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TÓM TẮT

Trong bài báo này chúng tôi trình bày một lớp chuẩn của các mặt phẳng Bézier song bậc ba N ×M mảnh
và sự tương đương của một số chuẩn trên không gian BN,M

3,3 của các mặt phẳng Bézier song bậc ba N ×M mảnh.
Một mặt phẳng Bézier song bậc ba là một lưới 4× 4 của 16 điểm điều khiển và được giới hạn bởi các đường cong
Bézier bậc ba. Chúng ta định nghĩa một lớp chuẩn ∥ · ∥B3,3

p trên không gian các mặt phẳng Bézier song bậc ba và

một lớp chuẩn ∥ · ∥B
N,M
3,3

p trên không gian các mặt phẳng Bézier N ×M mảnh. Các chuẩn này được xác định bởi

các điểm điều khiển. Khi đó chuẩn ∥ · ∥B
N,M
3,3

p và chuẩn Lp là các chuẩn trên không gian các mặt phẳng Bézier song

bậc ba N ×M mảnh. Chúng tôi sẽ nghiên cứu các hằng số tương đương giữa chuẩn ∥ · ∥B
N,M
3,3

p và chuẩn Lp trên
không gian các mặt phẳng Bézier song bậc ba N ×M mảnh. Các hằng số tương đương này không phụ thuộc vào
số mảnh của mặt phẳng Bézier song bậc ba từng mảnh. Từ kết quả này, chúng ta có thể xét sự hội tụ của một dãy
các mặt phẳng Bézier song bậc ba từng mảnh. Điều này đóng vai trò quan trọng trong việc trong việc ứng dụng
mặt phẳng Bézier song bậc ba từng mảnh để tìm hình dạng tối ưu.

Từ khóa: Mặt phẳng Bézier, mặt phẳng Bézier song bậc ba, hằng số tương đương, chuẩn, khoảng cách
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ABSTRACT

In this paper, we present a class of norms of N × M -piece bicubic Bézier surfaces and the equivalence
relations between some norms on the space BN,M

3,3 of N × M -piece bicubic Bézier surface. A bicubic Bézier
surfaces is a 4 × 4 grid of 16 control points and bounded by cubic Bézier curves. We introduce a class of norms

∥ · ∥B3,3
p on the space B3,3 of bicubic Bézier surfaces and a class of norm ∥ · ∥B

N,M
3,3

p on the space BN,M
3,3 of N -piece

bicubic Bézier surfaces. These norms are calculated through control points. Thus, the norm ∥ · ∥B
N,M
3,3

p and the Lp

norm are norms on the space BN,M
3,3 of N -piece bicubic Bézier surface. We will study the equivalence constants

for the norm ∥ · ∥B
N,M
3,3

p and the Lp norm on the space BN,M
3,3 of N × M -piece bicubic Bézier surface. These

equivalence constants do not depend on the number of pieces in piecewise bicubic Bézier surface. From this result,
we can consider the convergence of a sequence of piecewise bicubic Bézier surfaces. This keeps an important roll
for applying piecewise bicubic Bézier surfaces to find optimal shapes.

Keyworks: Bézier surface, bicubic Bézier surface, equivalence constants, norm, distance

1. INTRODUCTION

In 1959, the French physicist and mathe-
matician Paul de Casteljau developed De Castel-
jau’s algorithm while working at the French car
company Citroën. This algorithm is a recursive
method to evaluate Bézier curves or Bézier sur-
faces. De Casteljau’s method was patented in
France. But the company Citroën kept the copy-
right, preventing publication until the 1980s. The
French engineer Pierre Bézier discovered Bézier
surfaces independently and used them to design
Renault cars. Bézier surfaces were widely publi-
cised in 1962 by Pierre Bézier.

Bézier surfaces are a direct extension of
Bézier curves to higher dimensions. Bézier sur-
faces construction has many benefits. Initially,

each Bézier surface is presented by a few con-
trol points, then it need very little memory. Be-
sides, these surfaces is intuitive, smooth and
compactand beautiful. Bezier surfaces can be
infinitely scalable without compromising qual-
ity, and efficient render via piece subdivision
or evaluation. Points on the Bézier surface are
easily calculated using De Casteljau’s algorithm.
This allows for efficient division into polygonal
meshes. It’s easy to compute and design, so
the designer without mathematical background
can be use them. The Bézier surface is flexible.
They can be used to create, smooth, and, with
proper adjustments, create complex shapes, of-
ten by blending multiple patches to achieve de-
sired forms. More, we can easily modify, change,
move, turn Bézier surfaces just by changing,
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moving, turning their control points. (see6–11)

Bézier surfaces appears from practical
needs, not only mathematics, then its have
many applications. Bézier surfaces are paramet-
ric, smooth patches defined by a grid of con-
trol points, widely used in computer-aided design
(CAD), computer graphics, and engineering for
modeling complex, curved shapes. They enable
precise control over surface curvature, such as in
automotive body design, font rendering, and ani-
mations. (see1–5,9–23)

Bézier surface are presented in many
books and articles for instance5–8,17. A contin-
uous surface can be approximated by a Bézier
surface. However, when the surface is large and
complex, the degree of the Bézier surface is high.
As a result, the computation is more difficult.
Then, the most common use of Bézier surface is
as N×M -piece bicubic Bézier surfaces. We will
focus on N ×M -piece bicubic Bézier surfaces.

