Author’s response to the referee reports for
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(QNUJS-B2421)

Dear Editor and Reviewers,

We would like to thank you for the time and efforts dedicated to our manuscript as well as
for your useful and constructive comments that were helpful in improving the quality of the
paper.

We have carefully examined reviewers’ comments and suggestions and revised the manuscript
accordingly. A detailed reply to all comments can be found below this letter. For convenience,
we copied the comments in italic font and provided our replies in sans-serif font. The changes

with respect to the previous version of the paper are marked with blue color in the attached
file.

We hope that the revised version satisfies all of you.

Best regards,

The Authors.



To Reviewer 1 (File name: Report_on_QNU]JS-B2421)

The authors examine the stability and stabilization of time-delayed bimodal piecewise linear systems
using smooth Lyapunov-Krasovskii functionals. The primary contributions are: (1) a novel stabil-
ity criterion based on the proposed smooth Lyapunov-Krasovskii functional is introduced to ensure
asymptotic stability in the case of zero inputs, and (2) a new condition is presented for designing lin-
ear state feedback controllers to stabilize the system. Lastly, several numerical examples demonstrate
the effectiveness of the proposed methods.

We would like to thank the reviewer for pointing out our contributions. Our effort goes in
the direction of exploiting the dynamical structure to come up with a new approach in solving
the stability and stabilization of bimodal piecewise linear systems with time-delays.

All the proofs seem to be correct. The presentation is clear. A carefully revised version of this paper can
be recommended for publication in Quy Nhon University Journal of Science with only minor checks
required.

We would like to thank the reviewer for your positive comments and correction detail.
Point-by-point replies can be found in this letter. By following reviewer’s constructive com-
ments, we have fixed the indicated typos and revised the paper as in the revised version.
The changes with respect to the previous version of the paper are marked in blue color.

Detailed comments and suggestions:

Page 1, line 5: “two folds” — “twofold”.

Page 1, line 8: "than before in the literature” — "than those previously reported in the literature”.

Page 1, paragraph 2, line -5: “is also using” — “also uses”. Page 1, paragraph 2, line -1: “i.e
Carathodory solutions” — “i.e., Carathodory solutions”.

Page 2, paragraph 1, line 10: “there is a few papers” — * there are only a few papers”.

® Page 2, paragraph 1, line 25: “The symbol R is " — “Denote by R".

® Page 2, paragraph 2, line 16: “are followed from” — “follow from”.

® Page 2, paragraph 2, line 26: “i.e.” — “i.e.,”.

We agree with the reviewer and we have fixed all.
® Page 3, paragraph 2: Give a proof for Lemma 1.

We have added the proof of Lemma 1 and moved the lemma to a new section named
Notations and Preliminaries, as Reviewer 2 suggested.

Page 7, paragraph 2: Fig. 3 seems to be taken from another work. It should be redone if the figure does
not originally belong to the authors.

The reviewer is right. Fig. 3 was taken from the paper (13), Example 21, in the reference
list. In the manuscript, | clearly mentioned and cited the paper. However, due to your mention,
| have also added a phrase "that is take from [13]" in the revised version and added ", source



in [13]" in the caption of Fig.3, to further give a detail explanation on the source of the figure.
We think that this is not a serious issue regarding to copyright laws.
Page 7, paragraph 2, line -10: “Example 2 (13)” — “Example 2 13"

Sorry, we have not got your point on this comment. For the citation rules of QNU Journal
of Science, superscripts must be used wherever we insert in-text citations. From our point of
view, this presentation is correct. Please let me know if you still do not agree with this typo.

Finally, we would like to thank once more the reviewer for the time dedicated to our
manuscript. We hope that the additional explanations satisfy the reviewer.



