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TOM TAT
Trong bai bdo nay chiing tbi trinh bay mot 16p chudn ciia cac mit phing Bézier song bic ba N x M manh
va su tuong duong ctia mot s6 chudn trén khong gian Bé\,} éM clia cac mit phing Bézier song bac ba N x M manh.

Mot mit phang Bézier song bac ba 1a mot ludi 4 x 4 ctia 16 diém diéu khién va dudc giéi han bdi cac dudng cong
Bézier bac ba. Chung ta dinh nghia mot 16p chudn || - || f 3 trén khong gian cdc mit phing Bézier song bac ba va
2 trén khong gian cac mit phang Bézier N x M manh. Cac chuin nay dudc xac dinh bdi
cic diém diéu khién. Khi d6 chuén || - || 1},3 " va chuén L,, 12 cdc chuén trén khong gian cdc mit phang Bézier song
bac ba N x M ménh. Ching tbi s& nghién ctu céc hing sb tuong duong gitta chudn || - || f 2" va chuén L, trén

khong gian cic mit phang Bézier song bac ba N x M ménh. Cac hing s6 tuong duong nay khong phu thudc vao

mot 16p chuén || - Hf

s6 méanh ctia mit phiang Bézier song bac ba tiing manh. Tir két qua nay, chiing ta c6 thé xét sy hoi tu ctia mot day
cdc mit phing Bézier song bac ba tiing manh. Piéu nay déng vai tro quan trong trong viéc trong viéc ting dung
mit phiang Bézier song bac ba tling manh dé tim hinh dang t6i uu.

Tix khéa: Mt phing Bézier, mdt phing Bézier song bdc ba, hing sé tuong duong, chudn, khodng cdch

*Hoang Vin Piic
Email: hoangvanduc @ gnu.edu.vn
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ABSTRACT

In this paper, we present a class of norms of N x M -piece bicubic Bézier surfaces and the equivalence
relations between some norms on the space Bé\f éM of N x M-piece bicubic Bézier surface. A bicubic Bézier
surfaces is a 4 x 4 grid of 16 control points and bounded by cubic Bézier curves. We introduce a class of norms

N,M

B: . . L. Bj; .
|- |l >* on the space Bs 3 of bicubic Bézier surfaces and a class of norm || - ||, >® on the space Bé\’[ ;M of N-piece
. . - . ByM
bicubic Bézier surfaces. These norms are calculated through control points. Thus, the norm || - ||, ** and the L,

N.M . . . L. . .
norm are norms on the space B33 of N-piece bicubic Bézier surface. We will study the equivalence constants
N,M

>3 and the L, norm on the space Bé\f éM of N x M-piece bicubic Bézier surface. These

B
for the norm || - ||p
equivalence constants do not depend on the number of pieces in piecewise bicubic Bézier surface. From this result,

we can consider the convergence of a sequence of piecewise bicubic Bézier surfaces. This keeps an important roll

for applying piecewise bicubic Bézier surfaces to find optimal shapes.

Keyworks: Beézier surface, bicubic Bézier surface, equivalence constants, norm, distance

1. INTRODUCTION

In 1959, the French physicist and mathe-
matician Paul de Casteljau developed De Castel-
jau’s algorithm while working at the French car
company Citroén. This algorithm is a recursive
method to evaluate Bézier curves or Bézier sur-
faces. De Casteljau’s method was patented in
France. But the company Citroén kept the copy-
right, preventing publication until the 1980s. The
French engineer Pierre Bézier discovered Bézier
surfaces independently and used them to design
Renault cars. Bézier surfaces were widely publi-
cised in 1962 by Pierre Bézier.

Bézier surfaces are a direct extension of
Bézier curves to higher dimensions. Bézier sur-
faces construction has many benefits. Initially,
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each Bézier surface is presented by a few con-
trol points, then it need very little memory. Be-
sides, these surfaces is intuitive, smooth and
compactand beautiful. Bezier surfaces can be
infinitely scalable without compromising qual-
ity, and efficient render via piece subdivision
or evaluation. Points on the Bézier surface are
easily calculated using De Casteljau’s algorithm.
This allows for efficient division into polygonal
meshes. It’s easy to compute and design, so
the designer without mathematical background
can be use them. The Bézier surface is flexible.
They can be used to create, smooth, and, with
proper adjustments, create complex shapes, of-
ten by blending multiple patches to achieve de-
sired forms. More, we can easily modify, change,
move, turn Bézier surfaces just by changing,
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moving, turning their control points. (see®!!)

