn ti hgp cé trong, hinh ciu don vi, khong gian Bloch, khéng gian tdng trudng,
tinh bi chan, tinh compact.




Weighted composition operators from

Bloch-type spacesintogrowthspaces
on theunitballof a Hilbertspace

ABSTRACT

Let v, p be normal weights 11 the unit b x of an Hilbert space X with arbitrary dimension
and ¥ be a holomorphic function on Bx and ¢ a holomorphic self-map of By. In this work,
we characterize tamundedness and the compactness weighted composition operators Wy .,
o= ), from the Bloch-type spaces B, (Bx) fo the (little) growth spaces H°(Bx),

Hﬂ(BX) in terms of function theoretic properties of the symbol i/ and the point evaluation

B B.(Bx} . E B i L .

function fi_,{z) @)El’!lfil’!'ﬂ“y, of the restrictions of functions ¥, i to the m-dimensional subspaces
v

for some m e obtain also an exact formula of the operator norm of Wy, .

Keywords: Weighted composition operator, unit ball, Bloch spaces, growth spaces, boundedness,

compactness
1. INTRODUCTION K, the onto linear isometries of C'(K) are of
g the form Tf = u(f o @) where |u(z)| = 1
Let &, £ be spaces of holomorphic funections for all € K, and ¢ : K — K is a homeo-
on the unit ball B a Banach space X, v morphism. Motivated by this theorem, active
be a holomorphic function on Bx and ¢ a resgarch on the deseription of the isometries
holomorphic selfmap of By. The weighted of Banach spaces of analytic functions has
composition operator, defined lgsgymbols ¢ shown that the weighted composition opera-
and ¢, maps from & to £ and 1s given by tors characterize the isometries of many Ba-
nach spaces of analytic functions, including
Wyo(f) = MyCy(f) =¥ - (fop) the Hardy space H? (for 1 < p < oo, p # 2),

the weighted Bergman space, and the disk al-

wheggn)M,, represents the multiplication oper- gebra ({88 m]

ator with symbol ¢ and C, denotes the com-

position operator with symbol . g’e refer to a standard reference for var-
In recent years, there has been significant ious aspects on the theory of (weighted) com-

interest igpstudying weighted composition op- position operators actingson several spaces of

erators. well-known theorem due to Ba- holomorphic functions,qere is a vast liter-

nach states that for a compact metric space ature on the weighted composition operators




or integral operators between specific holo-
morphic function spaces. In order to treat
these specific spaces in a unified manner,
some frameworks of Banach spaces of holo-
morphic functions on the unit disk were in-
troduced (see, e.g., For example, in IEI_‘ the
authors provided some topological and func-
tion theoretic conditions for the domain space
and then provide boundedness and compact-
ness criteria, as well as estimates of the op-
erator norm and the essential norm of the
weighted composition operators mapping to
the weighted-type spacggor the Bloch-type
space on the unit disk. In recent years, con-
siderable interest has emerged in the study
of the weighted composition operators. Re-
cently, interest has arisen in composition op-
erators and operator-valued multipliers on
many vector-valued analytic function spaces
as well as in the case X is an infinite di-
mensional Hilbert space, see, for example
U EENY

()@Setting in this paper will be to dis-
cuss the boundedness, compactness of the

weighted compositioggperators Wy, . in the
case £ is a general Banach spaces of holo-

rphic functions and & is either growth
space H;°(Bx) or the little growth space
Hﬂ(BX) determined by the growth of the
functions:

Hy (Bx)
= {% #(Bx): sup u(z)|f(2)] < oo},
zeBy
My, (Bx)
._ (9]
= {fenpm): Im wEIE)I=0},

||z]|—=1

gere H(Bx) is

functions on Bx and g is a normal weight

e space of holomorphic

on Bx. These growth spaces were first stud-
ied by Rubel and Shields Win the setting of
X .

