On sylvester matrix rank functions over commutative
semirings

ABSTRACT

In this paper, the author introduces two distinct Sylvester matrix rank functions over quasi-selective
semirings without zero divisors. Several fundamental properties of Sylvester matrix rank functions over
commutative semirings are investigated, and cases are identified in which Sylvester matrix rank functions over
commutative semirings do not behave in the same way as over rings. The paper also provides a comparison between
Sylvester matrix rank functions and factor rank of matrices, and establishes some characteristic properties of
Sylvester matrix rank functions that satisfy the Nullity law over semirings with a symmetry.
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1. INTRODUCTION

The Sylvester matrix rank function over rings
has been thoroughly studied and many important
results have been obtained. However, the study
of Sylvester matrix rank functions over
semirings remains rather limited, and many of
their properties are significantly more restrictive
than in the case of rings. For example, Beasley
and Guterman showed that over the semiring of
nonnegative real numbers, the factor rank of a
matrix satisfies the Nullity law, whereas the
Sylvester and Frobenius inequalities are not
valid, see [1, Example 4.8]. This behavior is
different from that over rings, see [2, Corollary
5.5.2].

In recent years, the rank functions of matrices
over semirings has attracted considerable
attention from mathematicians, and many
characteristic properties have been investigated,
see [3]-[6]. However, the results obtained
concerning Sylvester matrix rank functions over
semirings remain limited. In order to enrich the
body of research results and fundamental
properties of rank functions over semirings, in
this paper we conduct a detailed study of some
basic properties of Sylvester matrix rank
functions over commutative semirings and
semirings with an ¢ - function (semirings with a
symmetry). We also provide several examples
illustrating cases in which Sylvester matrix rank
functions do not behave as they do over rings.

2. PRELIMINARIES

A semiring [3] is a set R containing the

elements O, and 1., equipped with two binary
operations, addition (+) and multiplication (),
such that:

i) (R,+,OR) forms a commutative monoid

with identity element O;

i) (R4

) forms a monoid with identity

element 1,;

iii) t(u+v):tu+tv, (t+u)v:tv+uv
for all t,u,ve R;

iv) O,u=u0,=0, forall ue R.

When there is no ambiguity, we write 0
for O, and 1 for 1,.

A semiring R is said to be commutative if
rs=g for all r,se R. An eclement ae R is

called additively invertible if there exists be R
such that a+b=0. The set of all additively
invertible elements of the semiring R is denoted

by V( R). The semiring R is called zerosumfiee
if V(R)={0}.1f V(R)=R, then R is a ring. A
semiring R is called entire if for any r,se R,
rs=0 implies that r=0 or s=0.

Recall from [5] that a commutative
semiring Rsatisfying the following conditions is
called a quasi-selective semiring:

i) For any abeR, there exists an
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element ceR, c+0, such that
ac+ bce {ac,be};

ii) Forany ae R, a+a=a.

Let S and R be semirings. A map
a:S—> R is called a homomorphism if it
satisfies the following conditions:

i) a(Os) =0,;
i) a(15) =14

iii) a(u+v)=a(u)+a(v) for all
uvesS;

iv) a(xy):a(x)a(y) forall x,yeS.

For a given semiring R, the set of all
matrices of size mxn(nxn) is denoted by
an(R) (MH(R)), the set of all matrices is
denoted by M(R). A matrix Ae Mn(R) is
called idempotent if A*>=A. The set of all

idempotent matrices of size nxn over R is
denoted by IMn(R), the set of all idempotent

matrices over R is denoted by IM(R). A
matrix Me Mm(R) is called invertible if there
exists a matrix Ne Mm(R) such that

MN=NM=1_. Then, we write N= M. The
set of invertible mxm matrices over R is
denoted by GLm(R). A matrix Pe Mn(R) is

called a permutation matrix if in each row and
each column of Pthere is exactly one entry
equal to 1, and all remaining entries are equal to

0. Note that Pe GLH(R) and that P'=P", the
transpose of P.

According to [2, p.13], two idempotent
matrices E, F are said to be isomorphic,
denoted by E= F, if there exist matrices M,
N such that E=MN and F=NM .