In this article, we define a norm ∥ · ∥B3,3
p

on the space B3,3 of bicubic Bézier surface and

a norm ∥ · ∥B
N,M
3,3

p on the space BN,M
3,3 of N ×

M -piece bicubic Bézier surfaces. These norms
are computed through control points. This arti-
cle studies the equivalence relations between the

norm ∥·∥B
3,3
3,3

p and the Lp norm on the space BN,3

of N -piece cubic Bézier curves.

Theorem 1.1. For p ∈ [1,∞]. Let Γ ∈ BN,M
3,3 ,

we get

∥Γ∥Lp
≤ ∥Γ∥B

N,M
3,3

p ≤ 29 ∥Γ∥Lp
.

2. Preliminaries

For the convenience of reading, we present
some definitions and notations that will be used
through the article.

Definition 2.1. Let k, l be two positive integers
and Pi,j be (k+1)(l+1) points in Rn. The Bézier
surface of degree (k, l) associated to the points
Pi,j for i = 0, . . . , k, j = 0, . . . , l is defined as
follows

Γ : [0, 1]× [0, 1] → Rn

(u, v) 7→
k∑

i=0

l∑
j=0

bi,k(u)bj,l(v)Pi,j ,

where bi,m(t) =
(
m
i

)
ti (1− t)m−i is the Bern-

stein polynomial.

The points Pi,j , i = 0, . . . , k, j = 0, . . . , l
are called control points of the Bézier surface of
degree (k, l). The Bézier surface does not in gen-
eral pass through the control points except for the
corners of the control point grid. The Bézier sur-
face is contained within the convex hull of the
control points.

In practice, the bicubic Bézier surfaces
(where k = l = 3) are most common. The bicu-
bic Bézier surfaces are Bézier surfaces of degree
(3, 3).

Γ : [0, 1]× [0, 1] → Rn

(u, v) 7→
3∑

i=0

3∑
j=0

bi,3(u)bj,3(v)Pi,j ,

where Pi,j , i = 0, . . . , 3, j = 0, . . . , 3 are control
points.
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Definition 2.2. Let N,M be positive integers
and Pi,j be (3N +1)(3M +1) points in Rn. The
piecewise bicubic Bézier surface associated to
the points Pi,j for i = 0, . . . , N, j = 0, . . . ,M is
a function Γ : [0, 1]×[0, 1] → Rn defined by: For

any (u, v) ∈
[
r

N
,
r + 1

N

]
×
[
s

M
,
s+ 1

M

]
, r =

0, . . . , N − 1, s = 0, . . . ,M − 1,

Γ(u, v) := Γr,s(Nu− r,Mv − s)

=

3∑
i=0

3∑
j=0

bi,3(Nu− r)bj,3(Mv − s)Pi,j .

It is clear that Γr,s is a bicubic Bézier sur-
face and Γ is formed from N×M pieces of bicu-

bic Béziers.

Notation 2.3.

• The vector space of bicubic Bézier surfaces
is denoted by the symbol B3,3.

• The vector space of N ×M -piece bicubic
Bézier surfaces is denoted by the symbol
BN,M

3,3 .

We define some norms and distances
through control points on the space of bicubic
Bézier surfaces B3,3 and on the space of N ×M -
piece bicubic Bézier surfaces BN,M

3,3 .

Definition 2.4. Let p ∈ [1,∞]. The function
∥ · ∥B3,3

p : B3,3 → R is defined by: For any

Γ(u, v) =
3∑

i=0

3∑
j=0

bi,3(u)bj,3(v)Pi,j ∈ B3,3,

∥Γ∥B3,3
p

:=


( 3∑

i=0

3∑
j=0

∥Pi,j∥pp
)1/p

if p ∈ [1,∞[

max
i=0,...,3
j=0,...,3

{∥Pi,j∥∞} if p = ∞,

where ∥ · ∥p is the p-norm on Rn.

From the properties of the p-norm on Rn

and the Minkowski inequality, it is easily seen
that ∥ · ∥B3,3

p is a norm on the vector space B3,3.
Indeed, it is a norm on the space (Rn)m+1 of con-
trol polygons. We then have an induced distance
on B3,3 by d

B3,3
p (Γ, γ) := ∥Γ − ∆∥B3,3

p for any
Γ,∆ ∈ B3,3.