arowth spaces are an interesting and im-
portant class of Banach spaces of holomor-
phic functions. They have been explored in

many different contexts and there are many
general and more specific references such as,
for example Some well known proper-
ties of these spaces, for By is the unit disk
B c C, are that:

e For a normal weight p, HF(B) is
strictly bigger than H" (the space of
bounded holomorphic functions on B)
if and only if lim|,_; p(z) = 0. If on
the other hand, limsup,.|_; pu(z) > 0,
then H)) = {0};

e The topologies on H;"(B) is stronger
than the compact open topology 7.u;

e The bidual [H),(B)]"” isometrically iso-
morphic to H;7(B);

e The point evaluation flatiouals on
Hﬂ(]B), denoted by 67, is bounded and
is uniquely extended to point evalua-
tion functional on HE“'(B) with equal
LOTIS;

. ghe differentiation operator sending
f — f"” is an isometric isomorphism
between Bﬂ(B) Ee subspace of the
Bloch space B, (B) of functions with
f(0) = 0, and H:*(B). Note that the
Bloch spags contains functions deter-
mined by Ee growth of the functions

derivatives, so it is closely related to

growth spaces;

. ahe differentiation operator sending

f — f" is an isometric isomorphism
between H", the subspace of the H5
of functions with f(0) = 0, and H2° |,
where H3E¥s the growth space H (B)
with the weight u(z) = (1 — |z[2)2,

a >0;

e The maps z — 8% is continuous, and

|62 goes to infinity as 2| — 1.

These are just a few of the reasons motivating
our research.




In Section [2] we recall crucial Hlditious
s that shall
be used to establish the boundedness, the

for spaces of holomorphic functions

compactness as well as for providing essen-
tial norm estimates of these operators in our
setfings.

To chara@prize the boundedness and
compactness, basing on the idea in ED with
minor modifications, in Section [3] we give
the connection betwe functions in the
growth space H;7(Bx) and their restrictions
leads to the

fact that if the restrictions of the function to

to finite-dimensional ones, whg

the m-dimensional subspaces, m > 2, have
their growth-norms uniformly bounded, then
the function is in the growth spaces H°(By)
and conversely.

In Sectiou we characterize the bound-
edness and the compactness of Wy from
B.(Bx) into Hff(BX) and into 'Hﬂ(BX) as
well as calculate the operator norms. We
will show that these characterizations are
completely determined by their behaviour

on 4™ and on the point evaluation func-

tions Jf[’;ffg(j)} and Jf;;(j’z}).

o™ are the restrictions of 1/ and ¢, respec-

where ™ and

tively, on the m-dimensional subspaces and

P(m) = ("zalw--

Throughout this paper, we use the no-

 Pm), m 2> 2.

tions a < b and a = b for non negative quan-
tities @ and b to mean Cb and, respec-
tively, C7!b < ¢ < Cb for some inessential

constant C' > 0.

2. PRELIMINARIES AND AUXIL-
IARY RESULTS

Let X be a complex Hilbert spggm of arbitrary
dimension, Y a Banach space,Enote by Bx
the closed unit ball of g, and we write B, in-
stead of Ben. Let (f’;\g
basis of X that we fix at once. Then every
z € X can be written as

z= Z Zkek, 2= ZHP;\

kel kel

r be an orthonormal

2.1. Mobius transformations

2
The analogues of Mdébius transformations on
a Hilbert space X are the mappings &, :
By — By, a € By, defined as follows:

- P, —
@a(z) = a a(z) quu(z)‘ 2 € By
1-{z,a)

(2.1)
where s, = /1 — ||a||?, P, is the orthogonal
projection from X onto the one dimensional
subspace [a] generated by a, and @, is the
orthogonal projection from X onto X © [q].

