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TOM TAT

Trong bai béo nay, ching toi khao sat diéu kien dé cho mot khong gian kiéu Zygmund Z,,
1a mot khong gian nho, bien én dinh bat bién tu ding ciu, trong dé w 1a mot trong chuan tic
trén hinh cau don vi B,, trong C". Két qua nay dudc ap dung dé nghién citu mdi quan hé giita
tinh bi chdn va tinh compact clia cac toan tit hop lien tuc Wy o, f+— - (f o ¢), tit khong gian
kiéu Bloch B,, vao khong gian kiéu Zygmund Z,,, va tit Z, vao chinh né.
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ABSTRACT

In this paper, we investigate the conditions under which a Zygmund-type space Z, is an

automorphism invariant boundary regular small space, where w is a normal weight on the unit

ball B,, of C™. This result is applied to study the relationship between the boundedness and

compactness of the weighted composition operators Wy, ,,, f + ¢ - (f o ¢), from the Bloch-type

space B, to the Zygmund-type space Z,, and from Z, to itself.
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1. INTRODUCTION

Given a natural number n, let us consider
the open unit ball B,, in C" and H(B,,) the
space of all holomorphic functions in B,,. The
standard basis for C" consists of the vectors
er = (1,0,...,0), ey = (0,1,0,...,0),...,
en = (0,...,0,1).

In the paper, for z = (21,...,2p),w =
(w1, ...,wy) € C", we write
n
(z,w) = sz@k,
k=1
and

ol = Vo7 = VIAP + - ol
For f € H(B,,), let

V.06 = (5 e ),

Rf(Z) = <Vf(z),§), z € By

Let D = By denote the unit disk of C. If
f € HD), and sup,cp(1 — |2]?)|f"(2)] < o
then f is said to belong to the Zygmund
space. In fact, the 1 — |z|? is a kind of weight
function. Later, the weight function was ex-
tended to (1 — |2%)*, 0 < a < co.

A positive continuous function w on the
interval [0,1) is called normal if there are
three constants 0 < d < land0<a < b< oo

such that

(1w_(tz)a is decreasing on [0, 1),
wl(t) (")
lim =0,
t—1 (1 —t)e
(1w_<tz)b is increasing on [6, 1),
(Wa)
I w(t)
151 (1—t)p >

If we say that a function w : B,, — [0,00) is
normal, we also assume that it is radial, that
is, w(z) = w(|z|) for every z € B,. Strictly



positive continuous functions on B,, are called
weights.

We  define
Zygmund-type space Z,, respectively, as fol-

Bloch-type space B,

lows:

Bo={/ € HBW): Iflsm, < oo},

{
2o ={f € HEB: |floz. < oo},

where
f= N fllss, = sup w(2)[V(Rf)(2)],
f=fllsz, = sup w(2)[V(Rf)(2)]

are seminorms on B, and Z,, respectively.
The spaces B, Z, be endowed with Banach
space structures via the norm

£l = [£O) + [ flls5.
1fllze = [FO]+ [1F]lsz.-

When w(r) = 1 — 7, from I we see that
f € Z1_, := Z if and only if f belongs to
the ball algebra A(B,,) on B,, and there ex-
ists a constant C' > 0 such that |f(¢ + h) +
f(C—=h)=2f(C)| < Clh|, for all ¢ € IB,, and
(£h € 0B,,. The space Z,, can be considered
as a generalization of the classical Zygmund
space which was introduced in 2

Let S(B,,) be the set of holomorphic self-
maps of B,. Given ¢ € H(B,) and ¢ €
S(B,). The weighted composition operator
with symbols ¢ and ¢ is the linear operator
Wy.o : E — F defined by

Wy o(f) =1 (fowp), forfeE,

where F, F are Banach spaces of holomorphic
functions on B,. We can regard this operator
as a generalization of a multiplication opera-
tor and a composition operator.

Theory of (weighted /unweighted) compo-
sition operators has been establishing since
the last century. The boundedness, compact-
ness, essential norm, and spectral properties
are always the highlights of research of com-
position operators. Book®is a good reference

for studying the composition operators on
classical spaces of analytic functions. More-
over, this theory is also established on the ba-
sis of theory of analytic functions (on the unit
disk), which is basically a convenient tool.