Definition 2.5. Let p ∈ [1,∞]. The func-

tion ∥ · ∥B
N,M
3,3

p : BN,M
3,3 → R is defined

by: For any Γ(u, v) = Γr,s(Nu − r,Mv −

s) =
3∑

i=0

3∑
j=0

bi,3(Nu − r)bj,l(Mv − s)Pi,j , r =

0, . . . , N − 1, s = 0, . . . ,M − 1,

∥Γ∥B
N,M
3,3

p :=

1

N1/pM1/p

(
N−1∑
r=0

M−1∑
s=0

(
∥Γr,s∥B3,3

p

)p)1/p

if p ∈ [1,∞[

max
r=0,...,N−1
s=0,...,M−1

{
∥Γr,s∥B3,3

∞
}

if p = ∞.
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Using the Minkowski inequality and the
properties of the norm ∥ · ∥B3,3

p on B3,3, it is

easy to see that ∥ · ∥B
N,M
3,3

p is a norm on the vec-
tor space BN,M . Then we have again an induced

distance on BN,M defined by d
BN,M

3,3
p (Γ,∆) :=

∥Γ−∆∥B
N,M
3,3

p for any Γ,∆ ∈ BN,M
3,3 .

The norms ∥ · ∥B3,3
p and ∥ · ∥B

N,M
3,3

p can be
computed more efficiently than, for instance, the
Lp- norm. In the next section, we will find equiv-

alence constants for the norm ∥ · ∥B
N,M
3,3

p and the
Lp− norm on the space BN,M

3,3 of N ×M -piece
bicubic Bézier surfaces.

3. THE EQUIVALENCE RELATIONS BE-
TWEEN THE NORM ∥·∥B

N,M
3,3

p AND THE Lp-
NORM ON THE SPACE BN,3

Firstly, we use the properties of absolute
values and Holder’s inequality to estimate the

norm ∥ · ∥B
N,M
3,3

p and the Lp-norm on the space
BN,M

3,3 .

Lemma 3.1. Let p ∈ [1,∞]. Then for any Γ ∈
B3,3,

∥Γ∥Lp
≤ ∥Γ∥B3,3

p .

Proof. Let Γ ∈ B3,3 and assume that

Γ(t) =

3∑
i=0

3∑
j=0

Pi,jbi,3(u)bj,3(v)

for (u, v) ∈ [0, 1]× [0, 1].

• Case p = 1. We get

∥Γ∥L1

=

1∫
0

1∫
0

∥∥∥ 3∑
i=0

3∑
j=0

Pi,jbi,3(u)bj,3(v)
∥∥∥
1
dudv

≤
3∑

i=0

3∑
j=0

∥∥Pi,j

∥∥
1
bi,3(u)bj,3(v)

≤
3∑

i=0

3∑
j=0

∥∥Pi

∥∥
1
= ∥Γ∥B3,3

1 .

• Case p ∈]1,∞[. Using Holder’s inequality, we

get

3∑
i=0

3∑
j=0

∥∥Pi,j

∥∥
p
bi,3(u)bj,3(u)

≤
( 3∑

i=0

3∑
j=0

∥∥Pi,j

∥∥p
p

)1/p
×
( 3∑

i=0

3∑
j=0

(bi,3(u)bj,3(v))
p/(p−1)

)(p−1)/p

≤
( 3∑

i=0

3∑
j=0

∥∥Pi,j

∥∥p
p

)1/p
×
( 3∑

i=0

3∑
j=0

bi,3(u)bj,3(v)
)(p−1)/p

=
( 3∑

i=0

3∑
j=0

∥∥Pi,j

∥∥p
p

)1/p
.

Hence

∥Γ∥Lp

=

( 1∫
0

1∫
0

∥∥∥ 3∑
i=0

3∑
j=0

Pi,jbi,3(u)bj,3(v)
∥∥∥p
p
dudv

)1/p

≤
( 1∫

0

1∫
0

( 3∑
i=0

3∑
j=0

∥∥Pi,j

∥∥
p
bi,3(u)bj,3(v)

)p
dudv

)1/p

≤
( 1∫

0

1∫
0

3∑
i=0

3∑
j=0

∥∥Pi,j

∥∥p
p
dudv

)1/p

=
( 3∑

i=0

3∑
j=0

∥∥Pi,j

∥∥p
p

)1/p
= ∥Γ∥B3,3

p .

• Case p = ∞. We get

∥Γ∥L∞ =
∥∥∥ 3∑

i=0

3∑
j=0

Pi,jbi,3(u)bj,3(u)
∥∥∥
L∞

≤
( 3∑

i=0

3∑
j=0

bi,3(u)bj,3(v)
)

max
i=0,...,3
j=0,...,3

∥Pi,j∥∞

= max
i=0,...,3
j=0,...,3

∥Pi,j∥∞ = ∥Γ∥B3,3
∞ .