It is clear that

P,(z) = ifafja (z€ X) and

T

—, e By).
fapz @ (& € 5x)

z) =
When a = 0, we define ®,(z) = —=z.
Denote by Aut(Bx) the group of auto-
morphisms of the unit ball By.
For @@tails concerning Mobius transfor-
mations we refer to the book of K. Zhu I

2.2. Banach spaces of holomorphic
functions

vy #(Bx,Y) we denote the vector space
of Y-valued holomorphic functions on Bx.
A holomorphic function f € #(Bx,Y) is
called locally bounded holomorphic on By
if for every z € By there exists a neigh-
bourhood U, of 0 € X such that f(U.) is
bounded. Put
(B y) =

{f € #(Byx,Y) : fislocally bounded on BX}.
Giverngyf € 7#(Bx) and z € Bx. We will de-
note, as usual, by Vf(z) the gradient of f at
z; ta is, the unique element in E represent-
ing the linear operator f’(z) € X’. We can

vie) = (52@),,

and hence
’ af
F2)@) =) 7o O aner)
kel
={&,Vf(z)), zeX.

write




We define the radial derivative of f at z € Bx
as follows:

@(z) = %(z)(zkek) = (&, Vf(2)).

kel

“ is obvious that

|RF(2)] < IV,

Now, let £ C ##(Bx) bea Bmah space.
For each z € By, denote 4 the point-
defined by 65 (f) ==

us, for any function

z € Bx.

evaluation functional
f(z) for all f € &.
fe&and z € By,

< IIF 1151,
3

where ||r5§|| =sup{|f(z) : fe & |fl <1}
For all ® = (®;);er € Aut(By), for every
j= 1, m>2andall f€E, we write

(2.2)

(I){m,} - ((I)h EERR ‘I)m,)|

f'q)(m,}= (f'q)lw--‘f'q)m,)-

Qﬂ state below a comprehensive list of
conditions some of which will be needed to
characterize boundedness, compactness, or
determine the essential norm of the operators

uiier consideration in this work.
1
(el) & contains the constant functions.

(e2) The closed unit ball Bg is compact in

the compact open topology ...
(e3) There are m > 2 and constant C > 0
such that for all & € Aut(Bx), for all

fe&g @;-feg,
fll;

2;- fll <C| jedl,....m}.
Remark 2.1. It follows from (el) that
inf.cp, [I62]] = 0, and in particular, the fol-

lowing equivalent conditions are satisfied:
3
(ela) [|6¢| is bounded from below by a posi-

Eve constant on compact sets;

3

(elb) For each point z € By the functions in
& do not all vanish at z.

w

[ndeed, since the function 1 € £, for every
2 € Bx we have |6 || > T&ﬂ It is obvious that
(ela) = (Eﬁ), Now, assume that (elb) holds
but (ela) Ia
subset K of Bx, a sequence {z,}n>1 € K a
zp € K such that z, — 2z and ||6¢ || — 0.
This clearly implies that f(z5) = 0 for all
f € &, which contradicts (elb).

ils. Then there exist a compact

By the uniform boundedness principle,
we can easily prove the following:
mpusitinn 2.1. Let £ be a Banach space
of holomorphic functions on By. Then the
mapping 5 : By — C, z — ||6¢ |, is bounded
on compact subsets of By .

3. GROWTH SPACES AND BLOCH-
TYPE SPACES

ﬁr a normal weight v on By, we denote

2l gy
Iz) :=/{; m

Remark 3.1. Since v is positive, continuous,
Mmy,s 1= mingeg g v(t)
lows from (W) that v 1s strictly decreasing
@[5, 1), hence, max,cf 1y v(t) =: M, < oo.

en, it is easy to check that

. Moreover, it fol-

v(z)INz2) < R, = J;::i—}—l—r? < 0o, (3.1)
JIx

for every z € Bx.

We define bounded holomorphic spaces
H>*(Bx),
H;7 (Bx), litile growth holomorphic spaces
'Hﬂ(BX), Bloch-type spaces B,(Bx), and lit-
tle Blocﬁype spaces B,o(Bx) on the unit
ball By as follows:

growth  holomorphic  spaces

H>*(Bx)=1f€ #(Bx): sup |f(z)] < oo

zeEBYy
H* (Bx) = {] € #(Bx) :

26
HO(Bx) = {f € Hy (Bx) :

zC

llzll=1

1

lim p(z)]f(2)]=0

up 42 < oo}

3




B,(By) := {f € #(Bx) :

1l (5y) == D 2()|RF(2)] < o0}
zeEBx

It is easy to check that H*(Bx), H;(Bx)
and B,(Bx) are Banach under following
norms

44
| flloc = S.up |f(2)1,
[ fllage = sup pu(2)|f(2)I,
zeBx
171

respectively.