Composition operators mapping into the

classical Zygmund were studied in 28 g MU

Many scholars have discussed similar prob-
lems (see CHZIIATSTONTITS] ot )

However, for abstract normal weight es-
pecially in high dimensions, when investigat-
ing and using the properties (for example,
discussing weighted /unweighted composition
operator of the Zygmund type space, we of-
ten encounter some obstacles. This is one of
the reasons why the sufficient and necessary
conditions for Wy , to be bounded or com-
pact between Zygmund-type spaces (normal
weight Zygmund spaces) have not been stud-
ied much so far. In order to overcome these
obstacles, we need a variety of means or tech-
niques.

Motivated by the above-mentioned dis-
cussions and the previous investigations, the
purpose of this paper is to uncover additional
characteristics of Zygmund-type spaces and
serve them as technical tools to solve the
problem of the relationship between the
boundedness, compactness of weighted com-
position operators from a Bloch-type space
B,, into the Zygmund-type space Z,, and from
Z,, into itself.

In Section |2 we provide a condition for
the normal weight w that is sufficient for the
space Z, to be an automorphism invariant
boundary regular small space. A main moti-
vation for the section is a result of Shapiro
(also, Theorem 4.5 of B) asserting that
the condition ||¢||s < 1 is necessary for the
composition Cy, to be compact on a “suitably
small” Banach space. In I, four axioms are
necessary for appropriately small spaces. Two
of these axioms are fundamental, concerning
norm naturality and the nontriviality of the
spaces. The other two axioms govern the size



of the spaces. That is, suitably small spaces
are small by the boundary regularity axiom,
which ensures continuous extension up to the
boundary, but are not “too small” due to the
automorphism-invariance axiom. For further
details, refer to ™ or &,

Applying the result in the previous sec-
tion, in Section we establishes the rela-
tion between the boundedness, compactness
of weighted composition operators from B,
into Z,, and from Z, into itself.

Throughout this paper, we use the no-
tions a < b and a < b for non negative quan-
tities @ and b to mean a < Cb and, respec-
tively, C~ b < a < Cb for some inessential
constant C' > 0.

2. A CHARACTERIZATION OF
ZYGMUND-TYPE SPACES

This section is devoted to the study of the
properties “small” and “automorphism in-
variant boundary regular” of the Zygmund-
type spaces which will be necessary in estab-
lishing one of our main result.

For a normal weight w on B,, we use there
certain quantities, which will be used in this
work:

) B |2 ﬂ
u@y—A rt

2(2) = /Ozl(/ot Oj;)dt, V2 € By,

Remark 2.1. Since w is positive, contin-

uous, my,s = mingg s w(t) > 0. More-
over, it follows from (W)) that w is strictly
decreasing on [d,1), hence, we obtain that
maxe(o,1) w(t) =@ My < oo. Then, it is easy
to check that

w(2)IL(2) < Ry .—5 Y +1-8< o0 (2.1)

my.s

and, hence,
w(2)I3(2) < |2|R, < Ry < 00 (2.2)

for every z € B, \ {0}.

Proposition 2.1 (EE) For every normal
weight w on B,, we have

2, =2 ={f € HB.): ||flzz < oo}

=2y = {f € HB.): |fllzy < oo}

@ f = R(Rf),

and |- |z, = |- HZR = - Hgv where
n

N
w®ﬂw—(§j O ),

(2)
ig=1 8ZiaZj

£l zz = |F(O)] + sup w(z)|R®) f(2)],

ZEn

1£llzy = 1£(0)] + sup w(2)|VE f(2)],

ZEBn
f6 every f € Z,,.

In this paper, let us write simply we de-
note Z,, for the complex (Zy, || - [ z#).