According to [1], the factor rank of a
matrix Ae men(R), denoted by f(A), is the
smallest nonnegative integer K such that
A=MN for some matrices Me mek(R) and

NeM

oen (R) By convention, the factor rank of
the zero matrix is defined to be 0. Several basic
properties of the factor rank of matrices over
semirings have been proved to be completely

analogous to those over rings:

f(AB)gmin{f(A),f(B)} for all
AeM, (R)and BeM, (R).

max{f(A), f(B)}s f(A B)<f(A)+f(B)
forall Ae MWH(R) and Be MWP(R).

Note that if E and F are idempotent
matrices sucht that E= F, then f (E) =f (F) .

Recall from [7] that if R is a
commutative semiring, then for all matrices

ABe MH(R), the equality AB=/_  implies
BA=1 . Consequently, by applying [8,
Proposition 3.12], we obtain f (In)zn for all
positive integer n.

Recall from [5] that a family
{q,az,...,an}cRm, consisting of column

vectors over a semiring R, is said to be
Gondran-Minoux linearly dependent if there

exist elements 4,,4,,...,4, € R, not all equal to

0, and two subsets I,Jg{1,2,...,n} such that
Ind=2, 1ud={12...n},

and Y Ag=>Aa. If the family

iel jed
{81,82,...,8”} is not Gondran-Minoux linearly

dependent, it is called Gondran-Minoux linearly
independent. The Gondran-Minoux column rank

of a matrix AeM_ (R) , denoted by GMC( A) ,

is defined as the maximum number of columns
of A that are Gondran-Minoux linearly
independent.

Recall from [6] that, a semiring Rwith an
¢ - function is a semiring together with a
bijection &:R— R satisfying the following
condition: For any r,seR, we have

g(r+s):g(r)+g(s), g(rs):rg(s):g(r)s,
g(g(r))zr.

For a matrix A:(aij)eM(R), we define
£(A)eM(R) by 2(A)=(2(a;)).

3. MAIN RESULTS

In this section, we investigate some basic
properties of the Sylvester matrix rank function
over commutative semirings. Throughout this
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section, all semirings under consideration are
assumed to be commutative.

Definition 3.1 ([9]). Let R be a semiring. A
mapping r:M(R)—>R+ is called a Sylvester

matrix rank function over the semiring R if it
satisfies the following conditions:

) r(0)=0r(1,)=1;
ii) r(AB)smin{r(A),r(B)} for all
AeM, (R)and BeM, (R);

iii) I‘(A 0]=r(A)+r(B) for all

0 B
AeM, (R)and BeM, (R);
iv) r(g\ (B:er(A)+r(B) for all

AeM, (R), BeM, (R)and CeM, (R).

Remark 3.2. Assume that r is a Sylvester
matrix rank function on the semiring R. Then,

AeM (R), since
A=1_A=Al_, it follows that

r(A)Smin{r(lm),r(l )} min{m,n} .
( ) and
VeGL,(R). we have r(A)=r(UA)=r(AV).

for every matrix

For any matrix UeGL

Moreover, r(A O) = r(g\j =r(A) .

If EeIM,(R), FelM,(R) satisfy
E=F, then it is straightforward to verify that
r(E)=r(F).

Next, we present several classes of

semirings on which there exists at least one
Sylvester matrix rank function.

Lemma 3.3. Let R be a entire zerosumfree
semiring, and let Ae men(R), Be Mnxp(R). If
AB=0, then there exists a permutaion matrix
Pe MH(R) such that AP=(A' O) and

P'B= 0 . Where A'eM k(R) has all
Bl mx.

columns nonzero, B'e M(n_k)xp (R) , and

0<k<n.

Proof.
Let A:(a”) and Bz(b,.j). Since

if
AB=0, for every ie{1,2,...,m} and

je{1,2,...,p} we have Za”b,j =0. Because R
1=1

is an entire zerosumfree semiring, it follows that

a,b, =0 for all /e{1,2,.

il™lj
each /e{1,2,...,n}, a,=0 or b,j =0.

