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TÓM TẮT

Trong bài báo này, tác giả cung cấp hai hàm hạng ma trận Sylvester phân biệt trên nửa vành tựa lựa chọn không có ước của không. Tác giả tiến hành khảo sát một số tính chất cơ bản của hàm hạng ma trận Sylvester trên nửa vành giao hoán và chỉ ra các trường hợp mà hàm hạng ma trận Sylvester không còn đúng như trên vành. Tác giả đã tiến hành so sánh các hàm hạng ma trận Sylvester với hạng nhân tử của ma trận và cung cấp một số tính chất đặc trưng của các hàm hạng ma trận Sylvester thỏa mãn luật Nullity trên các nửa vành có đối xứng.
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ABSTRACT
In this paper, the author introduces two distinct Sylvester matrix rank functions over quasi-selective semirings without zero divisors. Several fundamental properties of Sylvester matrix rank functions over commutative semirings are investigated, and cases are identified in which Sylvester matrix rank functions over commutative semirings do not behave in the same way as over rings. The paper also provides a comparison between Sylvester matrix rank functions and factor rank of matrices, and establishes some characteristic properties of Sylvester matrix rank functions that satisfy the Nullity law over semirings with a symmetry. 
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1. INTRODUCTION
The Sylvester matrix rank function over rings has been thoroughly studied and many important results have been obtained. However, the study of Sylvester matrix rank functions over semirings remains rather limited, and many of their properties are significantly more restrictive than in the case of rings. For example, Beasley and Guterman showed that over the semiring of nonnegative real numbers, the factor rank of a matrix satisfies the Nullity law, whereas the Sylvester and Frobenius inequalities are not valid.1, Example 4.8 This behavior is different from that over rings.2, Corollary 5.5.2
In recent years, the rank functions of matrices over semirings has attracted considerable attention from mathematicians, and many characteristic properties have been investigated.3-6 However, the results obtained concerning Sylvester matrix rank functions over semirings remain limited. In order to enrich the body of research results and fundamental properties of rank functions over semirings, in this paper we conduct a detailed study of some basic properties of Sylvester matrix rank functions over commutative semirings and semirings with an 
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- function (semirings with a symmetry). We also provide several examples illustrating cases in which Sylvester matrix rank functions do not behave as they do over rings.
2. PRELIMINARIES
 A semiring 3 is a set 
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When there is no ambiguity, we write 
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Recall from 5 that a commutative semiring 
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satisfying the following conditions is called a quasi-selective semiring:
i) For any 
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Let 
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For a given semiring 
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, the set of all matrices is denoted by 
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According to 2, p. 13, two idempotent matrices 
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 are said to be isomorphic, denoted by 
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According to 1, the factor rank of a matrix 
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Recall from 7 that if 
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 is a commutative semiring, then for all matrices 
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Recall from 5 that a family 
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Recall from 6 that, a semiring 
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3. MAIN RESULTS
In this section, we investigate some basic properties of the Sylvester matrix rank function over commutative semirings. Throughout this section, all semirings under consideration are assumed to be commutative.
Definition 3.1 ([9]). Let 
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Remark 3.2. Assume that 
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Next, we present several classes of semirings on which there exists at least one Sylvester matrix rank function.

Lemma 3.3. Let 
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Theorem 3.4. Let 
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, and hence 
[image: image230.wmf]34

BEF

=

, which implies 
[image: image231.wmf](

)

fBx

£

. 
Thus, 
[image: image232.wmf](

)

(

)

0

AC

fsxyfAfB

B

æö

==+³+

ç÷

èø

.
Moreover, if 
[image: image233.wmf]0

C

=

, then 
[image: image234.wmf](

)

(

)

(

)

(

)

0

0

A

fAfBffAfB

B

æö

+££+

ç÷

èø

, and consequently, 
[image: image235.wmf](

)

(

)

0

0

A

ffAfB

B

æö

=+

ç÷

èø

. □
Next, we provide another Sylvester matrix rank function, different from the factor rank, on the class of entire zerosumfree semirings.
Lemma 3.5. Let 
[image: image236.wmf]R

 be a semiring and let 
[image: image237.wmf](

)

mn

AMR

´

Î

, 
[image: image238.wmf](

)

pq

BMR

´

Î

, and 
[image: image239.wmf](

)

mq

CMR

´

Î

. Then 
[image: image240.wmf](

)

(

)

0

AC

GMcGMcAGMcB

B

æö

³+

ç÷

èø

.