B.(Bx) = | FO) + | fllsB,(Bx)s

Now we consider the holomorphic fune-
tion

g(z) =14 > k™ zeB, (32

k=ky

. _ _ 1 :
where kg = [lagz m], ng = [1_”] with
v=1(1/2%) for every k > 1. Here the
symbol [x] means the greatest integer not big-
ger than z. By I Theorem 2.3, g(t) is in-

creasing on [0,1) and

e =

lg(2)] < g(llzll) €R, =z € By,

9(3)9@ < sup v(t)g(t)

0< C] = inf
te[0,1 te[0,1)

[0,1)
< sup v(z)]g(z)| =: C2 <oc. (3.3)
zeliy
Lemma 3.1. Let v be a normal weight
Bx. Then there exists (' > 0 such that for
every z € Bx we have

(@) < @) Il sy) VI € M (Bx),
(3.4)

2
[F@)| < CA+L()IS s, Bx) Y € Bu(Bx).

(3.5)

Proof. The inequality is obvious. The
inequality il was proved in ) (Proof of
Theorem 3.2). g

?emma 3.2. Let v be a normal weight on
Bx. Then,

(1) (|52 = 1/u(z2);

(2) |85 P < 14 IL(2).

Proof. (1) 1t is obvious.

(2) It follows easily from the definition of
58/Bx) and that

653+ B|| < 14 I} (2).

15
Now we consider the function fj %en by

llzl|
f) = (1+Cy s [ o), ze B,

where ¢ defined by (3.2). It is clear that
fo € B.(Bx) and by _. it is easy to see

that || folls,(sy) < 1. Then, in view of il
again, this yields that

BB
182 B0 > | fo(2)]

Ch
L4+Cy 14 Cy

Zma.x{

Ja+ 1),

It is easy to prove the following:

Corollary 3.3.  H;°(Bx), B.(Bx) satisty
the properties (el), (e2), (e3).

Qe will show below that the study of
growth spaces on the unit ball can be re-
duced to studying functions defined on finite
dimensional subspaces. Note that, the similar
results for Bloch-type spaces have just been
stugipd in @

or each finite subset F' C I, in symbol

|F| = m < oo, we denote by Bp) the unit

ball of span{e;, k € F}. Without loss of gen-

erality we may assume that F = {1,... m},

and hence B[F] = B,,. For each m € N, we
denote

;1["] = ;1|

span{el,...em}’
Zpm) = (21, 2m) € Byy.

For m = 2, by
gs‘m = {I = (ﬂ?], v :I'm):

zr € X, (:rk,:r:j) = ka}.
we denote the family of orthonormal systems




of order m. It is clear that OS; is the unit
sphere of X.
For every x € 08S,,, [ € #(Bx), we de-

fine .
z[m) = (Zzﬂﬂ L)
Then
HVfi-(z[m]) ‘ = HV}"(Z zka:;_-) H (3.6)

k=1
Mefinition 3.1. Let B; be the open unit ball
in C and f € #(By). We define an affine
norm as follows

IS 172 (Bx) = MS] IFC2) 13050 81)

where f(-z) : By — C given by f(-z)(\) =
f(Azx) for every A € By, and

(G 2) [0 (81) = Sup pu(Az)| f( ).

