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TOM TAT

Trong bai bdo nay chiing toi sé trinh bay vé chuén ctia cic mit phang Bézier song bic ba N x M manh va su tuong
duong ctia mot s6 chudn trén khong gian BI3V3M clia cdc mit phang Bézier song bac ba N x M méanh. Mot mit phing

Bézier song bic ba 1a mot ludi 4 x 4 ctia 16 diém diéu khién va dugc gi6i han béi cic dudng cong Bézier bic ba.
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Chiing ta dinh nghia chuén || - ||, trén khong gian cdc mit phang Bézier song bac ba va chudn || - ||,>* trén khong
M
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va chuén L, 1a cdc chuén trén khong gian cdc mit phéng Bézier song bac ba N x M manh. Chiing t6i sé nghién ctiu
N.M
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céc hang so tuong duong gitia chuan || - || p3'3 va chuin L, trén khong gian cidc mdt phang Bézier song bac ba N x M

gian cic mit phing Bézier N x M méanh. Cac chuin nay dugc xac dinh bdi cac diém diéu khién. Khi d6 chuén

manh. Tit két qua nay, ching ta ¢ thé xét su hoi tu ctia mot diy cac mit phing Bézier song bic ba timg manh. Diéu
nay déng vai trd quan trong trong viéc trong viéc ing dung mit phiang Bézier song béc ba tliing manh d€ tim hinh dang
t6i uu.

Tix khéa: Mt phing Bézier, mdt phing Bézier song bdc ba, hing sé twong duong, chudn, khodng cdch.
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ABSTRACT

In this paper, we present norms of N x M-piece bicubic Bézier surfaces and the equivalence relations between
some norms on the space BISV3M of N x M-piece bicubic Bézier surface. A bicubic Bézier surfaces is a 4 x 4 grid of

. . - . B33
16 control points and bounded by cubic Bézier curves. We introduce a norm |- ||,
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on the space B33 of bicubic
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Bézier surfaces and anorm || - || ,”” on the space By 3~ of N-piece bicubic Bézier surfaces. These norms are calculated

N.M
BY:
through control points. Thus, the norm || - || p3’3 and the L, norm are norms on the space BISV3M of N-piece bicubic
, , . B3
Bézier surface. We will study the equivalence constants for the norm || - ||, and the L, norm on the space B’3V3M of
N x M-piece bicubic Bézier surface. From this result, we can consider the convergence of a sequence of piecewise
bicubic Bézier surfaces. This keeps an important roll for applying piecewise bicubic Bézier surfaces to find optimal

shapes.

Key words: Bézier surface, bicubic Bézier surface, equivalence constants, norm, distance.

1. INTRODUCTION

In 1959, the French physicist and mathematician
Paul de Casteljau developed De Casteljau’s algorithm
while working at the French car company Citroén.
This algorithm is a recursive method to evaluate Bézier
curves or Bézier surfaces. De Casteljau’s method was
patented in France. But the company Citroén kept
the copyright, preventing publication until the 1980s.
The French engineer Pierre Bézier discovered Bézier
surfaces independently and used them to design Renault
cars. Bézier surfaces were widely publicised in 1962 by
Pierre Bézier.

Bézier surfaces are a direct extension of Bézier
curves to higher dimensions. Bézier surfaces
construction has many benefits. Initially, each Bézier
surface is presented by a few control points, then it
need very little memory. Besides, these surfaces is
intuitive, smooth and compactand beautiful. Bezier
surfaces can be infinitely scalable without compromising
quality, and efficient render via piece subdivision or
evaluation. Points on the Bézier surface are easily
calculated using De Casteljau’s algorithm. This allows
for efficient division into polygonal meshes. It’s
easy to compute and design, so the designer without
mathematical background can be use them. The Bézier
surface is flexible. They can be used to create, smooth,
and, with proper adjustments, create complex shapes,
often by blending multiple patches to achieve desired
forms. More, we can easily modify, change, move, turn
Bézier surfaces just by changing, moving, turning their
control points. (see %)