Proof.

Suppose that 
[image: image241.wmf](

)

GMcAr

=

 and 
[image: image242.wmf](

)

GMcBs

=

. Without loss of generality, assume that 
[image: image243.wmf]{

}

12

,,...,

r

AAA

 and 
[image: image244.wmf]{

}

12

,,...,

s

BBB

 are Gondran-Minoux linearly independent systems of column vectors of the matrices 
[image: image245.wmf]A

 and 
[image: image246.wmf]B

, respectively. Consider the following system of column vectors of the matrix 
[image: image247.wmf]0

AC

B

æö

ç÷

èø

:

[image: image248.wmf]11

1

''

,...,,,...,

00''

rrrs

rrs

AACC

X

BB

++

++

ìü

æöæöæöæö

ïï

=

ç÷ç÷ç÷ç÷

íý

ïï

èøèøèøèø

îþ

,

where 
[image: image249.wmf]'

rjj

BB

+

=

 and 
[image: image250.wmf]'

rjj

CC

+

=

 for all 
[image: image251.wmf]{

}

1,...,

js

Î

.

Assume that the vectors in 
[image: image252.wmf]X

 are Gondran-Minoux linearly dependent. Then there exist sets 
[image: image253.wmf]1212

,,,

IIJJ

 such that 
[image: image254.wmf]{

}

12

1,...,

JJrrs

È=++

, 
[image: image255.wmf]{

}

12

1,...,

IIr

È=

, 
[image: image256.wmf]12

II

Ç=Æ

, 
[image: image257.wmf]12

JJ

Ç=Æ

 and 
[image: image258.wmf]12

,,...,

rs

R

aaa

+

Î

 not all zero, satisfying


[image: image259.wmf]11

22

'

0'

'

.

0'

ij

ij

j

iIjJ

uv

uv

v

uIvJ

AC

B

AC

B

aa

aa

ÎÎ

ÎÎ

æöæö

+

ç÷ç÷

èøèø

æöæö

=+

ç÷ç÷

èøèø

åå

åå


This implies that 
[image: image260.wmf]12

''.

jv

jv

jJvJ

BB

aa

ÎÎ

=

åå

 Since 
[image: image261.wmf]{

}

12

,,...,

s

BBB

 is Gondran-Minoux linearly independent, it follows that 
[image: image262.wmf]0

u

a

=

 for all 
[image: image263.wmf]{

}

1,...,

urrs

Î++

.
Consequently, 
[image: image264.wmf]12

00

iu

iu

iIuI

AA

aa

ÎÎ

æöæö

=

ç÷ç÷

èøèø

åå

, which implies 
[image: image265.wmf]12

iu

iu

iIuI

AA

aa

ÎÎ

=

åå

. Since 
[image: image266.wmf]{

}

12

,,...,

r

AAA

 is Gondran-Minoux linearly independent, we conclude that 
[image: image267.wmf]0

i

a

=

 for all 
[image: image268.wmf]{

}

1,...,

ir

Î

. Thus, 
[image: image269.wmf]0

i

a

=

 for all 
[image: image270.wmf]{

}

1,...,

irs

Î+

. This contradicts the assumption that 
[image: image271.wmf]12

,,...,

rs

aaa

+

 are not all zero. Therefore, the set 
[image: image272.wmf]X

 is Gondran-Minoux linearly independent, and hence

[image: image273.wmf](

)

(

)

0

AC

GMcrsGMcAGMcB

B

æö

³+=+

ç÷

èø

. □
Theorem 3.6. Let 
[image: image274.wmf]R

 be an entire quasi-selective semiring. Then the Gondran-Minoux column rank is a Sylvester matrix rank function on 
[image: image275.wmf]R

.
Proof.

Applying Lemma 3.5 and 5, Corollary 2.11 yields the desired result.