}, and hence, for

Consequently, if the /-th column of the
matrix A is nonzero, then the /-th row of the
matrix B must be the zero row. Suppose that A
has exactly k nonzero columns, with 0<k<n.
Then there exists a permutation matrix

Pe Mn(R) such that AP=(A' 0) , where

AeM_, (R) has all columns nonzero.

B
Set P1B=(B1j, where B eM (R)
2

kxp

and 82 IS M(

0=AB=APP'B=A'B,.

. k)xp(R) . We have

Since the matrix A' has all columns nonzero, it

0
follows that B, =0. Therefore, P~ 'B= (B J O

2

Theorem 3.4. Let R be an entire zerosumfree
semiring. Then the factor rank is a Sylvester
matrix rank function.

Proof.
It is clear that f(O)zO and f(l1)=1.

Moreover, for any matrices GeM_ (R) and
HeM (R), we have
nxp

f(GH)<min{f(G),f(H)}.

For  any Ae Mmm(R),
Be Mpxq (R) ,and Ce meq ( R) , suppose that

matrices

0

EeM,, ,.(R). FeM,, . (R) such that

AC:EF.
0 B

A
f [ gjzs. Then there exist matrices



Set Ez[ 1}, F:(F1 Fz), where

2
EIEmes(R)’ Eze pxs( ) F1€Ms<n(R)’
and I:ZEMW(R). Then E,F, =0. Since R is

an entire zerosumfree semiring, by Lemma 3.3
there exists a permutation matrix Pe MS(R)

0
such that EZP:(E‘5 0), P1E :(F]’ where

3
E e pxx( ) I:E}eMyxn(R),and X+y=Ss.
Write EP=(E, E,) with E,eM, (R) and
E,eM, (R). Then A=EF =(EP)(P'F),
and hence A= EF,, which implies f(A)<y.

5 3°

F
Similarly, write P 'F,= [;] , where

5

F,eM,_(R) and FeM, (R). Then
B=EF, =(E,P)(P'F,), and hence B=E/F,,

which implies f(B)<x.

A C
Thus, f[o Bj:s: X+y> f(A)+ f(B).

Moreover, if C=0, then
A O
f(A)+f(B)< f(o BJS f(A)+f(B), and

consequently, f[g\ gJ = f(A) + f(B) .0

Next, we provide another Sylvester matrix
rank function, different from the factor rank, on
the class of entire zerosumfree semirings.

Lemma 3.5. Let R be a semiring and let

AeM, (R), BeM, (R),and CeM, (R).
Then GMC[A Cjz GMc( A)+GMc(B) .
0 B

Proof.

Suppose  that GMC( A) =r and
GMC(B)=S. Without loss of generality,
assume that {A1,A2,...,A’} and {B1,B2,...,Bs}

are Gondran-Minoux linearly independent
systems of column vectors of the matrices A
and B, respectively. Consider the following
system of column vectors of the matrix

so
B HE)

where B"7/ =B and C"7/=C for all
je{t...s}.

Assume that the vectors in X are
Gondran-Minoux linearly dependent. Then there

exist sets / 1 / 0 J1 , J2 such that
Jud,={r+t..resh, Lol ={1.r},
ILnl,=0,Jnd,=0 and «,,a,,...,a, R

not all zero, satisfying

25 )ze(5)
2(o) 2[5

This implies that ZaIB'j =ZaVB"’. Since

jedy ved,

{81,82,...,85} is Gondran-Minoux linearly

X

independent, it follows that «,=0 for all

UE{I’+1,...,I’+S} .

Consequently, Zai [’3 ] = z a, (':\) ] ,

i€l uel,
which  implies Zal.Ai = ZauA“ . Since
iel uel,
{A1,A2,...,A' } is Gondran-Minoux linearly
independent, we conclude that «; =0 for all
ie{1,...,r} . Thus, o, =0 for all ie{1,...,r+s} .

This  contradicts the  assumption that
a,,a,,...a, are not all zero. Therefore, the set

r+s
X is Gondran-Minoux linearly independent,
and hence

GMC[A Cj2r+s: GMC(A)+GMC(B).D
0 B

Theorem 3.6. Let R be an entire quasi-selective
semiring. Then the Gondran-Minoux column
rank is a Sylvester matrix rank function on R.

Proof.