Combining the above cases, we obtain the proof
of this lemma. 2

5



QUY NHON UNIVERSITY
JOURNAL OF SCIENCE

Consider Case p ∈ [1,∞[, Case p = ∞
and use the above lemma, we get the following
proposition.

Proposition 3.2. Let p ∈ [1,∞]. Then for any
Γ ∈ BN,M

3,3 ,

∥Γ∥Lp
≤ ∥Γ∥B

N,M
3,3

p .

Proof. Let Γ ∈ BN,M
3,3 be an N×M -piece bicubic

Bézier surface and assume that

Γ(u, v) =Γr,s(Nu− r,Mv − s)

=

3∑
i=0

3∑
j=0

bi,3(Nu− r)bj,l(Mv − s)Pi,j

if (u, v) ∈
[
r

N
,
r + 1

N

]
×
[
s

M
,
s+ 1

M

]
,

r = 0, . . . , N − 1, s = 0, . . . ,M − 1.

• Case p ∈ [1,∞). We get

∥Γ∥Lp
=

( 1∫
0

1∫
0

∥Γ(u, v)∥ppdudv
)1/p

=

(N−1∑
r=0

M−1∑
s=0

r+1

N∫
r

N

s+1

M∫
s

M

∥Γr,s(Nu− r,Mv − s)∥pp

dudv

)1/p

=
1

N1/pM1/p

×
(N−1∑

r=0

M−1∑
s=0

1∫
0

∥Γr,s(u, v)∥ppdudv
)1/p

.

Using Lemma 3.1, we obtain

∥Γ∥Lp

≤ 1

N1/pM1/p

(N−1∑
r=0

M−1∑
s=0

(
∥Γr,s∥B3,3

p

)p)1/p

=∥Γ∥B
N,M
3,3

p .

• Case p = ∞. We have

∥Γ∥L∞ = max
(u,v)∈[0,1]×[0,1]

∥Γ(u, v)∥∞

= max
r=0,...,N−1
s=0,...,M−1

max
(u,v)∈[ r

N
, r+1

N
]×[ s

M
, s+1

M
]

∥Γr,s(Nu− r,Mv − s)∥∞
= max

r=0,...,N−1
s=0,...,M−1

max
(u,v)∈[0,1]×[0,1]

∥Γr,s(u, v)∥∞.

Using Lemma 3.1, we get

∥Γ∥L∞ ≤ max
r=0,...,N−1
s=0,...,M−1

∥Γr,s∥B3,3
∞ = ∥Γ∥BN,m

∞ .

Thus, the proof of this proposition is complete. 2

To find the remaining equivalence con-
stant, we have to prove some lemmas as follows.

Lemma 3.3. Let p ∈ [1,∞[ and P0, P1, P2, P3

be four points on Rn, we get

1∫
0

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥p
p
dt ≥ 1

210p

( 3∑
i=0

∥Pi∥pp
)
.

Proof. Put

A = max
{
∥P0∥p,

1

3
∥P1∥p,

1

3
∥P2∥p, ∥P3∥p

}
.

• Case 1: A = ∥P0∥p.
We consider the interval

[
0,

1

16

]
. For any t ∈[

0,
1

16

]
, we have

∥P0(1− t)3∥p ≥
(
1− 1

16

)3
∥P0∥p =

153

163
∥P0∥p

∥P13t(1− t)2∥p ≤ 3
1

16

(
1− 1

16

)2
∥P1∥p

≤ 3∥P0∥p
3.152

163
=

9.152

163
∥P0∥p

∥P23t
2(1− t)∥p ≤ 3

( 1

16

)2(
1− 1

16

)
∥P2∥p

≤ 3∥P0∥p
3.15

163
=

9.15

163
∥P0∥p

∥P3t
3∥p ≤

1

163
∥P3∥p ≤

1

163
∥P0∥p.

So, for any t ∈
[
0,

1

16

]
, we have

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥
p

≥∥P0(1− t)3∥p − ∥P13t(1− t)2∥p
− ∥P23t

2(1− t)∥p − ∥P3t
3∥p

≥153

163
∥P0∥p −

9.152

163
∥P0∥p

− 9.15

163
∥P0∥p −

1

163
∥P0∥p

=
1214

4096
∥P0∥p.

6



QUY NHON UNIVERSITY
JOURNAL OF SCIENCE

Then

1∫
0

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥p
p
dt ≥

1

16∫
0

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥p
p
dt

≥

1

16∫
0

(
1214

4096

)p

∥P0∥ppdt

≥ 1

16

(
1214

4096

)p 1

2 + 2.3p

( 3∑
i=0

∥P0∥pp
)

≥ 1

210p

( 3∑
i=0

∥P0∥pp
)
.