It is easy to see that the space
aH(BX)

={f € A(Bx) : |Ifllpe () < 00}

is Banach under the norm || - ||’H,Df,,ﬂ'(BX)'

Proposition 3.4. Let [ € ' (Bx). The fol-
lowing are equivalent:

(1) € HZ(Bx);

(2) supseos,, |l fellws, 3y < o for every
m = 2;

(3) suPscos,, |l fellpm,, my < oo for some
Tl
m = 2.

goreover for each m = 2
I3 (By) = sup IILIIH (Bn)  (3:7)
xSy, wlml

gmof (2): Let m_> 2 and Zim) =
(zl.....zm) € By, Sin@d || S ze|
2 ||, we get

c;“'l) )u'[‘"' z[‘"l )|f~1 'Z[‘"l])|

m] EBm

sup p(z) f(z zjej) ‘
JEF

zeBx

[l fz ||’:'-£:"fm| (By)

[

A

< ||f||?-£ﬁ°(5x) < oC.
(3.8)

In paggticular, we obtain (2).

(2) = (3): It is obvious.

(3) = (1): Assume that there exists m >
2 such that

SUp. | felle, () < -
xe0S.

g’e fix 2 € Bx, z # 0. Consider x =
”Z—”,I‘Q, R x:m) € OSTH and put 'Z['.ru] =
||JDJ =32 :0) € C™. Then ||z[m]|| = ||z|| and

m

1= [ (3 zaw) | = 152)1.
k=1

This implies that

||ﬁ?—£°°(13x) = g m(2)1f(2)]
E Sl.lp )u[ ] z['m.])|f1'(z['m.])|

< sup [falhes, @) < -
ze08m
(3.9)
f e X (Bx).
n the other hand, it is obvious that

sup Ilfl-ll'hr::?ml B) S I f s ()

xc0o,
for every m = 2. (3.10)

Hence, we obtain ) from 'md

(3.10).

Remark 3.2. ghe proposition is not true for
the case m = 1.

Indeed, let X be a Hilbert space with the
orthonormal bgRis {e, }n>1. Consider pu(z) :=
1 -z, and f: Bx — C given hy

@ =3 (2 -2e) seBe

n=1

Then f € 5 (Bx) beganse
(CE -
<Z 2+||z||2+z

n=1 'u—l




For each x = > (x,e,)e, € OS; and for
every zj;) := z € By for some k > 1, we have

fe(2p) = flazr) = % - zyg

and thus, since [f.(2y)] < 2, we get

5111)1'6051 ||f_;_||1{ﬁ°{]31)
- sup (1 = [lzggl*)|f= (2| < 2-
xzc0O8
However, f ¢ H (Bx) because for every
z e -BX: we have

(1 = [I2I3)1f ()]
€n z =1
= (1—[2]%) ;(n —EP> 4;;
as z — 0.

15
Using gimilm‘ argument to that the

proof of Proposition 2.3 in @, we easily obtain

the following result, for which the proof will

be omitted.

Proposition 3.5. The spaces H;°(Bx) and
all (Bx) coincide. Moreover,

17 13¢5 (B ) < b (Bx)
S e By) VS € HE (Bx).

4.?HE BOUNDEDNESS AND THE
COMPACTNESS OF Wy, : B,(Bx) —
Hy (Bx)

@this section we consider the weighted com-
position operator Wy . @i B,.(Bx) into
H:¥(Bx) and into H,(Bx) defined by

z € By.

(Wyo)(2) :=(2) - (0 9)(2),

The component operators are the multi-
plication operator M, f =1 - f and the com-
position operator C.f = f o ¢, which cor-
respond to the cases when the composition
symbol i is the identity function on B and
the multiplication symbol 1 is the constant

function 1, respectively.

’i‘qeurem 4.1. The following are equivalent:

(1) Wyt Bu(Bx) — H°(Bx) is bounded;

@) ML, = s 155

< oo for some m > 2;

(3) My op
B, (B
=WMNWW$WHM
Moreover, in this case
114 v\o” = *Mlb.ao‘#' (4.1)

Proof. (3) = (2): It is clear.