To Reviewer 2 (File name: Report on QNUJS-B2421-Rev 2)

Bai bdo trinh bay mot s két qué mdi vé bai todn én dinh va 6n dinh héa cho hé affine tirng phin co
chdm thoi gian. Bing cdch cdu triic mot 16p phiém ham Lyapunov-Krasovskii két hop vdi kij thudt bit
ding thitc ma tran tuyén tinh, tdc gid/nhom tdc gid da thiét ldp duoc mot diéu kién dii cho tinh on
dinh va md rong mot diéu kién on dinh héa nguoc cho lop hé xem xét. Cic két qud thu dugc da duoc
minh hoa thong qua hai vi du s0.

Ddng gop vé hoc thugt: Theo quan diém ciia nguoi phdn bién, bai bio di dua ra duoc cdc két qud mdi,
c6 Y nghia trong Iy thuyét diéu khién, Iy thuyét hé thong va cd tiém ning 1ng dung cao cho cdc vin
dé, h¢ thong trong thuc tién.

Tinh diing din cila phwong phdp sit dung: Téc gid/nhém tdc gid da phiém ham Lyapunov-Krasovskii
két hop vdi kij thudt bit ding thitc ma tran tuyén tinh dé nghién ciru. Day la mot trong nhitng phuong
phdp hién dai va c6 tinh hitu higu cao trong Iy thuyét cdc hé cé chdm thoi gian. Diém dic biét 1o tc
gid/nhdm tdc gid da dé xudt dugc cau triic dic bigt cho I6p phiém ham sit dung dé van giir dugc tinh
khé vi cho 16p ham va ddi phd dugc/sir dung dugc cho 16p hé chuyén mach xem xét.

Céu triic va trinh bay ciia bai bdo: Nhin chung, bai bdo dugc trinh bay hop Iy, r6 rang, c6 cdu triic
hop Iy, chic ché. Tuy nhién, phan trinh bay vdn c6 mét sé doan ciu triic chua chic ché va trinh bay
cdn thin.

Chung t6i rat cdm on phan bién da danh thai gian doc ky ban tho clia bai bao, cé nhiing
nhan dinh tich cuc vé viéc 1am cla ching tdi cling nhu vé nhiing déng gép cla bai bao.
Nhitng gép y vé quan diém trinh bay, nhitng thiéu sét clia bai bdo ma phan bién da chi ra,
ching t6i da xem xét, chinh sfa cén than dé nang cao chét luong trinh bay clia bai bao.
Khi thuc hién chinh sira, nhitng chd thay ddi so véi ban gli phan bién trudc day, ching toi
highlight bang cach ddi mau chir thanh xanh. Hon nira, khi thém bét, su danh s6 clia cac
phuong trinh cling da thay ddi. Trong phan tra 16i chi tiét phan bién sau day, méi khi ching
t6i dé cap dén sd phuong trinh, xin vui 1dng hiéu |a su danh sb cii trong ban trudc day.

Duéi day 1a ndi dung tra 16i clia chiing tdi vé céc y kién cu thé ma phan bién da dét ra.
1. Nhiéu cong thitc trong bai bdo chua dugc canh hang, canh dong cin thin, vin con 16i ra va thut
vao. Dé nghi tic gid chinh sia cdc 16i nay.

Chung t6i cdm on phan bién da nhan xét vé cach trinh bay céng thiic toan nhiéu dong.
Trong qué trinh soan thdo bai bdo, ching t6i da dé y dén van dé nay. Néu ching t6i dung
begin{align} ... end{align} dé canh dong cac cong thiic, ching tdi phai cit nhd cac dong.
Diéu nay tén nhiéu dong hon (sbé trang tang 1&n), con khdng cét thi bi tran 18, kha xau. Vi vay,
chiing t8i da chon dinh dang begin{multiline} ... end{multiline} dé trinh bay cac dang thirc
toan c6 nhiéu dong. Cach Iam nay theo mac dinh, dong dau tién canh trai, dong cubdi cling
canh phai va cac dong con lai & gilta sé dugc canh gitta. Nguoi doc cé cam giac cac dong
16i, thut 16n xdn. Céch trinh nay chiing tdi nghi ciing phé bién trong cac sach chuén vé toan



hodc bai bao toan hoc trén mot sb tap chi. Tuy nhién, phan bién da yéu cau nén chiing toi da
ra sodt, chinh slra trong ban mdi nay & nhiing vi tri ¢é thé 1am dugc. Chung t6i da bdi xanh
& nhiing vi tri chinh sita. Hy vong phan bién chip nhan vé céch trinh bay nay.