Lemma 2.2. Let w be a normal weight on
B,,. Then there exists C' > 0 such that for
every f € Z, and for every z € B,, we have

|Rf(2)| < CLy(2)| | 2.,
IVf()] < CA+ Li(2)lIf ||z

and

FOI 1O+ CLEOfllz, (2:4)

Proof. The estimate (2.3) follows from
which says there exists C' > 0 such that for
every f € B, and for every z € B,, we have

[f() < C(L+ 15(2) 1 5. (2.5)
Then by (2.3) and (2.5) again we obtain
9. 0

Note that, in fact, by using (2.5) the es-
timate for |V f(z)| in (2.3) can be replced by
VIS (L+ L)) IVFO)] + L(2)] f] 2,

(2.6)

Now, by Aut(B,), we denote the auto-
morphism group of B,, that consists of all bi-
holomorphic mappings of B,,. It is known that



every ¢ € Aut(B,,) is a unitary transforma-
tion of C™ if and only if ©(0) = 0 (see ™).
For any o € By, \ {0}, we define

o — Pa(z) - SaQa(z)

o = ) B,
(2.7)
where s, = /1 — |a|2, Py(2) = <\ZOZ|O;>O‘ is the

orthogonal projection from C™ onto the one
dimensional subspace [a] generated by «, and

Qu(z2) =2z — <|2f§>a is the orthogonal projec-

tion from C" onto C" © [a]. It is clear that

Pa(z) = <|ZC;|Z>

Qa(z) =2 — <TC;‘CQL> a,

z € B,.

When o = 0, we simply define ¢, (z) =
—z. It is obvious that each ¢, is a holomor-
phic mapping from B, into C". It is well
known that each ¢, is a homeomorphism of
the closed unit ball B,, onto B,, and every au-
tomorphism ¢ of B, is the form ¢ = ¢,U,
where U is a unitary transformation of C".

Theorem 2.3. Let w be normal weight on
B,, such that I2(1) < co. Then the Zygmund-
type space Z, is an automorphism invariant
boundary regular small space in the following
sense:

(i) Every function in Z, extends continu-
ously to the closed unit ball,

(ii) Z, contains all the polynomials,

(iii) Evaluation at each point of B, is a
bounded linear functional,

(iv) If ¢ € Aut(B,) and f € Z, then
fopeZ,.

Remark 2.2. The axioms (i) and (iii) guar-
antee convergence in the norm of Z, implies
convergence in the sup norm: the identity
map from (2, ||-||z,) to (2., ||||s) is contin-
uous by the closed graph theorem. Moreover,
another closed graph theorem argument us-
ing the axiom (iii) shows that the axiom (iv)

implies that C,, is bounded on Z,, whenever
© is a conformal automorphism of B,,.

Proof. From the definitions it is easy to see
that (ii)-(iii) hold for Z,. Under the condi-
tion 01 % < oo the space Z,, satisfies (i)

(see 1),

To show that (iv) holds, we need to prove
that for any conformal automorphism ¢ =
U = (¢1,...,¢n) of By, if f € Z, then
fop € Z, where a is a point of B,, and U is
a unitary transformation of C". Without loss
of generality, we may assume that ¢ = @,
for some a € B,. Note that ¢; € H(B,),
j=1,...,n, from , which implies that
RW® g, € H(B,) and R*) ¢y, is bounded in B,,
for any positive integer k. Thus,

M = sup |Ry(z)| < oo,
ZEBn

Méf) = sulé) IR@p(2)| < .
zebn

(2.8)

Let A € (0,1) be such that |[Rp(z)] < 1
and |RPp(z)| < 1 for [p(z)| < A. There ex-
ists Dy > 0 such that

1< DoIl(N\), 1< DoI%(N). (2.9)

Then, thers exists D; > 0 such that

sup w(ep(2))[Re(2)|(1 + L (¢(2)))
() <A

< D1 sup w(p(2)||Ro(2) L5 (#(2)),
lp(2)[<A

sup w(p(2))|RPo(2)| (1 + L(¢(2)))
lp(2)[<A

<Dy swp () B B4 (2))
lo(2)|<A
(2.10)
Let D = max{Dy+1, D;}. For every f € Z,,
by (2.1)—(2.4), (2.10)), and a standard calcu-



lation, we have

w(2)| RA(f 0 0)(2)]
< w(2)[|R® f(p(2))p(2)]
+2|Rf(p(2))Reo(2)]
= 9G) L oDIRD fo(2))ol
o EONED fe()e(2)
+ 2| Rf (0(2)) R (2)| + | £ (0(2)) RP p(2)]]
w(z)
< St
+ Cw(p(2)) (2R (2)| (1 + I ((2)))
+IR@p(2)|(1+ 22 (e()] 1] 2.
w(z)
< S !