• Case 2: A =
1

3
∥P1∥p.

We consider the interval
[ 7

32
,
9

32

]
. For any t ∈[ 7

32
,
9

32

]
, we have

∥P13t(1− t)2∥p ≥ 3.
7

32

(
1− 7

32

)2
∥P1∥p

=
3.7.252

323
∥P1∥p

∥P0(1− t)3∥p ≤
(
1− 7

32

)3
∥P0∥p

≤ 253

323
1

3
∥P1∥p =

253

3.323
∥P1∥p

∥P23t
2(1− t)∥p ≤ 3.

( 9

32

)2(
1− 9

32

)
∥P2∥p

≤ 3.92.23

323
∥P1∥p

∥P3t
3∥p ≤

93

323
∥P3∥p

≤ 1

3
∥P1∥p

93

323
=

93

3.323
∥P1∥p.

So, for any t ∈
[ 7

32
,
9

32

]
, we have

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥
p

≥ ∥P13t(1− t)2∥p − ∥P0(1− t)3∥p
− ∥P23t

2(1− t)∥p − ∥P3t
3∥p

≥ 3.7.252

323
∥P1∥p −

253

3.323
∥P1∥p

− 3.92.23

323
∥P1∥p −

93

3.323
∥P1∥p

=
6254

98304
∥P1∥p.

Then

1∫
0

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥p
p
dt ≥

9

32∫
7

32

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥p
p
dt

≥

9

32∫
7

32

(
6254

98304

)p

∥P1∥ppdt

≥ 1

16

(
6254

98304

)p 1

2 + 2.3−p

( 3∑
i=0

∥Pi∥pp
)

≥ 1

210p

( 3∑
i=0

∥Pi∥pp
)
.

• Case 3: A =
1

3
∥P2∥p. When we substitute

s = 1− t, this case becomes Case 2.

• Case 4: A = ∥P3∥p. When we substitute s =
1− t, this case becomes Case 1.

From the above four cases, we have

1∫
0

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥p
p
dt ≥ 1

210p

( 3∑
i=0

∥Pi∥pp
)
.

2

Lemma 3.4. Let p ∈ [1,∞[. For Pi,j ∈ Rn, i =
0, . . . , 3, j = 0, . . . , 3, we have

∥Γ∥Lp
≥ 1

220
∥Γ∥B3,3

p .

7
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Proof. Using Lema 3.3, we get

∥Γ∥Lp

=

(∫ 1

0

∫ 1

0

∥∥∥∥∥
3∑

i=0

3∑
j=0

bi,3(u)bj,3(v)Pi,j

∥∥∥∥∥
p

p

dudv

)1/p

≥

(∫ 1

0

1

210p

3∑
i=0

∥∥∥∥∥
3∑

j=0

bi,3(v)Pi,j

∥∥∥∥∥
p

p

dv

)1/p

=

(
1

210p

3∑
i=0

∫ 1

0

∥∥∥∥∥
3∑

j=0

bi,3(v)Pi,j

∥∥∥∥∥
p

p

dv

)1/p

≥

(
1

210p

3∑
i=0

1

210p

3∑
j=0

∥Pi,j∥pp

)1/p

=

(
1

220p

3∑
i=0

3∑
j=0

∥Pi,j∥pp

)1/p

=
1

220
∥Γ∥B3,3

p .

2

For Case p = ∞, we also estimate on each
cubic Bézier curve and then consider on each
bicubic Bézier surface.

Lemma 3.5. Let P0, P1, P2, P3 be four points on
Rn, we get

max
t∈[0,1]

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥
∞

≥ 13

96
max

i=0,...,3
∥Pi∥∞.

Proof. Put

A = max
{
∥P0∥∞,

1

3
∥P1∥∞,

1

3
∥P2∥∞, ∥P3∥∞

}
.

• Case 1: A = ∥P0∥∞. Since
3∑

i=0
Pibi,3(0) = P0,

hence

max
t∈[0,1]

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥
∞

≥∥P0∥∞ = max
i=0,...,3

∥Pi∥∞.

• Case 2: A =
1

3
∥P1∥∞. At t =

1

4
, we get

∥∥∥ 3∑
i=0

Pibi,3

(1
4

)∥∥∥
∞

≥ 27

64
∥P1∥∞ − 27

64
∥P0∥∞

− 9

64
∥P2∥∞ − 1

64
∥P3∥∞

≥27

64
∥P1∥∞ − 9

64
∥P1∥∞

− 9

64
∥P1∥∞ − 1

192
∥P1∥∞

=
13

96
∥P1∥∞.

Thus

max
t∈[0,1]

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥
∞

≥ 13

96
max

i=0,...,3
∥Pi∥∞.

• Case 3: A =
1

3
∥P2∥∞. This case is the same to

Case 2.