Remark 3.7. Entire quasi-selective semirings are entire zerosumfree semirings. Hence, both the factor rank and the Gondran-Minoux column rank of matrices define Sylvester matrix rank functions on such semirings. Moreover, these rank functions are mutually distinct (see Remark 3.12 and 3.14).
Next, we investigate some basic properties of Sylvester matrix rank functions on semirings.

Proposition 3.8. Let 
[image: image276.wmf]R

 be a semiring and let 
[image: image277.wmf]r

 be a Sylvester matrix rank function on 
[image: image278.wmf]R

. Then,
i) 
[image: image279.wmf](

)

(

)

(

)

rABrArB

£+

 for all 
[image: image280.wmf](

)

mn

AMR

´

Î

, 
[image: image281.wmf](

)

mp

BMR

´

Î

.

ii) 
[image: image282.wmf](

)

(

)

(

)

rABrArB

+£+

 for all 
[image: image283.wmf](

)

,

mn

ABMR

´

Î

.
Proof.

i) We have 
[image: image284.wmf](

)

(

)

0

0

mm

A

ABII

B

æö

=

ç÷

èø

, and hence 
[image: image285.wmf](

)

(

)

(

)

0

0

A

rABrrArB

B

æö

£=+

ç÷

èø

.
ii) Observe that

[image: image286.wmf]000

000

0

00

n

mmn

I

A

III

ABB

æöæö

æöæö

=

ç÷ç÷

ç÷ç÷

ç÷ç÷

+

èøèø

èøèø

,
and that 
[image: image287.wmf](

)

00

0

rABr

AB

æö

+=

ç÷

+

èø

. Therefore, 
[image: image288.wmf](

)

(

)

(

)

0

0

A

rABrrArB

B

æö

+£=+

ç÷

èø

. □
The following result can be proved in a completely analogous way to the ring case.
Proposition 3.9. Let 
[image: image289.wmf]R

 and 
[image: image290.wmf]S

 be semirings, and let 
[image: image291.wmf]:

gRS

®

 be a homomorphism. If there exists a Sylvester matrix rank function on 
[image: image292.wmf]S

, then there also exists a Sylvester matrix rank function on 
[image: image293.wmf]R

.
Definition 3.10. Let 
[image: image294.wmf]r

 be a Sylvester matrix rank function on a semiring 
[image: image295.wmf]R

. A matrix 
[image: image296.wmf](

)

n

AMR

Î

 is called 
[image: image297.wmf]r

-full if 
[image: image298.wmf](

)

rAn

=

.
Proposition 3.11. Let 
[image: image299.wmf]r

 be a Sylvester matrix rank function on a semiring 
[image: image300.wmf]R

. Assume that 
[image: image301.wmf]r

 satisfies the condition: For any matrix 
[image: image302.wmf](

)

mn

AMR

´

Î

, if 
[image: image303.wmf](

)

rAk

=

, then there exist an idempotent matrix 
[image: image304.wmf](

)

k

EIMR

Î

 and matrices 
[image: image305.wmf](

)

mk

BMR

´

Î

, 
[image: image306.wmf](

)

kn

CMR

´

Î

 such that 
[image: image307.wmf]ABEC

=

. 
Then, for any idempotent matrix 
[image: image308.wmf]M

, there exists an 
[image: image309.wmf]r

-full idempotent matrix 
[image: image310.wmf]N

 such that 
[image: image311.wmf]NM

@

.
Proof.
Let 
[image: image312.wmf](

)

n

EIMR

Î

 with 
[image: image313.wmf](

)

rEk

=

. Then there exist an idempotent matrix 
[image: image314.wmf](

)

k

FIMR

Î

 and matrices 
[image: image315.wmf](

)

nk

MMR

´

Î

, 
[image: image316.wmf](

)

kn

NMR

´

Î

 such that 
[image: image317.wmf]EMFN

=

. Set 
[image: image318.wmf](

)

k

GFNEMFMR

=Î

. Since 
[image: image319.wmf]E

 is idempotent, we have 
[image: image320.wmf]2

GG

=

, and hence 
[image: image321.wmf]G

 is idempotent. We have

[image: image322.wmf](

)

(

)