+CD sup w(p(2))2MP + M|z
le(2)[=A
w(2)

~ wp(2)

[1+CDR2MD + MP]] |12

(2.11)
for every z € B,,.

(i) First, we consider the case where a =
0. Then |p(2)| < |z| for every z € B,,. Denote

Bs :={z€B, :|o(z)| <}
Since p is decreasing on [0, 1) we have

w(z) < M,

(o) Smy, PEPE
w(z)
O Vz € B, \ Bs.

Therefore, it follows from (2.11)) that

ZSGqu w(z)|R(2)(f o p)(2)]

< sup W(Z)|R(2)(f 0 p)(2)|
z€Bs

+ sup w(Z)|R(2)(fO<P)(Z)‘
z€B,\Bs

M.,

<

_-(7nwﬁ +_1)

x (1+ CDR.2MD + MP))| £z, < oo.
(2.12)

Hence, fop € Z,,.

(ii) Now, we consider the case a # 0. Take
a v € Aut(B,) such that v(0) = a. Then

n = po~y € Aut(B,) and n(0) = 0. By (i),
g:= fon € Z,. Note that v~ € Aut(B,),
as the above, we have R()~~! is bounded
in B,, for any positive integer k. Then, since

fop = goy~!, as the estimate (2.12)) we have

sup w(z)|[R?(f o 9)(2)|
z€B,

= sup w(2)|R? (g oy ™")(2)|
ZEBH

()

- my.s

% (1+ DR, + M2 lgllz, < oo,

Consequently, foyp € Z,,. O

Remark 2.3. The condition I2(1) < oo can-
not be omitted. Indeed, consider the weight
function w(t) = (1 —t)? for ¢t € [0,1) which
satisfies I2(1) = co. Then ir is easy to check
that the function f € Z, given by f(z) =
In(1 — z) for every z € By function in Z, can
not extend continuously to B;. This means
that the condition (i) is not true for Z,,.

3. A RELATION BETWEEN
WEIGHTED COMPOSITION OPER-
ATORS B, — Z, AND 2, — 2,

In order to conclude the paper we establishes
the relation between the boundedness, com-
pactness of weighted composition operators
from B, into Z, and from Z,, into itself.
Before stating the theorem first let us
note that for each j = 1,...,n the func-
tion id; given by id;(z) := z; belongs to
Z,. Then, in the case ¢ € H*>(B,) with
|[Y]|oo < 1 and Wy, @ 2, = 2, is compact,
Wy,o(id;) = 1 - @; hence, 0; 1= - p; € 2,
7=1,...,n. For each m > 1, put

m—1
0" = (07,....00) = [ (Wog) - o™,
k=0
where ¢° = id, and o¥ := po---0¢ for
———

k times

k> 1.



By Theorem [2.3|i) we can assume that
0™, m > 0, are continuous functions on the
closed unit the closed unit ball B,,.

Theorem 3.1. Let v € H®(B,), ¢ =
(p1,-..,¢n) € S(B,) and v,w be normal
weights on B,, and fol % < 00.Then the fol-
lowing are equivalent:

(1

)
(2) Wy, : B, = Z, is bounded;
)
)

Wy : By, — 2, is compact;

(3) Wy, : 2, — 2, is compact;

(4) Y, Y- @; € Z, for every j =1,...,n and
lplloo < 1.

In order to prove the theorem we need
some lemmas.

Lemma 3.2. Assume that ¢(0) = 0 and
Wy o+ 2 — 2, is compact. Then ||0 || —
0.

Proof. Without loss of generality we may as-
sume that [[¥]cc < 1. We have two cases to
consider:

(i) In the case [¢(0)| = 1, it follows from
Theorem [2.3(i) and the maximum modulus
principle we have ¢ = 1. Then Wy, , = Cy,
the composition operator on Z,,, and hence,
the lemma follows from Lemma 2.2 of T2,

(ii) Now we assume that [¢(0)] < 1.

We will prove that W, ., has spectral ra-
dius o(Wy,,) < 1.

Let A # 0 be a spectral point of Wy, .
Since Wy, , is compact, A must to be an eigen-
value. Fix f € Z,, an eigenfunction of Wy .,
for the eigenvalue A. Thus Wy, ,(f) = Af and
there is a point a € B,, for which f(a) # 0.
Denote B* := {z € B, : |[z| < 1+TW|}
Note that, |p(z)| < |z| for every z € B,,
since otherwise, the composition operator C,
would be an isomorphism. Consequently, by
|[V]loo < 1, (¥ - Cp)(Bz,) is not relatively
compact subset of the unit ball Bz of Z,,.
This means v - C, is not a compact operator.
This contradicts the compactness of Wy, .