Bézier surfaces appears from practical
needs, not only mathematics, then its have
many applications. Bézier surfaces are paramet-
ric, smooth patches defined by a grid of con-
trol points, widely used in computer-aided design
(CAD), computer graphics, and engineering for
modeling complex, curved shapes. They enable
precise control over surface curvature, such as in
automotive body design, font rendering, and ani-
mations. (see '>9-23)

Bézier surface are presented in many
books and articles for instance>®!7. A contin-
uous surface can be approximated by a Bézier
surface. However, when the surface is large and
complex, the degree of the Bézier surface is high.
As a result, the computation is more difficult.
Then, the most common use of Bézier surface is
as N x M -piece bicubic Bézier surfaces. We will
focus on N x M -piece bicubic Bézier surfaces.

. . : B
In this article, we define a norm || - ||, >*
on the space B33 of bicubic Bézier surface and

N,M

a norm || - Hf“ on the space BQ%M of N x
M -piece bicubic Bézier surfaces. These norms
are computed through control points. This arti-
cle studies glge equivalence relations between the

B ’
norm || - ||, ** and the L, norm on the space By 3
of N-piece cubic Bézier curves.

Theorem 1.1. Forp € [1,00]. Let T € BgéM;
we get

Byi" _ o9
1Tz, <ITlp>* <27 [|[L,-

2. Preliminaries

For the convenience of reading, we present
some definitions and notations that will be used
through the article.

Definition 2.1. Let k, [ be two positive integers
and P; ; be (k+1)(l+1) points in R™. The Bézier
surface of degree (k,[) associated to the points
P jfori =0,...,k,j = 0,...,11is defined as
follows

T:[0,1] x [0,1] — R”

koo
(u,v) — E Z bi e (w)bji(v) Py j,

i=0 j=0

where b; () = ()¢ (1 —¢)™ " is the Bern-
stein polynomial.

The points P; ;,7 = 0,...,k,j =0,...,1
are called control points of the Bézier surface of
degree (k, ). The Bézier surface does not in gen-
eral pass through the control points except for the
corners of the control point grid. The Bézier sur-
face is contained within the convex hull of the
control points.

In practice, the bicubic Bézier surfaces
(where k = [ = 3) are most common. The bicu-
bic Bézier surfaces are Bézier surfaces of degree
(3,3).

(w,0) = Y Y bia(u)bys(v) P,
i=0 j=0
where P; j,©=10,...,3,7 =0,...,3 are control

points.

Single Biquadratic surface

6 I T T
) ()
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Single Bicubic surface

Single bicubic Bézier surface with its grid of 16

control points

Definition 2.2. Let N, M be positive integers
and P; j be (3N +1)(3M + 1) points in R™. The
piecewise bicubic Bézier surface associated to
the points F; j fori =0,...,N,j=0,..., M is
afunctionI": [0, 1] x [0, 1] — R™ defined by: For
r r+1 s s+1 B
any (u,v) € [N’ N | X [M’M]’r =
0,....N—1,s=0,...,M —1,

I(u,v) =T s(Nu—1r,Mv — s)

3 3
= Z b@g(Nu — T)bj,g(MU — S)Pi’j.

It is clear that I';. 5 is a bicubic Bézier sur-
face and I is formed from N x M pieces of bicu-

bic Béziers.

Notation 2.3.

* The vector space of bicubic Bézier surfaces
is denoted by the symbol Bj 3.

* The vector space of N x M -piece bicubic
Bézier surfaces is denoted by the symbol
BYM.

We define some norms and distances
through control points on the space of bicubic
Bézier surfaces Bs 3 and on the space of NV x M-
piece bicubic Bézier surfaces Bé\f éM.

Definition 2.4. Let p € [1,00]. The function

I| - Hf‘”"“ : B33 — R is defined by: For any
3 3
L(u,v) = 32 > big(u)bjz(v)Fi; € Bsg,
=0 j=0
T2
3 3 » 1/p .
(S S IPale) " if pe i oof
_ ) Vi=0j=0
max {[|Pjllec} if p= o0,
1=0,...,3
j=0,...,3
where || - ||, is the p-norm on R™.