2

MFFNEMFNEEE

===

,
which implies 
[image: image323.wmf]EG

@

. Moreover, since 
[image: image324.wmf]r

 is a Sylvester matrix rank function, 
[image: image325.wmf](

)

(

)

(

)

(

)

3

krErErMGNrGk

===££

, and thus 
[image: image326.wmf](

)

rGk

=

. Therefore, 
[image: image327.wmf]G

 is a 
[image: image328.wmf]r

-full idempotent matrix. □
Remark 3.12. The converse of Proposition 3.11 is, in general, false. Indeed, consider the semiring 
[image: image329.wmf]max

R

. 4 Note that since 
[image: image330.wmf]max

R

 is an entire quasi-selective semiring, the Gondran-Minoux column rank is a Sylvester matrix rank function. Let 
[image: image331.wmf](

)

max

n

EIM

Î

R

 and 
[image: image332.wmf](

)

GMcEk

=

. By 10, Corollary 1.3, 
[image: image333.wmf](

)

(

)

fEGMcEk

==

, and hence there exist matrices 
[image: image334.wmf](

)

max

nk

GM

´

Î

R

 and 
[image: image335.wmf](

)

max

kn

HM

´

Î

R

 such that 
[image: image336.wmf]EGH

=

. Set 
[image: image337.wmf]FHEG

=

. Then 
[image: image338.wmf]23

FHEGHEGF

===

, and thus 
[image: image339.wmf](

)

max

k

FIM

Î

R

. Moreover, 
[image: image340.wmf]2

EGHEE

==

, which implies 
[image: image341.wmf]EF

@

, and hence 
[image: image342.wmf](

)

(

)

GMcEGMcFk

==

. Therefore, 
[image: image343.wmf]F

 is a 
[image: image344.wmf]GMc

-full idempotent matrix.
Now consider the matrix

[image: image345.wmf](

)

4max
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0001
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æö

-

ç÷

-

ç÷

=Î
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-

ç÷
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-

èø

R

.
By 4, Example 8.7, we have 
[image: image346.wmf](

)

(

)

34

GMcAfA

=<=

. If there exist an idempotent 
[image: image347.wmf](

)

3max

FIM

Î

R

 and matrices 
[image: image348.wmf](

)

43max

BM

´

Î

R

, 
[image: image349.wmf](

)

34max

CM

´

Î

R

 such that 
[image: image350.wmf]ABFC

=

, then we have 
[image: image351.wmf](

)

(

)

3

fAfF

££

, which contradicts the fact that 
[image: image352.wmf](

)

4

fA

=

.
Theorem 3.13. Let 
[image: image353.wmf]r

 be a Sylvester matrix rank function on a semiring 
[image: image354.wmf]R

. Then the following statements hold:
i) For any matrix 
[image: image355.wmf]A

, we have 
[image: image356.wmf](

)

(

)

(

)

{

}

(

)

min,.

rArEABECEIMRfA

£=Î£


ii) 
[image: image357.wmf]rf

=

 if and only if 
[image: image358.wmf]r

 satisfies the condition: For any matrix 
[image: image359.wmf](

)

mn

AMR

´

Î

, if 
[image: image360.wmf](

)

rAk

=

, then there exist an idempotent matrix 
[image: image361.wmf](

)

k

EIMR

Î

 and matrices 
[image: image362.wmf](

)

mk

BMR

´

Î

, 
[image: image363.wmf](

)

kn

CMR

´

Î

 such that 
[image: image364.wmf]ABEC

=

.
Proof.
i) For any matrix 
[image: image365.wmf](

)

mn

AMR

´

Î

, and for any idempotent matrix 
[image: image366.wmf]E

 such that 
[image: image367.wmf]ABEC

=

 for some matrices 
[image: image368.wmf],

BC

. Since 
[image: image369.wmf]r

 is a Sylvester matrix rank function, we have 
[image: image370.wmf](

)

(

)

rArE

£

, and hence 
[image: image371.wmf](

)

(

)

(

)

{

}

min,

rArEABECEIMR

£=Î

.