Then, by the Schwarz Lemma, ¢(B?) is a rel-
atively compact subset of B®. A second ap-
plication of the Schwarz Lemma, this time to
the (suitably normalized) restriction of ¢ to
©(B?), and go on, shows that ¢™(a) — 0 as
m — 00.

Now, since lim,, oo [Y(¢™ 1(a))| =
[£(0)] # 1, by using the fact that, if 0 <
am < 1 and {am }m>1 does not converge to 1
then [[>_; am = 0, we obtain

A" (a) = Wy o)™ (f)(a)
m—1

= (I v @) - Fle™(@) = 0- £(0)
k=0

as m — o0o. Because f(a) # 0 it therefore
must has [A| < 1. The compactness of Wy, ,
also forces its spectrum to consist of the point
0 along with an at most countable set of
eigenvalues which can cluster only at 0. Thus
the spectral radius of Wy, ., is the magnitude
of the largest eigenvalue of Wy, ,, which we
have just seen to be < 1. The spectral radius
formula now shows that

lim ||[Wy, ™|/ = o(Wyp) < 1,

m— 00

so in particular, lim,, o [[[Wy,]™| = 0.
Note that 0;-” = [Wyl™(idj) € Z,, j =
1,...,n. Then,

10711 2., = W] (idy)] 2.,
< [1Wy ol llllid;jll z, = 0 as m — oo.

On the other hand, it follows from The-
orem i & iii) that the topology of Z, is
stronger than the sup-norm topology. Conse-
quently, 0™ ||lcc — 0 as m — oo. Lemma is
proved. ]

Lemma 3.3. Let ¢ € H(B,,), ¢ € S(B,,) and
u, v be normal weights on B,,. Let X = B,
or Z,. Then the operators Wy, : X — Z,
is compact if and only if for any bounded
sequence {f,} C X which converges to 0
uniformly on any compact subsets of B,, as
m — oo, we have [|[Wy,(fm)llz, — 0 as
m — 0.



The lemma for the case X = B, has been
proven in EIl For the case X = Z,, it is sim-
ilar to that of X = B, and will therefore be
omitted.

Lemma 3.4. Let ¢v € H(B,), ¢ =
(p1,.--,0n) € S(B,) and p,v be normal
weights on B,,. Assume that Wy, : 2, — 2,
is bounded. Then

sup p1(2)| Ayp(2)] < oo,
z€B,

sup fi(2)|By,e(2)] < oo,
z€eB,

(3.1)

where

Ay p(2) = 2RY(2) Rp(2) + (2) R p(2),
By.p(2) = %(2)(Re1(2))%, - -, (Ron(2))?).
Proof. First, by taking fo(z) = 1 € Z,, it
follows from the boundedness of W, , that
Ve Z,.

At the same time, for each j € {1,...,n},
by considering f;(z) = z; and g;(z) = ZJQ for
every z = (z1,...,2n) € B,, we can check that
¢"@j7¢)'¢? € 22#

Then, since

RO (2)p;(2)]

= RP9(2)pj(2) + 2R (2) R (2)

+(2) R®g;(2)

= RP4(2)p;(2) + Ay, (2),

RP[ip(2)¢3(2)]
= 0;(2) (R (2)g; (=) + 4R (2) Rp; (2)
+ 20(2)RP;(2)) + 20(2) (R (2))°

= 05(2) [ 2RP[(2)p;(2)] — RPu(2)]

+ 2B¢7<Pj (Z)

(3.2)

for every z € B, and every j = 1,...,n we
have

sup 11(2)[Ay,g; (2)]
z€B,,
< |v-gjllz, + l1vllz, < oo,

sup 1(2)| By, (2)]
ZEBn

< Y- illz, + 200 @5z, + 1¥)z, < oo

for every j = 1,...,n. Consequently, (3.1]) is
proved. ]

Proof of Theorem [3.1] Theorem is trivial if
|¥||co = 0. Without loss of generality we may
assume that 0 < ||¢]| < 1, since for orther-

wise we can consider the |v||3!v instead of
Y.