Applying Lemma 3.5 and [5, Corollary
2.11] yields the desired result.



Remark 3.7. Entire quasi-selective semirings
are entire zerosumfree semirings. Hence, both
the factor rank and the Gondran-Minoux column
rank of matrices define Sylvester matrix rank
functions on such semirings. Moreover, these
rank functions are mutually distinct (see Remark
3.12 and 3.14 below).

Next, we investigate some basic
properties of Sylvester matrix rank functions on
semirings.

Proposition 3.8. Let R be a semiring and let r
be a Sylvester matrix rank function on R. Then,

) r(A B)<r(A)+r(B) for all
AeM, (R), BeM,, (R).

i) r(A+B)<r(A)+r(B) for all
ABeM, (R).

Proof.

i) We have (A B)=(/, /m)i’é gj,

and hence (A B)g{g‘ gj:r(/\)ﬂ(s).

ii) Observe that

o el o)o alo 1)
and that r(A+B)=r[8 2
r(A+B)Sr(g\ ngr(A)+r(B).D

The following result can be proved in a
completely analogous way to the ring case.

. Therefore,
B

Proposition 3.9. Let R and S be semirings,
and let g: R— S be a homomorphism. If there

exists a Sylvester matrix rank function on S,
then there also exists a Sylvester matrix rank
function on R.

Definition 3.10. Let r be a Sylvester matrix
rank function on a semiring R. A matrix

AeM,(R) is called r-full if r(A)=n.

Proposition 3.11. Let r be a Sylvester matrix
rank function on a semiring R. Assume that r
satisfies the condition: For any matrix

Ae Mmm(R), if r(A)zk, then there exist an

idempotent matrix Ee IMk(R) and matrices
BeM, (R, CeM_(R) such that
A=BEC.

Then, for any idempotent matrix M, there
exists an r-full idempotent matrix N such that
N=M.

Proof.

Let EelM,(R) with r(E)=k. Then
there exist an idempotent matrix FeIMk(R)
and matrices M e Mnxk(R) , Ne kan(R) such
that E=MFN. Set G=FNEMFeM,(R).

Since E is idempotent, we have G*=G, and
hence G is idempotent. We have

(MF)(FNE) =MFNE=FE*=E,

which implies E= G. Moreover, since r is a
Sylvester matrix rank function,

k=r(E)=r(E®)=r(MGN)<r(G)<k, and
thus r(G) =k. Therefore, G is a r-full
idempotent matrix. O

Remark 3.12. The converse of Proposition 3.11
is, in general, false. Indeed, consider the

semiring R__ (in [4]). Note that since R__ is

an entire quasi-selective semiring, the Gondran-
Minoux column rank is a Sylvester matrix rank

function. Let E€ /M, (Rmax) and GMC( E) =K.
By [10, Corollary 1.3], f(E)=GMc(E)=k,
and hence there exist matrices GeM_, (Rmex)
and He kan(Rmax) such that E=GH . Set
F=HEG. Then F?=HE*G=HEG=F, and
thus FelM(R ).
EGH=FE?*=E, which implies E=F, and
hence GMC(E) = GMC( F) =K. Therefore, F is
a GMc-full idempotent matrix.

Moreover,

Now consider the matrix

-1 0 0 O
a-| 0 100 eM,(R,,).
0O 0 10
0O 0 0 1
By [4, Example 8.7], we  have

GMC(A) =3<4= f(A) . If there exist an
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idempotent matrix FeIM, (Rmax) and matrices
BeM, (R ), CeM,,(R,) such that

A=BFC, then we have f(A) < f(F) <3,
which contradicts the fact that f(A) =4,

Theorem 3.13. Let r be a Sylvester matrix rank
function on a semiring R. Then the following
statements hold:

i) For any matrix A, we have
r(A)<min{r(E)|A=BEC,E<IM(R)| < f(A).

ii) r=f if and only if r satisfies the
condition: For any matrix Ae men(R), if
r(A) =k, then there exist an idempotent matrix
Ee IMK(R) and matrices Be mek(R),
CeM,,,(R) such that A=BEC.