Bézier surfaces appears from practical needs, not

only mathematics, then its have many applications.
Bézier surfaces are parametric, smooth patches
defined by a grid of control points, widely used in
computer-aided design (CAD), computer graphics, and
engineering for modeling complex, curved shapes. They
enable precise control over surface curvature, such as in
automotive body design, font rendering, and animations.
(See4—l7)

Bézier surface are presented in many books and
articles for instance'™3. A continuous surface can be
approximated by a Bézier surface. However, when the
surface is large and complex, the degree of the Bézier
surface is high. As a result, the computation is more
difficult. Then, the most common use of Bézier surface
is as N x M-piece bicubic Bézier surfaces. We will focus
on N x M-piece bicubic Bézier surfaces.

In this article, we define a norm || - ||§” on the space
M
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Bs 3 of bicubic Bézier surface and a norm || - ||, on

the space Bév 3M of N x M-piece bicubic Bézier surfaces.
These norms are computed through control points. This

article studies the equivalence relations between the
3.3

B
norm || - [|,>* and the L, norm on the space By3 of
N-piece cubic Bézier curves.

BN,M
TNz, < T <2 [T,

Theorem 1. For p € [1,00]. Let T € B;Vél{ we get
3,
2. PRELIMINARIES

For the convenience of reading, we present some
definitions and notations that will be used through the
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article.

Definition 2. Let &,/ be two positive integers and P; ; be
(k4 1)(141) points in R". The Bézier surface of degree
(k,1) associated to the points P, ; for i =0,...,k,j =
0,...,11s defined as follows

r:[0,1]x[0,1] —» R"
k1
(u,v) = T(u,v) = ZZ P ;,

where  b; (1) = (’:‘)ti(l—t)m_i is the Bernstein
polynomial.

The points P, ;,i =0,...,k,j =0,...,1 are called
control points of the Bézier surface of degree (k,I).
The Bézier surface does not in general pass through the
control points except for the corners of the control point
grid. The Bézier surface is contained within the convex
hull of the control points.

In practice, the bicubic Bézier surfaces (where k =
[ = 3) are most common. The bicubic Bézier surfaces
are Bézier surfaces of degree (3,3).

r':[0,1]x[0,1] — R"

(u,v) = T(u,v) =

ZZblB 717

i=0 j=0

,3,j=0,...
Single Biquadratic surface

where P, ;,i=0,... ,3 are control points.
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Single Bicubic surface

Definition 3. Let N, M be positive integers and F; ; be
(BN +1)(3M + 1) points in R". The piecewise bicubic
Bézier surface associated to the points P ; for i =
0,...,N,j=0,...,M is defined as follows

r:[0,1 x[0,1] - R"
(u,v) = Trs(u,v)

3 3
= Z Z b,‘_’3(Nu—r)bj’l(MV_s)Pi,ja

i=0,j=0
1 1
if (u,v) € L’i % i,i :
N N M M
r=0,....N—1,s=0,....M—1.

Notation 4.

* The vector space of bicubic Bézier surfaces is
denoted by the symbol B3 3.

* The vector space of N x M-piece bicubic Bézier
surface is denoted by the symbol BI3V 3M

We define some norms and distances through control
points on the space of bicubic Bézier surfaces B3 3 and
on the space of N x M-piece bicubic Bézier surfaces

M
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Definition 5. Let p € [l,¢].  The function | -
\|B3‘3 B33 — R is defined by: For any I'(u,v) =
Z Z bl3( )

i=0j=0

3(v)P,j € B33,

if 1,00
(,ZOE 1) it pete

Il =
Jnax {|IFll}
J=0,....3

if p=oco,

where || - ||, is the p-norm on R".