From the properties of the p-norm on R"
and the Minkowski inequality, it is easily seen
that || - Hfs’s is a norm on the vector space Bs 3.
Indeed, it is a norm on the space (R™)™*! of con-
trol polygons. We then have an induced distance
on Bs 3 by d53’3(I’,'y) = || — A||;E3’3 for any
I'Ae 3373.

Definition 2.5. Let p € [1,00]. The func-

N,M
ton || - % : BN = R is defined

by: For any I'(u,v) = I ¢(Nu — r,Mv —

3 3

s) = > > bis(Nu—r)bj (Mv—s)P;j,r =
i=0j=0

0,....,N—=1,s=0,...,M—1,

N,M
B;';

T[> =

1 N—1M-1
(% (ir.

Nl/le/p r=0 s=0

Baa\P 1/p
7)

if p e [1,00]
max {HFT,SHOBS’:‘} if p = o0.

r=0,...,N—1
s=0,...,M—1
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Using the Minkowski inequality and the

. Bs. .
properties of the norm || - |[;** on Bsg, it is
N IW

easy to see that || - Hp is a norm on the vec-
tor space By )r. Then we have again an induced

NI\/I

distance on BNM defined by d), Do (T,A) =
IT — AHp” forany I', A € 33,3

Bs - BY M
The norms || - ||, > and || - ||, *® can be
computed more efficiently than, for instance, the

L,- norm. In the next section, we will find equiv-
N,M

BY,
alence constants for the norm || - |[,** and the
N,M .
L,,— norm on the space B33 of N x M-piece
bicubic Bézier surfaces.

3. THE EQUIVALENCE RELATIONS BE-

TWEEN THE NORM |- |** AND THE L,-
NORM ON THE SPACE By 3

Firstly, we use the properties of absolute

values and Holder’s inequality to estimate the
BN,JW
norm | - ||, *°

N,M
Bsg 3

and the L,-norm on the space

Lemma 3.1. Let p € [1,00]. Then for any T €
B3 3,

Tz, < [T

Proof. Let I' € B3 3 and assume that

for (u,v) € [0,1] x [0, 1].
e Case p = 1. We get

||T||L1

L3 3
//HZZP i (w)bs5(v)
=0 j=0
3 3
<D > NPl bis(u
=0 5=0
3 3 5
B[, = Tl

dudv

)bj,3(v)

IN

e Case p €]1, 0o[. Using Holder’s inequality, we

(z;z; ple) " =

e Case p = oo. We get

33
S(Zzbi,:s(u)bj,?»(v)) max, 1Pl 0o

1=0 j=0 ]707 ’
= [ITI%2.

Combining the above cases, we obtain the proof
of this lemma. O
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Consider Case p € [1,00[, Case p = o0
and use the above lemma, we get the following
proposition.

Proposition 3.2. Let p € [1,00]. Then for any
I e By,
By
Tz, < Tl -

Proof. Let T € Bé\f ?;M be an N x M -piece bicubic
Bézier surface and assume that

['(u,v) FTS(Nu—r,MU —5)

3
= Z Z bi73(Nu - T’)ij(M’U - S)Pi’j

i=0 j=0

it (o) | =, T x| 2 2]
CYSINTTN MM |

r=0,..., N—-1,s=0,...,M — 1.

e Case p € [1,00). We get

1
1/p
Tz, = < /Hr(u,v)ugdudv)
0

: O\H

s+1

N—1M-1 M
( / /m;4Nu—an—$%
r=0 s=0 % %
1/p
dudv>
B 1
T NUppL/p
1M-1 L 1/p
(Z /]I‘rs U, v ||pdudv> :
r=0 s=0 0
Using Lemma 3.1, we obtain
Tz,
N-1M- 1<”F HBH)p 1/p
—Nl/le/p nelip
r=0 s=0
BN M
=Tl
e Case p = co. We have
Pz = max [[T(u,v)
(u,v)€[0,1]x[0,1]
= max max
r=0,..,N—1 (uv)e[£, B x [, 2]
s=0,...,M—1
|ITys(Nu— 17, Mv — 5)|loo
= max max 1Ty s(u, V)] 0o-
r=0,...., N=1  (u,0)€[0,1]x[0,1]
s=0,...,M—1

Using Lemma 3.1, we get

Iz, < _max
r=0,...,
s=0,...,M—1

HFT,SH%"S = ”FHoBoN'm-

Thus, the proof of this proposition is complete. O

To find the remaining equivalence con-
stant, we have to prove some lemmas as follows.