(1) 3): Suppose Wy : B,(Bx) —
H,* (Bx) is bounded. Fix z € B
[ € By (Bx) with || f|

@ENYNF (P < W f 1z (8x)

< |Waellll flls,Bx) < Wepol-

definition of 85+(8x) (see Proposition | \
aking the supremum over all f in the closed

‘or each

B,(Bx) = 1, we have

unit ball of B,(Bx), we obtain
3

@155

wlz)

< Weell-
Taking the supremum over all z € By yields

My o < |Well < oc. (4.2)
(2) = (1): Assume M[]

o < 00 for

some m > Let f € B,(Bx) with

[ fllz.5x) < 1. For each & € OS,y,, we write
2 = ) j1 2%k Note that [zz] = [zl
and hepge ,u[m](z[m]) = pu™(z,). Then

(W )r||71r°'=mJ (Bum)

= sup pl™(z) ™ () (f 0 ©)al(2pm))|

zpEBm

[m]
< Mv o < 00 %
for every » € 085, By , b 18

bounded because

W ()| 340 (B )
= sup [[(Wy o))l (Bam)
2E08m ub]

gl
< ‘n"f‘r.b"‘o‘p < 0.




(4) = (2): For z € Bx, we have

()| ()|If (¢ )|[18545x))

@) < R 155

S A'?irflr‘,‘._')‘w‘p < 0C.

Therefore, taking the supremum over all z €
By, we obtain

[V -w.-\of"?{ﬁC{Bx} = A'?"ftb.-\o,p = 0C. (4.3)

Finally, from _. we deduce , O

We next characterize ﬁe compactness of
the operators W, . As in[@ywe can prove the
following:

Lemma 4.2 (@ Lemma 2.10). Let &, F be
two Banach spaces of holomorphic funections
on By. Suppose that

(1) The point evaluation functionals on £ are
continuous;

(2) The closed unit ball of £ is a compact
subset of £ in the topology of uniform
convergence on compact sets;

(3) T:& — F is continuous when & and F
are given the topology of uniform conver-
gence on compact sets.

Then, T is a compact operator if and only
if given a bounded sequence {f,} in £ such
that f,, — 0 uniformly on compact sets, then
the sequence {T'f,,} converges to zero in the
norm of F.

Theorem 4.3. Assume that W,
By, (Bx) — H;°(Bx) is bounded. Then, the
following are equivalent:

24
(1) There exists m > 2 %h that

B.(B
limsup  p()(e)l 8, I =
[ ”S"‘(m){z)”}'r

(4.4)
where '.z‘o(ni,) = ('101 ----- 'pnr,)-

(2) Wy, 18 compact.

Proof. Firstg show that ¢ € H*(Bx). In-
deed, since Wy is bounded, by Theorem

[41} My, < oo. Then, by Remark [2.1]

inf.cp, | 5?;’2{;3’“ || =: & > 0. Consequently,

ap(z)|(z)] < My, =€ Bx.

This means ¢ € H;7(Bx).

(2) = (1): Suppose Wy, : B,.(Bx) —
M, (Bx) is compact. Fix m = 2. It is obvious
that holds if (,,)(Bx) is relatively com-
pac@lin Bx. So assume () (Bx)NdBx # @.

Let {z"},>1 be a sequence in By such
that |[l¢oq,)(2")|| — 1. By the definition
of Jf{()é,}}, with ¢ > 0 is given we can
find a sequence {f.},>1 C B,(Bx) with
[lfnllB,(By) <1 for every n =1 salislying

T BEB)
@y ()] > 182 BX) |~ (4.5)
Wi }

By t ndition (e2), without loss of gener-
ality, we may assume that f, — 0 € B,(Bx)
uniformlyson compact subsets of By and
{fu}nz1 15 uniformly bounded on compact
sets.

For each n > 1, denote a” := @(z") and
consider the automorphism $yn € Aut(By)

defined by (2.1] , Foreachje {1,...