From the properties of the p-norm on R” and the
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Minkowski inequality, it is easily seen that ||-||,** is a

norm on the vector space B3 3. Indeed, it is a norm on
the space (R")"*! of control polygons We then have

an induced distance on B3 3 by d, 33(F y):=|T— A||B”
for any I', A € B3 3.
N.M
Definition 6. Let p € [1,o0]. The function || - |,*’
BI3V3M — R is defined by: For any I'(r) = I'5(u,v) =
kol
Y Y bis(Nu—r)bj;(Mv—s)P,j,r=0,....N—1,5s=
i=0 j=0
0,....,M—1,
1 333 1/p
HFHP = 1fp€ [l,oo[
333 .
T, } fp = oo,
_max {|| gl } it p

Using the Minkowski inequality and the propertles

of the norm || - Hp 7 on Bj 3, it is easy to see that || - ||p
is a norm on the vector space By . Then we have again
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an induced distance on By y defined by d),*” (T,A) :=
N M

I — AHp“ forany I',A € BNM
N M
The norms || - || ,,3‘ and || - || » 7 can be computed
more efficiently than, for instance, the Lj,- norm. In the

next section, we will find equivalence constants for the
M

B33 N.M
norm || - ||,” and the L,— norm on the space B;5" of
N x M-piece bicubic Bézier surfaces.

3. THE EQUIVALENCE RELATIONS

M

BETWEEN THE NORM || - || ,*

NORM ON THE SPACE By}

AND THE L,

Firstly, we use the properties of absolute values and
N.M

. . . B
Holder’s inequality to estimate the norm |- ||,>* and the

M
Ly-norm on the space 813\/ 3

Lemma 7. Let p € [1,00]. Then for any " € B3 3,

B
Tz, < 170"

Proof. LetT € B3 3 and assume that
ZZPl]bl?’ )7 (”7\))6[071}X[O71]'
i=0j=0

Case p = 1. We get

Ll 3 3
(1T, ://HZ Zﬂ,jbig(u)bjg(v)H dudv
0o i=0j=0 1

3 3

<ZZHP,JH1 i3 (

l*OJ 0

<ZZ |7, = I

i=0 ]7

Case p €]1,00[. Using Holder’s inequality, we get
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Case p = co. We get

I —HZZR,m 3,

i=0 j=

S(Z Z biz(u)bjs

() max. 17,
i=0 j=0

B
= max [Pyl = T2,

Combining the above cases, we obtain the proof of this
lemma. O

Consider Case p € [1,00[, Case p = « and use the
above lemma, we get the following proposition.

.. N.M
Proposition 8. Let p € [1,]. Then for any T € B33,

NM

Iz, < I,

Proof. LetI' € B33 be a

303
v) = Z Z bis(Nu—r)bj;(Mv—s)P, ;
i=0j=0

L(u,v) =T(u

Case p € [1,00). We get

I, = (

j=0 i=0 'J

1/p
||F(u,v)||ﬁdudv>

= T o Y— _

1

. 1/p
T (Nu— j, My — i)gdudv)

N—1M—1 )l/p

NI/PMl/p(Z Z /||F” u,v)||hdudy

Using Lemma 7, we obtain

1 N—1M-1 1/p
||F||L,, _NI/PMI/P ( Z Z (”I“lj |B33)P>

NM

LS



Case p = . We have

I = max I'(u,v)|e

M=, max TG
= max max ITU) (Nu— j,Mv—i)]|.
=0, N1 (el f, St xS

s=0,...,M—1
= max max 1T (11, 1) o

r=0,....N—=1 (u,v)€[0,1]x[0,1]

5s=0,...,M—1

Using Lemma 7, we get

B By,
Wl < marc Tl = [Tl

Thus, the proof of this proposition is complete. O

To find the remaining equivalence constant, we have
to prove some lemmas as follows.