Lemma 3.3. Let p € [1,00] and Py, P, Py, P3
be four points on R™, we get

13 3

P 1
[ mos o= (S 1e)
o =0 i=0

Proof. Put

1 1
A =max {||Polly 5117 s 51 Pals 1Pl

e Case 1: A= || Pyllp.
1
We consider the interval [0, E} For any t €

{0 116] we have

1 153
\UMl—ﬂﬂbZ(l—gﬁlﬁwp 3WMM

1
12311~ 17l < 32 (1 =) 1Al

O s
<3RS = o Il
12320 = 1)l < 3(5) (1 12) 172l
<3 0Hp316135 =i61§’|| Pl

||P3753||p < @HR%H;D < @HPOHP'

So, for any ¢ € {O we have

|

|3 mesco],
1=0

2[|Po(1 = )%l — [[P13t(1 — £)*lp
= P23t (1 = ), — 15t

153 9 152
ZT63”P0||1> 165 1 Pollp

915
S HPoIIp

1214H i
2096 11 0llp-

=17l
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Then

1 ;
/ Hipibi»s@)\)zdtz / Hipibi,g(t)HZdt
o =0 o =0

1214

PhlIP
<4096) I Polla
() s ZHPOHP)

3
1
o7 (D 1ol ).
1=0

[V vV
cn‘ - St~z

Y

1
eCase2: A = gHPal-
9
We consider the interval [—, —} .Forany t €
32732

79
{ } we have

32° 32
7 72
P3t(1—t >37( 7) p
1Pt~ 020, > 3. (1 YAl
3.7.252
7leHp

|Ro(1 = < (1 ~ ) 1Rl

253 253
1Pl <5 (2 )2(1 )2
2 P=\32 32/ 17 21p
3.9%2.23
3 9°
1Pst7llp < o5l Psllp
1 93 93
< Py =—= = —=||P1l|,-
— 3” 1”17323 3323 H 1Hp
79
So, for any ¢ € [32 32} we have
3
I3 rat]
i=0 P
> [[Pi3t(L = )2l — [[Po(1 = 1)°[l
— | P3¢ (1 = 1)l — | Pst’ I
3.7.252 253
Z 323 H IHP 3. 323” 1Hp
~3.9%.23 9
6254

Then

1 3 3% 3
/ | st ae = / |3 Posst)|at
9 =0 P g =0 P

6254 \”
> P |IP
> [ (98304) |t

1 /6254\7 1 3
Z 16 P. p)
=16 (98304) 2+2_3_p(ZH illp

=0

3

1
s (D IRE).

1=0

1
o Case 3: A = §||P2Hp. When we substitute

s = 1 — t, this case becomes Case 2.

e Case 4: A = || P5||,. When we substitute s =
1 — ¢, this case becomes Case 1.

From the above four cases, we have

L3 3
P 1
/1 > mbia(t a2 5o (1P
0 1= 1=

Lemma 34. Letp € [1,00]. For P, j; € R",i =
0,...,3,7=0,...,3, we have

B
TNz, = 530 IITII .
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Proof. Using Lema 3.3, we get

1/p
1Pislly )
7=0

1/p
1
) = QTOHFH;];SS’S-

3
ZHP,JI

1Tz,
1 1] 3 3 p
=U]’22wmxm
070 [ i=0 j=0 p
1/p
dudv)
1y 38 3 p 1/p
Z(/ WZ Zbi,?;( )Pij dv)
0 i=0 || =0 p
1 1 3 p 1/p
:<210p / Zb@g(’l})ﬂd dU)
0 5= »
( 1
2 -

[\

2

(e=)

L<]
- - -
I Mw I Mw I Mw
o o o

M‘

2

o —_

L<]

M“

For Case p = oo, we also estimate on each
cubic Bézier curve and then consider on each
bicubic Bézier surface.