If 
[image: image372.wmf](

)

fAk

=

, then there exist matrices 
[image: image373.wmf](

)

mk

PMR

´

Î

 and 
[image: image374.wmf](

)

kn

QMR

´

Î

 such that 
[image: image375.wmf]APQ

=

, and therefore 
[image: image376.wmf]k

APIQ

=

. In this case, 
[image: image377.wmf](

)

(

)

{

}

(

)

min,

rEABECEIMRfA

=Î£

. 

ii) Assume that 
[image: image378.wmf]rf

=

. Let 
[image: image379.wmf](

)

mn

AMR

´

Î

 and suppose that 
[image: image380.wmf](

)

(

)

rAfAk

==

. Then there exist matrices 
[image: image381.wmf](

)

mk

BMR

´

Î

 and 
[image: image382.wmf](

)

kn

CMR

´

Î

 such that 
[image: image383.wmf]ABC

=

, and hence 
[image: image384.wmf]k

ABIC

=

, with 
[image: image385.wmf](

)

kk

IIMR

Î

.
Conversely, for any matrix 
[image: image386.wmf](

)

mn

GMR

´

Î

, 
[image: image387.wmf](

)

rGl

=

. Then there exist an idempotent matrix 
[image: image388.wmf](

)

l

FIMR

Î

 and matrices 
[image: image389.wmf](

)

ml

MMR

´

Î

, 
[image: image390.wmf](

)

ln

NMR

´

Î

 such that 
[image: image391.wmf]GMFN

=

. It follows that 
[image: image392.wmf](

)

(

)

(

)

fGfFlrG

££=

, and hence 
[image: image393.wmf](

)

(

)

fGrG

=

. Thus, 
[image: image394.wmf]rf

=

. □
Remark 3.14. There exist a semiring 
[image: image395.wmf]R

, a Sylvester matrix rank function 
[image: image396.wmf]r

, and a matrix 
[image: image397.wmf]A

 such that 
[image: image398.wmf](

)

rAk

=

, but there does not exist any idempotent matrix 
[image: image399.wmf](

)

k

EIMR

Î

 for which 
[image: image400.wmf]ABEC

=

. Indeed, consider the semiring 
[image: image401.wmf]0,1

R

éù

=Ì

ëû

R

 equipped with the operations 
[image: image402.wmf]{

}

max,

xyxy

+=

, 
[image: image403.wmf]{

}

min,

xyxy

=

 for all 
[image: image404.wmf],

xyR

Î

. Then 
[image: image405.wmf]R

 is an entire quasi-selective semiring. Consequently, the Gondran-Minoux column rank is a Sylvester matrix rank function on 
[image: image406.wmf]R

 (by Theorem 3.6).
Consider the matrix 
[image: image407.wmf]0.51

0.11

A

æö

=

ç÷

èø

. Since 
[image: image408.wmf]0.51

0.10.1

0.11

æöæö

=

ç÷ç÷

èøèø

, 
[image: image409.wmf](

)

1

GMcA

=

. Assume that there exists an idempotent matrix 
[image: image410.wmf](

)

(

)

1

ExIMR

=Î

 and matrices 
[image: image411.wmf](

)

21

a

BMR

b

´

æö

=Î

ç÷

èø

, 
[image: image412.wmf](

)

(

)

12

CuvMR

´

=Î

 such that 
[image: image413.wmf]ABEC

=

. Then 
[image: image414.wmf]0.5

axu

=

, 
[image: image415.wmf]1

axv

=

, 
[image: image416.wmf]0.1

bxu

=

 and 
[image: image417.wmf]1

bxv

=

, which implies 
[image: image418.wmf]1

axbx

==

, and hence 
[image: image419.wmf]0.50.1

u

==

, a contradiction. 
Now let 
[image: image420.wmf]r

 be a Sylvester matrix rank function on a semiring 
[image: image421.wmf]R

 satisfying the condition: For every idempotent matrix 
[image: image422.wmf]M

, there exists an 
[image: image423.wmf]r

-full idempotent matrix 
[image: image424.wmf]N

 such that 
[image: image425.wmf]MN

@

. 
Then 
[image: image426.wmf](

)

(

)

(

)

{

}

min,

fArEABECEIMR

==Î

 for all 
[image: image427.wmf](

)