2. Dé cho viéc trinh bay duoc ro rang hon, bai bdo nén dugc thém vao 1 muc, cdc kién thiic chudn bi
(Preliminaries) hogc dinh kém vao muc 2 dé t6 chitc lai bai bdo. Noi dung muc kién thiic chudn bi,
gom:

-Lemma 1;

- Lemma 2;

- B6 dé Schur va;

- Bit dang thitc Cauchy..

Téc gid nén cung cap thém phan chitng minh ciia Lemma 1, dé¢ nguoi doc cd thé theo doi va trich din
sau nay, khi sir dung Lemma 1.

Chung t6i déng y véi y kién clia phan bién va da thém muc nay. Theo y kién phan bién,
chiing t6i da thém mét muc vé Notations and Preliminaries ngay sau muc Introduction trong
ban chinh s(ra Ian nay. Noi dung clia muc nay ching tdi dua vao doan Notation (clia ban cii),
Lemma 1 (cGa ban cii, kém thém chiing minh bé sung theo yéu cau phan bién) va Lemma
3 (Lemma 2 clia ban cii). Ching t6i trinh bay thém Lemma 2 vé bat dang thiic Cauchy, xuat
hién trong ching minh Theorem 1, trang 4. Chung t6i cling trinh bay thém Lemma 4 (noi
dung clia b6 dé Schur). Chuing t6i tam thdi khong trinh bay chiing minh BDT Cauchy vi day
la nhitng két qué kha phd bién trong Giai tich ma tran, Ly thuyét hé diéu khién tuyén tinh.

3. Phin cudi & cdt 2, trang 4, tdc gid nén gidi thich ky higu \(-), hodc dua vao phan ki hi¢u (notions)
0 trang 2.

Chung t6i cdm on y kién phan bién. Thuc ra ky hiéu nay ching toi da gi6i thiéu & doan
Notation & ban glti phan bién.

4. Trong phan Vi du 2, tdc gidi gid gidi thich 16 hon “better stabilization” nghia la gi?

Pay 1a nhan dinh chl quan ctia nhém nghién ctiu clia ching t6i, dua vao kiéu dang dan
vé 0 clia cac thanh phan nghiém. Trong bai bao cla Y.lwatani and S. Hara [13], quy dao
nghiém cé bién dao dong 16n hon trudce khi dan vé 0.

5. Tic gid can lam 16 chitng minh cong thic (8). Duong nhu la chia diing.

Chuing t6i cdm on su nghi ngd clia phan bién dé cé dip lam sang té hon trong trinh bay.
Cong thiic nay da dugc kiém tra can than va day 1a mot cong thiic bién déi ding. Theo yéu
cau phan bién vé trinh bay rd rang hon, chiing t6i da bé sung thém 1 doan trong chitng minh
dé 1am rd céach bién déi trong ban chinh slra dgt nay.



6. O cong thitc (10), tdc gid nén cung cdp thém chitng minh chi tiét dé nguoi doc dé theo doi hon.

Theo y kién phan bién, ching t6i da bé sung thém 1 doan trong chitng minh dé 1am rd
céch bién déi trong ban chinh sira dot nay.

7. Hon nita, phin bién c6 ciu héi la trong (10), liéu c6 thé khong ding bit ding thitc C6 Si dugc
khong? Vi khi khong sir dung bit dang thitc Co si thi vin dua ra dugc diéu kién 1o cdc bat ding thirc
ma tran tuyén tinh. Nhung vigc sit dung bit dang thitc C6 si sé la ting tinh bdo thii cho diéu kién
dua ra.