Lemma9. Let p € [1,00] and Py, Py, P>, P; be four points
on R" we get

1
3 p 1 3 ,
5 G
o =0 p i=0
Proof. Put

1 1
M = max {[|Rollp, 51211l 512l 131, }-
* Case 1: M = ||By]|
1
We consider the interval [O’R}' For any ¢ €

[0 11 6} we have

133 153
1Rt =1)%l, = (1= ) 1Rll = s25 1Bl

1 1\2
_ <3 (1-_—
P30t =21, <356 (1= ¢ ) IRl

3.15%2  9.152
<3||P0||P 163 = 16’3 || 0||p

2
12320 =), <3(¢ ) (1= ¢ ) Il
3.15 09.15
<3||P0||[7 163 = 163 || 0”[7

1P, < @HP3”17 < @HPOHP-

1
So, for any t € {O, 176} , we have

3
| X Rbao)]| = IB(1=1)l,
i=0 p

B30 =12, — 12232 =), — 125

153 9.152
Z@H 0llp — 63 [1Pollp
9.15
~ 1o IRl = 163H1pr
1214” |
2096 !70llp-

Then
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* Case2: M = f||P1 llp-

For any ¢ €

7 9
h 1 [ }
We consider the interva TIEY

[l 2} we have
3273217

7 71\2
131 =%, =355 (1= 55) IRl

37252
—5; IPillp

IPo(1 =), < (1- f) 1Poll
<3 Lip =2
< 333100 = 335 1R

P31 -0l <3.(5) (1- 55 )12,

3.9223
- 323

93
3
15771y < 255 11P51l

1211

<Py s = —— [Pt -
— 3” 1”17323 3323 || 1||P

7 9
’f |:777:|a h
So, for any ¢ € 32 we have

[arzee]
i=0 p

> [[P3e(L =), = |Po(1 =1)*]],
—Hﬂﬁal—ﬂm—ﬂﬂﬁm

3.7.25% 253
> P
= 323 || 1||P 3. 323 || 1||[7
3.92.23
- 323 H l||F 3 323”1)1”]7
_ 6254



Then
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1
e Case 3: M = §||P2Hp. When we substitute s =
1 —1t, this case become Case 2.

* Case 4: M = ||P3||,- When we substitute s =1 —1¢,
this case become Case 1.

From the above four cases, we have

/HZP% )| Zl(i_ionp,»g).

O
Lemma 10. Let p € [1,00[. For P, ; e R",i=0,...,3,j=
0,...,3, we have
1/p
i, =( [ [ sz b s
i=0j=0
B:
>l
Proof. Using Lema 9, we get
1/p
i, =( [ [ ZZm b s
i=0j=0
1
1 3 P /p
Z / 10 Z Zbiﬁ(")Pi,j dv
0 2P =120
P
ERE p 1/p
= ZITPZ/Q Zbi’s(v)Pi’j dv
i=0 Jj=0 »
IR 1/
> (210p Y 55 Zne.,-nz)
i=0 Jj=0
TERE 1/p 5
- ZZOPZZHP,]HP 0||F|| :
i=0j=0
O

For Case p = o, we also estimate on each cubic
Bézier curve and then consider on each bicubic Bézier
surface.

Lemma 11. Let Py, P, P>, Ps be four points on R", we
get

3
13
max El’ib,- IH > — max Pi|co.
te[O,l]HiZO 3 96 i= H I

Proof. Put
1 1
M = max { | Boll v, 3 1Pt |, 5 1Pl 5] -
* Case 1: M = || Py]|w-

3
Since Y, Pb;3(0) = Py, hence
i=0

3
max Pb; tH > [Pl = max || F|e.
max | L ema ]| > 1Rl-= max 1]

1
* Case2: M = §||P1 I|oo-

Att:%,weget
Hzp’b’*( )H —64”P1”°°_2771HP°”°°
1
—QMM—*MM
> 2Pl — Al — Pl — g5 1P
=2 Al
96
Thus
max HZPb,g H >E max HP,||°<,
1€[0,1] 96 i=0,...,

1
* Case 3: M = §HP2||°°. This case is the same to
Case 2.