(1) = (2): It is obvious.

(2) = (3): Suppose {fm}lm>1 is a
bounded sequence in Z, and it converges
to 0 uniformly on compact subsets of B,.
By the Weierstrass theorem the sequences
{Rfm}m>1, {R? £} also converge to 0 uni-
formly on compact subsets of B,,. We now
prove that | fm|lB, converges to 0. Given
e > 0. Since limy_,; w(t) = 0 there exists
0 € (9,1) such that w(|z]) < € whenever p <
|z| < 1. Meanwhile, there exists a positive in-
teger N such that |f,(0)| < e, |[Rfm(2)| <e,
|IR?) f,,(2)| < € for all |z| < g and all m > N.

Then, by (2.3)

[fmllB. < |fm(0)] + sup w(2)|Rfm(2)]

ZEBn

<e+eM,+ sup w(z)‘Rfm (i)
0<]z|<1 z

1
- / R® fm(tz)@
1/(22)) t

<e+eM,+esup sup |Rfm(w)]
m2>1|w|=1/2

o/l
+ 25/ IR f,,(t2)||z|dt
1/(2l2))

1
2 s wl) [ RO () el
o

o<lzl<1 /Il
<e+eM,+esup sup |Rfm(w)]
m2>1 |jw|=1/2

¢ dt
w2z, [ 2
Ifnlle. |

2 fonl o [
2 fllz, s w(z / dt
o<lz|<1 s w(t)



<e+eM,+esup sup |Rfm(w)]
m>1 |w|=1/2

¢ dt
2 oz / 4 2]
1/2‘*’()

<eK forallm>N.

Then, the boundedness of Wy, , implies that
IWoio(f)lize S Ifmlls, — 0 as m — o,
Therefore, Wy, , is compact by Lemma

(3) = (4): Without loss of generality, we
may assume that [[1]|s < 1.

(i) First we consider the case ¢(0) = 0.
Assume the contrary, that ||¢|lcc = 1. Then
there is a rotation ¢, z — €'®z, such that
@ := (o has a fixed point zy € B,,. We may
choose ¢ such that ¥ (z9) # 0. Put

Then, for every m > 1 we obtain that
m—1 »
mi= (I 0o @")@"
k=0

has a fixed point zg, hence, ||(0 )mHoo > 1.
It follows from Lemma [3.2] that the operator
W~ 7.5 and hence, Wy, 5 is cannot be compact.

Note that Wy, 5 = Wy, , o C¢ where the
composition operator C¢ is an isomorphism
of Z,. This implies that W, , is not com-
pact. This contradicts the hypothesis.

(ii) We now consider the case p(0) = a #
0. Let v be the conformal automorphism of
B,, taking a to 0, and set n = v o ¢. It fol-
lows from Theorem [2.3{iv & iii) that C, is
a bounded operator on Z,, hence, Wy, is
compact on 2, because Wy, , = Wy, ,0C,,. Fi-
nally, it follows from the case (i) that ||7||ecc <
1, and hence, [|¢]|o < 1.

(4) = (1): Let {fm}m>1 be a bounded
sequence in B, converging to 0 uniformly on
compact subsets of B,. By Cauchy integral

formula again, it is clear that
sup ‘ch(z)fm<90(z))| — 07
ek (2)[<A

sup \V‘(f()z)fm(«p(z)ﬂ —0 asm — oo.

lor(2)|<A

with A = ||¢]|ec < 1. Then by ¢ € Z,,

and a standard calculation we have

Wy (fn)ll 2.

< Ifm(O)\ +w(2)| RA [ (2)] £
w(2)|Ay,p(2 )IRfm( ()l

fm(#(2))|

w(2)| By (2)| R fin(0(2))]
< Ifm( I+ 1Yllz,  sap  [fm(p(2))]
le(2)I<ll¢lloo

+ sup w(2)|Ayp o (2)]  sup  [Rfm(e(2))]
2€B,, le(2)<ll¢lloo

+ sup w(z)|B¢7¢(z)\ sup |R(2)fm(90(2))|
2€B, le(2)|<llelloo

—0

as m — oo. By Lemma [3.3, Wy, is com-
pact. ]
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