• Case 4: A = ∥P3∥∞. This case is the same to
Case 1.

From the above four cases, we have

max
t∈[0,1]

∥∥∥ 3∑
i=0

Pibi,3(t)
∥∥∥
∞

≥ 13

96
max

i=0,...,3
∥Pi∥∞.

2

Lemma 3.6. For Pi,j ∈ Rn, i = 0, . . . , 3, j =
0, . . . , 3. We have

max
(u,v)∈[0,1]×[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

Pi,jbi,3(u).bj,3(v)
∥∥∥
∞

≥ 1

29
max

i=0,...,3
j=0,...,3

∥Pi,j∥∞.
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Proof. Put

A = max
{

∥P0,0∥∞,
1

64
∥P0,1∥∞,

1

64
∥P0,2∥∞, ∥P0,3∥∞,

1

64
∥P1,0∥∞,

1

642
∥P1,1∥∞,

1

642
∥P1,2∥∞,

1

64
∥P1,3∥∞,

1

64
∥P2,0∥∞,

1

642
∥P2,1∥∞,

1

642
∥P2,2∥∞,

1

64
∥P2,3∥∞,

∥P3,0∥∞,
1

64
∥P3,1∥∞,

1

64
∥P3,2∥∞, ∥P3,3∥∞

}
.

• Case 1:

A = max
{
∥P0,0∥∞,

1

64
∥P0,1∥∞,

1

64
∥P0,2∥∞, ∥P0,3∥∞

}
.

Then

max
(u,v)∈[0,1]×[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

Pi,jbi,3(u).bj,3(v)
∥∥∥
∞

≥ max
v∈[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

Pi,jbi,3(0).bj,3(v)
∥∥∥
∞

= max
v∈[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

P0,jbj,3(v)
∥∥∥
∞
.

Using Lemma 3.5, we get

max
(u,v)∈[0,1]×[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

Pi,jbi,3(u).bj,3(v)
∥∥∥
∞

≥ max
v∈[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

P0,jbj,3(v)
∥∥∥
∞

≥13

96
max

j=0,...,3
∥P0,j∥∞

≥13

96
· 1

64
max

i=0,...,3
j=0,...,3

∥Pi,j∥∞

≥ 1

29
max

i=0,...,3
j=0,...,3

∥Pi,j∥∞.

• Case 2:

A = max
{
∥P3,0∥∞,

1

64
∥P3,1∥∞,

1

64
∥P3,2∥∞, ∥P3,3∥∞

}
.

Thus

max
(u,v)∈[0,1]×[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

Pi,jbi,3(u).bj,3(v)
∥∥∥
∞

≥ max
v∈[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

Pi,jbi,3(1).bj,3(v)
∥∥∥
∞

= max
v∈[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

P1,jbj,3(v)
∥∥∥
∞
.

Using Lemma 3.5, we get

max
(u,v)∈[0,1]×[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

Pi,jbi,3(u).bj,3(v)
∥∥∥
∞

≥ max
v∈[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

P3,jbj,3(v)
∥∥∥
∞

≥13

96
max

j=0,...,3
∥P3,j∥∞ ≥ 13

96
.
1

64
max

i=0,...,3
j=0,...,3

∥Pi,j∥∞

≥ 1

29
max

i=0,...,3
j=0,...,3

∥Pi,j∥∞.

• Case 3:

A = max
{
∥P0,0∥∞,

1

64
∥P1,0∥∞,

1

64
∥P2,0∥∞, ∥P3,0∥∞

}
.

This case is similar to Case 1 and Case 2.

• Case 4:

A = max
{
∥P0,4∥∞,

1

64
∥P1,4∥∞,

1

64
∥P2,4∥∞, ∥P3,4∥∞

}
.

This case is similar to Case 1 and Case 2.

• Case 5: A =
1

642
∥P1,1∥∞. Consider at
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(u, v) =

(
1

4
,
1

4

)
, we have

max
(u,v)∈[0,1]×[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

Pi,jbi,3(u).bj,3(v)
∥∥∥
∞

≥
∥∥∥ 3∑

i=0

3∑
j=0

Pi,jbi,3(1/4).bj,3(1/4)
∥∥∥
∞

=
∥∥∥272
642

P0,0 +
272

642
P0,1 +

243

642
P0,2 +

27

642
P0,3

+
272

642
P1,0 +

272

642
P1,1 +

243

642
P1,2 +

27

642
P1,3

+
243

642
P2,0 +

243

642
P2,1 +

81

642
P2,2 +

9

642
P2,3

+
27

642
P3,0 +

27

642
P3,1 +

81

9
P3,2 +

1

642
P3,3

∥∥∥
∞
.