Chuing t6i ddng y véi y kién ctia phan bién. G bién d6i nay, khong dung dén bt déng thiic
Cauchy ta van c6 thé dua ra dugc mot diéu kién dd, cé thé néi la tét hon dé xét tinh 6n dinh.
Tuy nhién, trong nghién cttu ndy, ching t6i mubn dua ra ma tran dang dudng chéo khbi dé
tach bach tinh xac dinh am cla ma tran thu dudc thanh tinh xac dinh 4m cla hai phan déc
lap nhau. Diéu nay sé thuan Igi hon trong viéc gidi bai toan thiét ké diéu khién ngugc cho bai
toan 6n dinh héa.

8. Cong thitc (13) khong phdi 1 bat ding thitc ma trin tuyén tinh. Tic gid can kiém tra lai cong thiic
nay, hodc nén phwong phai gidi s6 cdc diéu kién 6 Dinh Ij 2.

Y kién clia phan bién la ding; bat dang thirc (13), clia Theorem 2, khdng phai 1a mot bat
dang thirc ma tran tuyén tinh. Diéu nay da duoc ching toi dé cap dén trong Example 1, &
trang 7, c6t 1, dong 4 (tinh tu dudi 1€én).

O day chidng t6i mubn giai thich thém véi phan bién ring ndi dung cdia Theorem 2 chi
dua ra mot két qua mang tinh ly thuyét, kiu diéu kién dd, cé thé thuc thi dugc: néu ta cé
thé tim dugc P, Q, R, U va ~, u thda man cac bat dang thiic (13) va (14) thi ta sé thiét ké
duoc mét diéu khién ngugc tuyén tinh 8n dinh tiém can cho hé théng vong kin. Khi ap dung
thuc té, ching ta c6 thé gidi bang cac cong cu gidi bai toan toi uu téng quat hon, khong nhét
thiét 1a cac ky thuat bat dang thiic ma tran tuyén tinh. Mot trong cac céng cu cling kha phd
bién, c6 thé s dung dugc la: fim nghiém chip nhan dugc dua trén viéc gidi bai toan toi uu
v6i rang budc cac bat dang thiic ma tran bac hai, 4p dung bang céch line search va cb dinh
4,...Tuy nhién, trong nghién ctu nay ching téi da gidi nhu sau: Dau tién, dau tién cb dinh

R:IQIn

vdi k> 0 nao dé. Khi cb dinh R, hé bt dang thirc (13) va (14) trd thanh hé cac LMIs. Ta cé
thé dung ky thuat giai hé cac LMIs dé tim cac ma tran va tham s6 con lai. Néu xay ra trudng
hop hé LMIs tuwang (ng khéng ¢ nghiém, ta giam gid tri clia ~ va giai lai.

Tom lai, dé giai hé bat déng thiic ma tran (13) va (14), chiing t6i I3p thuat toan: tim kiém
x> 0 theo thuat todn line search véi mét ko > 0 ndo do va gidi LMIs tuang (ing dén khi nao
c6 dugc nghiém can tim. Cach 1am nay chi mang tinh ky thuat gidi nén ching t6i da khéng



dua vao bai bao. Néu dua vao & dang thuat toan thi phai chiing minh tinh ding dén cla né,
ma chuing t6i chua thé chitng minh dugc trong trudng hop téng quat.

Cudi cuing, ching t6i xin cdm on phan bién da danh thdi gian quy gia dé doc ky va chi ra
nhirng diém con thiéu sét trong ban thao bai bao. Chung t6i da can than xem xét chinh sira,
hoan thién bai bao va hy vong rang phan bién sé tam hai ldng véi ban chinh sira nay. Nhiing
y kién mang néi dung hoc thuat clia phan bién chua khéc phuc dugc, ching ti sé ghi nhan
va dé y cho nhitng nghién cliu tiép theo.