* Case 4: M = || P3| This case is the same to Case

From the above four cases, we have

13
ZP’M )| = 5g max, 1A

max
t€[0,1]
O
Lemma 12. For P ; c R",i= 53,j=0,...,3. We
have
max HZZP,,b,g i3(v )H
[Ol i=0i=
l
> igii33§3Hf?me.
j=0,...3
Proof. Put
A= max{ By ller o R0l 2 Poalle 1B
=ma ooy = || Po.1]|o0, =— o oo
X 1Bo0lleor 7 1170, llews 211 P02 0,3
P ls s P11 eor 2o [Py 2o = [P 5
64 1,0 007642 l,l 007642 1,2 00764 1,3 bl
Py lles 2 P eor 2o [Pr 2o o [P
64 270 007642 2,1 007642 2,2 00764 2,3 9

12y olls = [P 1 s =
3.0l 27 153,11l 27

1Pl }-



e Case 1:

1 1
A=max {|[Boolles o 1At o o7 [Po2lles [P 1 }-

Then

max HZZB!b’3 i3y )Hoo

(u)€[0,1]x[0,1] 11 =5 /=

>g%]ZZPﬂw 50|
_Vreng)i] ZZ 0,1 13 H .

i=0i=l

Using Lemma 11, we get

HZZ ;b1 (w) by )|

qu[Ol o,]1=/=

13
> max H P H > — max ||Py. il
vel0.1] lz;‘)lz b,jbj3(v 96 j=0...., H ol
13 1 1
256 64 (%, 17 1l = 55 ax, 1B j -

e Case 2:

1 1
A=max { Pyl =2 l1Pstllon o7 IPsalle 1Pl -

Thus

max HZZP’lb” i3y )Hoo

(u)€[0,1]x[0,1] 11 =5 /=

= e [ 23 is)2550]
=gy | L Pk

Using Lemma 11, we get

L3 runstonso].

(u,v E[Ol [Ol]’l —0i—

13
>maxH P H >—max Pl
vep.1] ZOZ 36130 2 gg max 1P
13 1
_%'@,fnf‘x HPz]Hw_— mil.).(, ||Pi.,j||oo.

j=0,...3 j:(),...,3

e Case 3:

1 1
A=max { [Pl =2 [IProllon o7 IProll IProll- -

This case is similar to Case 1 and Case 2.

e Case 4:

1 1
A=max {[|Poalles g I1Pralles g [ Prsllo [ Prs] -

This case is similar to Case 1 and Case 2.

1
e Case 5: A= @||P171||w. Consider at (u,v) =

11
(4,4) , we have

5 | 0]

i=0i=

>HZZP,]b,3 1/4):b;3(1/4)]|_

i= 0/
272 243 27
H6 oot epfortgpfat gahs
272P +272P +243P +27
oot gt gphatgnh
243 243 81 9
Tt gt aphatgph
27 27
—P30+ P31—|-81P32—|- ! P33H .
MTe 642 9 642

IA

. 1
Since  [Polle < s lPutlles 1Pt

IA

L Pl 1Pale < (Pl [Bis]
6411 1,1 |[oos 7,2 || oo a1l 7,3 |[oo
@HPUHW for i = 0,i =3 and ||Pjglle <
1

el 1251 < 1P e 5 < 1P

1P 3]l <

1
—4||P171||00 for j=1,j=2, we get

S ) R |

llV i=l Ol
>*WPH a2 ]
Zea I, T et |7 T ea ||
243 27 272
— P11 P P
643 et M e 643 o
243 27 243
T o PMH a1 L] e T
243 81 9
T o2 P“H T o P‘J’;@HP‘J L
27 27 81
~ ol gl |-l
1 529136
~gallPall. = g |pa)
1
gl 5o g e

j70

1
e Case 6: A= @||P1’2||w Consider at (u,v) =

7
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i=0j=0

43, +272P +272
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Note that |[|Pglle < @\