Since ∥Pi,0∥∞ ≤ 1

642
∥P1,1∥∞, ∥Pi,1∥∞ ≤

1

64
∥P1,1∥∞, ∥Pi,2∥∞ ≤ 1

64
∥P1,1∥∞, ∥Pi,3∥∞ ≤

1

642
∥P1,1∥∞ for i = 0, i = 3 and ∥Pj,0∥∞ ≤

1

64
∥P1,1∥∞, ∥Pj,1∥∞ ≤ ∥P1,1∥∞, ∥Pj,2∥∞ ≤

∥P1,1∥∞, ∥Pj,3∥∞ ≤ 1

64
∥P1,1∥∞ for j = 1, j =

2, we get

max
(u,v)∈[0,1]×[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

Pi,jbi,3(u).bj,3(v)
∥∥∥
∞

≥272

642

∥∥∥P1,1

∥∥∥
∞

− 272

644

∥∥∥P1,1

∥∥∥
∞

− 272

643

∥∥∥P1,1

∥∥∥
∞

− 243

643

∥∥∥P1,1

∥∥∥
∞

− 27

644

∥∥∥P1,1

∥∥∥
∞

− 272

643

∥∥∥P1,0

∥∥∥
∞

− 243

642

∥∥∥P1,1

∥∥∥
∞

− 27

643

∥∥∥P1,1

∥∥∥
∞

− 243

643

∥∥∥P1,1

∥∥∥
∞

− 243

642

∥∥∥P1,1

∥∥∥
∞

− 81

642

∥∥∥P1,1

∥∥∥
∞

− 9

643

∥∥∥P1,1

∥∥∥
∞

− 27

644

∥∥∥P1,1

∥∥∥
∞

− 27

643

∥∥∥P1,1

∥∥∥
∞

− 81

643

∥∥∥P1,1

∥∥∥
∞

− 1

644

∥∥∥P1,1

∥∥∥
∞

=
529136

644

∥∥∥P1,1

∥∥∥
∞

≥ 1

25

∥∥∥P1,1

∥∥∥
∞

≥ 1

217
max

i=0,...,3
j=0,...,3

∥Pi,j∥∞.

• Case 6: A =
1

642
∥P1,2∥∞. Consider at

(u, v) =

(
1

4
,
3

4

)
, we have

max
(u,v)∈[0,1]×[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

Pi,jbi,3(u).bj,3(v)
∥∥∥
∞

≥
∥∥∥ 3∑

i=0

3∑
j=0

Pi,jbi,3(1/4).bj,3(3/4)
∥∥∥
∞

=
∥∥∥ 27

642
P0,0 +

243

642
P0,1 +

272

642
P0,2 +

272

642
P0,3

+
27

642
P1,0 +

243

642
P1,1 +

272

642
P1,2 +

272

642
P1,3

+
9

642
P2,0 +

81

642
P2,1 +

243

642
P2,2 +

243

642
P2,3

+
1

642
P3,0 +

9

642
P3,1 +

27

9
P3,2 +

27

642
P3,3

∥∥∥
∞
.

Note that ∥Pi,0∥∞ ≤ 1

642
∥P1,2∥∞, ∥Pi,1∥∞ ≤

1

64
∥P1,2∥∞, ∥Pi,2∥∞ ≤ 1

64
∥P1,2∥∞, ∥Pi,3∥∞ ≤

1

642
∥P1,2∥∞ for i = 0, i = 3 and ∥Pj,0∥∞ ≤

1

64
∥P1,2∥∞, ∥Pj,1∥∞ ≤ ∥P1,2∥∞, ∥Pj,2∥∞ ≤

∥P1,2∥∞, ∥Pj,3∥∞ ≤ 1

64
∥P1,2∥∞ for j = 1, j =

2, then

max
(u,v)∈[0,1]×[0,1]

∥∥∥ 3∑
i=0

3∑
i=0

Pi,jbi,3(u).bj,3(v)
∥∥∥
∞

≥ 272

642

∥∥∥P1,2

∥∥∥
∞

− 27

644

∥∥∥P1,2

∥∥∥
∞

− 243

643

∥∥∥P1,2

∥∥∥
∞

− 272

643

∥∥∥P1,2

∥∥∥
∞

− 272

644

∥∥∥P1,2

∥∥∥
∞

− 27

643

∥∥∥P1,2

∥∥∥
∞

− 243

642

∥∥∥P1,2

∥∥∥
∞

− 272

643

∥∥∥P1,2

∥∥∥
∞

− 9

643

∥∥∥P1,2

∥∥∥
∞

− 81

642

∥∥∥P1,2

∥∥∥
∞

− 243

642

∥∥∥P1,2

∥∥∥
∞

− 243

643

∥∥∥P1,2

∥∥∥
∞

− 1

644

∥∥∥P1,2

∥∥∥
∞

− 9

643

∥∥∥P1,2

∥∥∥
∞

− 27

643

∥∥∥P1,2

∥∥∥
∞

− 27

644

∥∥∥P1,2

∥∥∥
∞

=
533744

644

∥∥∥P1,1

∥∥∥
∞

≥ 1

25

∥∥∥P1,1

∥∥∥
∞

≥ 1

217
max

i=0,...,3
j=0,...,3

∥Pi,j∥∞.