Ganj = (a(y))j - frno = ((Par )y ) - fre

By (e3), Gunj € B, (Bx). It is an easy calcu-
lation that for every w € Bx,

,m}, put

|Gu“‘j(“")| = |(a?m})j - fnlw) = ((‘I)u“)(m)('”"))j|
1- ||"LE”)||2
< w)l|.
- 1— || | fn(e0)]
Then, by (2.2),
1- ||“(m) | 5
(W < B T W
|Gﬂ ‘J(“)| — 17”“)” ||E‘I:b||
consequently, by Propositiou and since
||a?m} | = ||.,.o{m} —+ 1 as n — oo,

the sequence {Ggunjfn>1 is a sequence of
holomorphic functions converging to 0 uni-
formly on compact subsets of By for each
je{l,....,m}

Now by the condition (e3),
C' > 0 such that for all j € {1,...,m}, we

here exists




have

[GanjllB, (By)

< I|a}:”)||I|fn||3,,(BX) + || ([q)u“ ){m))j
< (C + 1)||fn||Bu(BX) = C+1 Wn =1L

¥ _, any bounded sequence in B,(Byx) is
uniformly bounded on compact sets and any
sequence in B,(By) that converges to 0 in

norm, also converges uniformly on compact
sets. Therefore, since Wy . is compact, by

Lemia[12) [0 (Gar); 0 9)lge (5y) — 0 a5
n — oo for every j € {1,..., m}. Note that

&, (a™) = 0. Therefore, by _, we have
) o N 185

\G(m)('z“) | n E)

< w(@Z)E)e m) (Z°) Il (@ (m) (7))

= ()| (= n)|JZ| Fan j
= Jan-(m
j=1

'P{m,] z"))‘

Fanj) OP)Hiﬁc(BX)

—+ 0 asn— oo.

Consequently,

‘N. T BEB
Jim ()65 )|

<e lim p(2") [ (2")| < el mpe(Bx)-

gnces is arbitgary, it follows that (4.4) holds.
(1) = (2): Assume that there exists m >
2 sun:Fhat . holds. By meu_nﬂ it suf-
fice show that if {f,},>1 is a sequence in
B, (Bx) converging to 0 uniformly on com-
pact subsets of Bx such that | f,||5, (5.
for all n > 1 then ||I'1’r-1.b"‘ofn||H;°(Bx) —
n — oo.
Let {f.}n>1 be such a sequence, fix
€ (0,1)
< £ when-

g = 0 and choose a number r
such that pu(z)(z)]|d
ever o (2)ll >
Bx, |fa@)| < (162X, 3 Jlpim ()

r, G OBE) | f (B (B < & Thus
r(@ @) falem @) < e if [p)| >

\G(nl)(z)”
Since for all w €

'fn”Bp{Bx)
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because |@(2)|| = |[@um)(2)|| = r for every

z E@
ow, we consider the case |p(z)] < r

g['len [l£(m)(2)]| <. Note that
P(m)s ?“]

={@em ®) : leem W)l <7y € Bx}
cB,cC”
is relatively compact for every 0 < r < 1,
by the hypothes
W Then, there exists a natural num-
ber N such that |f.(w)| < /|4 e (5y) for
all n > N whenever w € W Thus,

HH&J Z)an () z)| <e if ||Lp(2)|| <
O

fn = 0 uniformly on

%’e now discuss the boundedness and the
compactness of the weighted composition op-
erator mapping into 'Hﬂ(BX).

Theorem 4.4. ghe following are equivalent:

(1) ve Hﬂ(BX), and there exists m > 2,

1
@(m) (rBx) 1s relatively compact

for every 0 <r <1, (4.6)
B, (Bx)
i @5 = 0.k 2 1
(4.7)

(2) Iflf'v".",‘o : B,(Bx) — 'Hﬂ(BX) is compact.