< Lipay
>~ 64 1,20y

[Pralleos [IPralleo

1B 2| [1£3]|e=

IN

Ll
64 1,2[o0y

1 . .
@HPMHN, for i = 0,i =3 and ||Pjole

IN

1
—||P1,2||m, ||Pj oo 1P 2]leos 1P 2lleo < ([P 2]]cos

1P 3l < ||P12||°<, for j=1,j=2, then

= 64
max HZZP7lb’3 )H
i=0i= e
HP H s @HP H
_642 1207 ga 1F12]]., T ea3 1112
272 272 27
_@ Pl"2 oo_@ PLZ‘OO_@ P172 ‘oo
243 272 9
S LB I LR ] e
81 243 243
_@ PI,Z oo_@ P172’ oo_@ ‘PI,Z ’oo
1 9 27
el Pl glmal - gl e
27 533744
~ il Pl =g 7]
1 1
255170 = 5 max, 1
,,':0‘,...‘,3
e Case 7: A=

?”PQJ ||l This case is similar to
Case 5 and Case 6.

5|[P22 |- This case is similar to
Case 5 and Case 6.

1
« C 8 A=—
ase G

From the above cases, we get the proof of Lemma.
O

Combining the above lemmas, we obtain the

following proposition.

Proposition 13. Let p € [1,0|. For I € BY Y, we have

BYY 9
[Tl <2717

NxXN
Proof. Forany I € By,

(u,v) =) (Nu —rNv—s)

—ZZb,3 (Nv—

S)P3r+i,3s+j

i=0j=0

. r r+1 s s+1

if (uyv)e|—,—|x|=,——
N N N N

r=0,....N—1;5=0,...,N—1.

Case p € [1,00]. We have

1/p
e, = ( /[ I )
0

(Nszl g,

r=0 s=0
N

o _

z

1/p
|00 (Nu— 1, My — 5) ||gdudv>

! 1/p
/Hr” Pdt) .

Using Lemma 10, we get

1 N-IM-1 | B\ ? 1/p
rs X
01k, < gz (& £ 3 (101))

“\z\
3\*\3‘

N

1
Nl/le/p

m
7
\\Mg

:L# A/i:”\il (HF(":S)||B3><3>p 1/p
220 Nl/le/p r=0 s=0 !
BN><N
220 ” ||P

Case p = o. We have
1T = max || ...
s
Using the above lemmas, we get

L.

1 B
>__ 3x3 —
2 55 max [l

Iz, = max|[T"¢>*)
s

B3 3
7 IIFII :
Thus, from two above cases, we obtain the proof of the
proposition. O

From the above results, we have following theorem

. B
about equivalence constants for the norm | -||,""* and the
norm || - ||, on the space of N x M-piece bicubic Bézier
surface.

Theorem 1. For p € [1,00]. Let T € BN3 , we get

BN.M
Iz, < T <2 [T,

Proof. Using Propositions 8 and 13, we get the proof of
this theorem. O

The equivalence constants do not depend on the
number of pieces in piecewise bicubic Bézier surface.
From the above theorem, we get the following corollary:

By 9
dp,(T,A) <d,™” (T,A) <2°dp,(T,A)

N.M
forany I''A € B3 5.



4. CONCLUSION

N.M
B
In this article, we propose the norm | -|[,” on the
space of N x M-piece bicubic Bézier surfaces. Piecewise
bicubic Bézier surfaces are defined through its control

points.  This norm is also determined through its
N.M
B

control points. Then, the norm | - ||,>* is convenient

to compute. On the space of N x M-piece bicubic
M

B
Bézier surface, the norm | - ||,** and the L, norm are

equivalent. The article give equivalence constants for
N,.M

B
the norm |- ||,>* and the L, norm on the space of N x
N.M

B
. . . L . 33
M-piece bicubic Bézier surface. Form the norm || - ||, ,

. . B3
we have the induced distance d,” . From the norm
M

|-]1,> , we can consider the convergence for sequences
of piecewise bicubic Bézier surfaces. Thus, by using
this norm and piecewise bicubic Bézier surfaces, it is
convenient to find optimal shapes.
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