AMR

Î

. Indeed, let 
[image: image428.wmf](

)

mn

AMR

´

Î

, and set 
[image: image429.wmf](

)

(

)

{

}

min,

krEABECEIMR

==Î

. Then there exist an idempotent matrix 
[image: image430.wmf]E

 such that 
[image: image431.wmf](

)

rEk

=

 and 
[image: image432.wmf]ABEC

=

 for some 
[image: image433.wmf](

)

,

BCMR

Î

. Let 
[image: image434.wmf]F

 be an 
[image: image435.wmf]r

-full idempotent matrix such that 
[image: image436.wmf]FE

@

. Then 
[image: image437.wmf](

)

(

)

rFrEk

==

. Consequently, 
[image: image438.wmf](

)

(

)

(

)

(

)

fAfBECfEfFk

=£==

.

Next, we examine some characteristic properties of Sylvester matrix rank functions satisfying the Nullity law on semirings.

Theorem 3.15. Let 
[image: image439.wmf]R

 be an entire zerosumfree semiring, and let 
[image: image440.wmf]r

 be a Sylvester matrix rank function on 
[image: image441.wmf]R

. Then 
[image: image442.wmf]r

 satisfies the Nullity law. That is, for any matrices 
[image: image443.wmf](

)

mn

AMR

´

Î

 and 
[image: image444.wmf](

)

np

BMR

´

Î

, if 
[image: image445.wmf]0

AB

=

, then 
[image: image446.wmf](

)

(

)

rArBn

+£

.

Proof.

For any matrices 
[image: image447.wmf](

)

mn

AMR

´

Î

 and 
[image: image448.wmf](

)

np

BMR

´

Î

 such that 
[image: image449.wmf]0

AB

=

, by Lemma 3.3 there exists a permutation matrix 
[image: image450.wmf](

)

n

PMR

Î

 such that 
[image: image451.wmf](

)

'0

APA

=

, 
[image: image452.wmf]1

0

'

PB

B

-

æö

=

ç÷

èø

. Here 
[image: image453.wmf](

)

'

mk

AMR

´

Î

 has all columns nonzero, 
[image: image454.wmf](

)

(

)

'

nkp

BMR

-´

Î

 and 
[image: image455.wmf]0

kn

££

. Since 
[image: image456.wmf]P

 is invertible, we have

[image: image457.wmf](

)

(

)

(

)

'

rArAPrAk

==£

,

and

[image: image458.wmf](

)

(

)

(

)

1

'

rBrPBrBnk

-

==£-

.
Consequently, 
[image: image459.wmf](

)

(

)

rArBknkn

+£+-=

. □
Remark 3.16. If 
[image: image460.wmf]r

 is a Sylvester matrix rank function on a semiring 
[image: image461.wmf]R

 satisfying the Sylvester inequality, that is,

[image: image462.wmf](

)

(

)

(

)

rArBrABn

+£+

 for all 
[image: image463.wmf](

)

mn

AMR

´

Î

 and 
[image: image464.wmf](

)

np

BMR

´

Î

.
Then, 
[image: image465.wmf]r

 satisfies the Nullity law. However, the converse is not true in general. 1, Example 4.8
Theorem 3.17. Let 
[image: image466.wmf]r

 be a Sylvester matrix rank function on semiring 
[image: image467.wmf]R

 satisfying the condition: For every idempotent matrix 
[image: image468.wmf]E

, there exists an 
[image: image469.wmf]r
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The following result provides a generalization of the Nullity law to semirings with an 
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The following Corollary follows directly from Theorem 3.18 with the observation that, over a commutative semiring, 
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Corollary 3.19. Let 
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4. CONCLUSION
The main results of this paper can be summarized as follows: Theorems 3.4 and 3.6 provide two distinct Sylvester matrix rank functions on entire quasi-selective semirings. Several characteristic properties of Sylvester matrix rank functions are presented in Propositions 3.8, 3.9, and 3.11, as well as in Theorem 3.13. Moreover, further characterizations of Sylvester matrix rank functions satisfying the Nullity law are investigated in Theorems 3.15, 3.17, and 3.18. 
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