Proof-

i) For any matrix Ae Mmm(R), and for

any idempotent matrix E such that A=BEC
for some matrices B,C. Since r is a Sylvester

matrix rank function, we have r(A) < r(E) , and

hence r(A)< min{r(E)\A: BEC,E < /M(R)} .

If f (A)zk, then there exist matrices
PeM, (R) and QeM, (R) such that
A=PQ, and therefore A=PI, Q. In this case,

min{r(E)|A=BEC,E<IM(R)|<r(l,)= f(A).

ii) Assume that r=f. For any matrix
AeM_ (R), suppose that r(A) = f(A) =K.
Then there exist matrices BeM (R) and
Ce kan(R) such that A=BC, and hence
A=BI,C,with I, e IM,(R).

Conversely, for any matrix Ge M, (R) ,
r (G) =/. Then there exist an idempotent matrix
FelM, (R) and matrices MeM_, (R) ,
NeM, (R) such that G=MFN . It follows
that f(G)S f(F)Slzr(G), and hence
f(G)zr(G). Thus, r=f.o

Remark 3.14. There exist a semiring R, a

Sylvester matrix rank function r, and a matrix
A such that r(A):k, but there does not exist

any idempotent matrix Ee /Mk(R) for which
A=BEC for some ma trices B,C. Indeed,
consider the semiring R= [O,ﬂcR equipped

with  the  operations X+y= maX{X, y} ,

Xy = min{x,y} for all x,yeR. Then R is an

entire quasi-selective semiring. Consequently,
the Gondran-Minoux column rank is a Sylvester
matrix rank function on R (by Theorem 3.6).

Consider the matrix A:(g'? U Since

0.1 05 =0.1 ! , GMC(A):’I. Assume that
0.1 1

there exists an idempotent ~ matrix

E=(x)eIM,(R) and

matrices
B:(ZJGMN(R), C=(u v)eMq,(R) such

that A=BEC. Then axu=0.5, axv=1,
bxu=0.1 and bxv=1, which implies
ax=bx=1, and hence 05=u=01, a
contradiction.

Now let r be a Sylvester matrix rank
function on a semiring R satisfying the
condition: For any idempotent matrix M, there

exists an r-full idempotent matrix N such that
M=N.

Then, f(A):min{r(E)‘A:BEC,EeIM(R)}
forall Ae M(R). Indeed, let Ae men(R),and
set k:min{r(E)\A:BEc,Ee/M(R)}. Then

there exists an idempotent matrix E such that
r(E) =k and A= BEC for some B,Ce M(R) .
Let F be an r-full idempotent matrix such that
F=E. Then r (F) = r(E) =k . Consequently,
f(A)=f(BEC)< f(E)=f(F)=k.

Next, we examine some characteristic
properties of Sylvester matrix rank functions
satisfying the Nullity law on semirings.

Theorem 3.15. Let R be an entire zerosumfree
semiring, and let r be a Sylvester matrix rank
function on R. Then r satisfies the Nullity law.

That is, for any matrices Ae men(R) and
BeM, (R).if AB=0,then r(A)+r(B)<n.
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Proof.

For any matrices AeM, (R) and
Be Mnxp(R) such that AB=0, by Lemma 3.3

there exists a permutation matrix Pe Mn(R)
such that AP:(A' O), P1B=(§J. Here

Ae mek(R) has all columns nonzero,
B'eM( ) (R) and 0<k<n. Since P is
n x P

invertible, we have

and
r(B)=r(P'B)=r(B)<n-k.
Consequently, r(A)+r(B) <k+n-k=n.o

Remark 3.16. If r is a Sylvester matrix rank
function on a semiring R satisfying the
Sylvester inequality, that is,

r(A)+r(B)<r(AB)+n for all AeM, (R)
and Be Mnxp(R).

Then, r satisfies the Nullity law. However, the
converse is not true in general, see [1, Example
4.8].

Theorem 3.17. Let r be a Sylvester matrix rank
function on semiring R satisfying the condition:
For any idempotent matrix E, there exists an r -
full idempotent matrix F such that E= F . Then
the following statements are equivalent:

i) r satisfies the Nullity law.

ii) For any matrices AeM_ (R) and
BeMmp(R), if AB=0, then
r(A)+r(B)<r(E) for all EcIM,(R) such
that AE=A and EB=B.