• Case 7: A =
1

642
∥P2,1∥∞. This case is similar

to Case 5 and Case 6.

• Case 8: A =
1

642
∥P2,2∥∞. This case is similar

to Case 5 and Case 6.
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From the above cases, we get the proof of
Lemma. 2

Combining the above lemmas, we obtain
the following proposition.

Proposition 3.7. Let p ∈ [1,∞]. For Γ ∈
BN×M

3×3 , we have

∥Γ∥B
N×M
3×3

∞ ≤ 29 ∥Γ∥L∞ .

Proof. For any Γ ∈ BN×M
3×3 , assume that

Γ(u, v) = Γr,s(Nu− r,Mv − s)

=

3∑
i=0

3∑
j=0

bi,3(Nu− r)bj,3(Mv − s)P3r+i,3s+j

if (u, v) ∈
[
r

N
,
r + 1

N

]
×
[
s

M
,
s+ 1

M

]
r = 0, . . . , N − 1; s = 0, . . . ,M − 1.

• Case p ∈ [1,∞[. We have

∥Γ∥Lp
=

( 1∫
0

1∫
0

∥Γ(u, v)∥ppdudv
)1/p

=

(N−1∑
r=0

M−1∑
s=0

r+1

N∫
r

N

r+1

M∫
r

M

∥Γr,s(Nu− r,Mv − s)∥pp

dudv

)1/p

=
1

N1/pM1/p

(N−1∑
r=0

M−1∑
s=0

1∫
0

∥Γr,s(t)∥ppdt
)1/p

.

Using Lemma 3.4, we get

∥Γ∥Lp

≤ 1

N1/pM1/p

(N−1∑
r=0

M−1∑
s=0

1

220

(
∥Γr,s∥B3×3

p

)p)1/p

=
1

220
1

N1/pM1/p

(N−1∑
r=0

M−1∑
s=0

(
∥Γr,s∥B3×3

p

)p)1/p

=
1

220
∥Γ∥B

N×M
3,3

p .

• Case p = ∞. We have

∥Γ∥L∞ = max
r,s

∥Γr,s∥L∞ .

Using the above lemmas, we get

∥Γ∥L∞ =max
r,s

∥Γr,s∥L∞

≥ 1

29
max
r,s

∥Γ∥B3×3
∞ =

1

29
∥Γ∥B

N×M
3×3

∞ .

Thus, from two above cases, we obtain the proof
of the proposition. 2

From the above results, we have follow-
ing theorem about equivalence constants for the
norm ∥ · ∥BN,3

p and the norm ∥ · ∥Lp
on the space

of N ×M -piece bicubic Bézier surface.

Theorem 1.1. For p ∈ [1,∞]. Let Γ ∈ BN,M
3,3 ,

we get

∥Γ∥Lp
≤ ∥Γ∥B

N,M
3,3

p ≤ 29 ∥Γ∥Lp
.

Proof. Using Propositions 3.2 and 3.7, we get the
proof of this theorem. 2

The equivalence constants do not depend on the
number of pieces in piecewise bicubic Bézier sur-
face. From the above theorem, we get the follow-
ing corollary:

dLp
(Γ,∆) ≤ d

BN,M
3,3

p (Γ,∆) ≤ 29 dLp
(Γ,∆)

for any Γ,∆ ∈ BN,M
3,3 .

4. CONCLUSION

In this article, we propose the norm ∥ · ∥B
N,M
3,3

p on
the space of N × M -piece bicubic Bézier sur-
faces. Piecewise bicubic Bézier surfaces are de-
fined through its control points. This norm is also
determined through its control points. Then, the

norm ∥ · ∥B
N,M
3,3

p is convenient to compute. On the
space of N × M -piece bicubic Bézier surface,

the norm ∥ · ∥B
N,M
3,3

p and the Lp norm are equiv-
alent. The article give equivalence constants for

the norm ∥ · ∥B
N,M
3,3

p and the Lp norm on the space
of N × M -piece bicubic Bézier surface. The
equivalence constants do not depend on the num-
ber of pieces in piecewise bicubic Bézier surface.

Form the norm ∥ · ∥B
N,M
3,3

p , we have the induced

distance dB
N,M
3,3

p . From the norm ∥·∥B
N,M
3,3

p , we can
consider the convergence for sequences of piece-
wise bicubic Bézier surfaces. Thus, by using this
norm and piecewise bicubic Bézier surfaces, it is
convenient to find optimal shapes.
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