Proof. (1) = (2): Suppos ) holds. Fix
f € B,(Bx). We shofhat Wy, ,f =1 - (fo
) € H:x(Bx). Since BRWEf B (2) >
w(2)|0(2)] flp(z)) as k — oo for eacll € By,
and 'HL’(BX) is closed in Hff(BX). it suffices
to check that ¢ - (f o gyy) € 'Hﬂ(BX) for
y k = 1. Given k = 1. By the hypothesis
, for given £ > 0 there exists r € (0,1)
such that
u(@) [ @)1 f (o) (2))l

B, {BX)
Py (2)

<e|lflls,Byx) for |z
On the other hand, it follows from assump-
tion (1) that

< u(@)N )19, s, (Bx)

(4.8)




51113||z||9-§2)|¢(z)||f(tp(k)(z))|

< p(2)b(2)1[165 B 1|

wylz)

B!’{BX) < 00.
(4.9)
Consequently, u‘;-(foga(k)) € M, (Bx). More-
over, by , W - ogam) E 'Hn BX)
We also obtain from 'md thqr

WO emis bounded

ghe compactness of the operator Iflf',g,‘o
now follows by arguing as in the proof of The-
orem [4.3|and the condition

(2) = (1): First, since Il’n, is bounded
and 1 € B,(By) it is easy to check that
v e H”(BX).

In order to prove (4.6), first we have to
show the following claim:

M (Bx)

G’ |, zuw e Bx.
(4.10)

Sllz—ui] < a7

Indeed, it is easy to check by direct cal-
culation that

1
§||Z — |

IA

\/1 _ A=l - fwl?)
L= w)P

= QX(Z! w)!

where ox is the pseudohyperbolic metric

in p( (see L) p-99). On the other hand,
w) = sup{o(f(2), f(w)) :

f € H*®(Bx) with ||f]le <1}

(e 0008 B, Wl o) = |5

x,y € By, is the pseudohyperbolic metric

in ;. Note that, since the function n —

HT‘{—;W is holomorphic from By into By and
z) — flw) + 0, it follows from Schwarz’s
lemuma that o(f(2), f(w)) < |£(2) - f(w)| for
every z,w € By. Consequently,

11

ox(z,w)

< sup{|f(2) — f(w)| :
for f € H™(Bx) with ||f]loc < 1}

>(Bx) (B )
< sup{|o2* P () — o P () 4
for f € H>*(Bx) with || fllsc <1}

Hence, (4.10) is proved. g
Next, we prove (4.6). For 0 < r < 1

the set V, = {5:{ ) Izl < r} C
(H;S(Bx))" is bounded. Then, by the com-
the set

= o2

pactness of Wy,

il
(Wasp)* (V2) = {205« Izl <}

is relatively compact in [B,(Bx)]".

It should be noted that, for every sub-
set K of the dual of a Banach space B, (Bx)
and every bounded subset D C C, if the
set {tn : t € D,n € A} is relatively com-
pact in B, (Bx) then A C [B,(Bx)]’ is rela-
tively compact. With this fact in hand, since
the set { (z) : |lzll £ r} is bounded, the
set {53" Bx)
pact. Then, it follows from the inequality
that p(rBx) is relatively compact, so
i8 ()(rBx) for m > 2.

Finally, we plOVP . sume that
there exist m and a se-

o

quence {Z”]'nzl C BX such that ||z"*|| —

1 and p(2")[gh(2")][|0,,,,m | > o for all
n > 1. Then, we may choose {fu}n>1 C

B,(Bx) such that |[|f.|s,(sy) < 1 and

n B.(B
a2y ()] > 18550

n > 1. Thus

, Izl € r} is relatively com-

— 0/2 for every

(") [ () (pmy (7)) > 0—0/20(2") [0 (z")]

Therefore, since 1 € 'Hﬂ(BX), Iflf'g‘,‘ofn i
Hﬂ(BX). This contradicts the boundedness
of W a

Remark 4.1. In the rmrf dim X < oo,
he-mem- 4.4] the

following statements are equivalent:

and following the proof




(1) ll!ilrEI;,-.(z)|':,.-';(z)|||ﬁf;;_{:(3z"}}|| = 0 for every
k > Land ¢ € H (Bx);
1
(2) Ili’p : Bu(Bx) — Hﬂ(BX) is compact;

(3) WY : Bu(Bx) — Hj(Bx) is bounded.

12
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