Proof.

fi=i: For any matrices AeM_ (R)
and Be Mnxp(R) , if AB=0, then since
Al =A and [ B=B, it follows that
r(A)+r(B)<r(1,)=n.

i =ii: Let AeM (R) and
Be Mnxp(R) satisfty AB=0. For any

EelM,(R) such that AE=A and EB=B,
there exists an r-full idempotent matrix
F eIMk(R) such that E=F. Hence, there

exist matrices MeM_ (R) and NeM, (R)
such that E=MN and F=NM. Then
0= AB= AEB=(AM)(NB), which implies that
r(AM)+r(NB)<k=r(F)=r(E).

Moreover, since A=AE=AMN and
B=EB=MNB, we obtain r(A)<r(AM) and
r(B) < r(NB) . Therefore, r(A) +r(B) < r(E).
|

The following result provides a
generalization of the Nullity law to semirings
with an ¢ - function.

Theorem 3.18. Let R be a semiring with an ¢ -
function satisfying the following condition: For

any matrices U € men(R) and Ve Mmp(R), if
£(UV)=UV , then f(U)+f(V)<n.

Then, for any matrices Ae men(R),
Be Mnxp(R), and Ce Mpxq(R) , we have
f(AB)+ f(BC)< f(ABC)+ f(B).

Proof.
matrices

For any

AeM, (R),
Be Mnxp(R), and Ce Mpxq(R), assume that
f(B)=k and f(ABC)=I.

Then there exist matrices Pe MW,(R),
QeM, (R),EeM, (R), and FeM, (R)
such that ABC=PQ and B=EF. We have

FC
(AE P)(S(Q)]:ABC+P5(Q)=PQ+5(PQ).

Since 5[PQ+5(PQ)J:PQ+5(PQ), it follows

that {(AE P)[g'(cg)ﬂ =(AE P)[g'(cg)].

Hence,
FC
f(AE P)+ f[g(o)jsm/: f(ABC)+f(B).
Moreover, since

f(AB)=f(AEF)< f(AE)< f(AE P)



and
f(BC)= f(EFC)< f(FC)< f[g,;g)J,

we obtain f(AB)+ f(BC)< f(ABC)+f(B).
m

The following Corollary follows directly
from Theorem 3.18 with the observation that,
over a commutative semiring, f (I n) =n for all

positive integer n.

Corollary 3.19. Let R be a semiring with an ¢ -
function satisfying the condition: For any

matrices Uemen(R) and VeMmp(R), if
£(UV)=UV, then f(U)+f(V)<n.

Then, for any matrices Ae Mmm(R) and
Be Mnxp(R) , we have

f(A)+ f(B)< f(AB)+n.
4. CONCLUSION

The main results of this paper can be
summarized as follows: Theorems 3.4 and 3.6
provide two distinct Sylvester matrix rank
functions on entire quasi-selective semirings.
Several characteristic properties of Sylvester
matrix rank functions are presented in
Propositions 3.8, 3.9, and 3.11, as well as in
Theorem 3.13. Moreover, further
characterizations of Sylvester matrix rank
functions satisfying the Nullity law are
investigated in Theorems 3.15, 3.17, and 3.18.
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Vé cac ham hang ma tran sylvester trén nira vanh giao hoan

TOM TAT

Trong bai bao niy, tic gia cung cip hai ham hang ma tran Sylvester phan biét trén nira vanh tya Iya chon
khong c6 wée ctia khong. Tac gia tién hanh khao sat mot sd tinh chat co ban ciia ham hang ma tran Sylvester trén
ntra vanh giao hoan va chi ra cac truong hgp ma ham hang ma tran Sylvester khong con ding nhu trén vanh. Téc gia
da tién hanh so sanh cac ham hang ma tran Sylvester v4i hang nhan tr cia ma trén va cung cép mot sb tinh chat dic
trung clia cac ham hang ma trén Sylvester thoa man luat Nullity trén cac nira vanh c6 ddi ximg.

Tw khéa: Nita vanh, Ma tran, Ham hang ma trdn Sylvester, ludt Nullity.