Lemma 3.5. Let Py, P1, P>, P5 be four points on
R"™, we get

13

P H > =2 P,
tréléa)fHZ it 06 252, 1 Pilloo-
Proof. Put

1
A = max {HP0H007§||P1H007

1
S 1Polloos 1 Psll |-

3
e Case 1: A = || Py||oo- Since > Pib; 3(0) = Pp,
i=0

hence

1 1
e Case 2: A = §||P1Hoo. Att = v get
3
1 27
H%ngm.wﬂﬂm—w%m
1=
9 1
— ||Ps|loe — — || P
S 1Ps e — 11 Pl
27 9
— P
2 eplPilloo = 2l Prlloo
— —|Pilloc — == |IP
13
=—||P1|co-
Thus
13
S D ORCI RN
1 . .
eCase3: A= §||P2||Oo. This case is the same to
Case 2.
e Case 4: A = || P3||oo- This case is the same to
Case 1.

From the above four cases, we have
13
max HZPJ)M H o ;Juax, 1 ;|| oo -

t€[0,1] — 96 i=0.,...,3

Lemma 3.6. For P;; € R",i = 0,...,3,j =
0,...,3. We have

uvé][[tl%{x[ouuzzpubm is(0)]

1
= 55, max [P jlloc.

§=0,...3
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Proof. Put
A:max{
1 1
P, — — || P
1 1 1
@HPLoHome @le,z\\om
@HP2’0||°°’@| @HPMHW
|
64
Pyolloe, — —||P 3
| 3’0”00’64 64” 3.2 |00 o
e Case 1:

1
A = max {[| Pooloosg 1Pt
1
2IPozlloc: | Poallo |-

Then

o |22 Pt a0

(u,v)€]0,1]%[0,1]

>J§[%§]HZZH]I)’3 30 )H

- Postia (o)
| ZZ babistv)]

Using Lemma 3.5, we get

3 3
(u,v)erf(l?l)}(x [0,1] H ; ; P jbi3(u).bj3(v) HOO

> Jnax, H i i Po,jbj3(v) HOO

i=0 i=0
13
>oe max || Pyl
13 1
>_— . — max HP]
96 64 i=0,...,3 ’
§=0,...,3
1
29 hax 1P, 1l oo
J:07"7
e Case 2:

1
A= { P. 2ip
max | [| P50l e, 1 P51 oo

1
2Pl 1Pl |-

Thus

w;ﬁﬁﬁmeZZ i) bia0)]|
> ma | >3 Rbis st

=0 =0

3 3
= s [ 23 Patssto

=0 =0

Using Lemma 3.5, we get

3 3
Py by 5(u).b; H
(u,v)erﬁ)?l)](x[o,l]“;; 7 ’3(16) ]’3(7}) 0
3 3
> Py ib; H
<~ 1nax H;; 3,7 J’3(U) -~

ve(0,1]
13 1

13
296 ;5 HP3JHOO > %61 E?X,S”PJHOO

1
Z@ﬁ.ggé}f 15,5l 0o

§=0,...3

e Case 3:

1
A = max {|[Poooc, == 1 P
max | [[Poofloe, 5 1 Prolleo

1
~1Pyollocs || P oo}.
64” 5,0ll005 [ P30l

This case is similar to Case 1 and Case 2.

o Case 4:

1
A= max{HPOAHOO,@HPIA”OO;

1
7IPalloos 1Psallo }-

This case is similar to Case 1 and Case 2.

e Case 5: A = oo- Consider at
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11
(u,v) = <4, 4> , we have

(uv)entl)al}](X01 HE:E:P’J@3 ( )Hoo
> | zZP@-,jbi,3<1/4>.bj,3<1/4>HOO

=0 5=0
_H642 00+642P01+zi§P02+62472P
T T B B,
E%PQ + z,izpm-i- ;;PM—F 6?12

27 27 81
— 3 3”

_l’_

+ P 3

+ — P31+ —P3o+

“'p
622130 T 52 9 642

Since [Pl <

[1Pi1loo
1

; < 64||P1 1lloos |1 P 3]le0 <
@HPLIHOO for ¢ = O,Z =3 and HPj,O”oo
1
1!
P11 lloos 1P,
2, we get

IN

VAN

1P2.2]lo0

IN

1Pl S 1PLlloos P2

IN

le 1lloo for j = 1,5

slloo = 55

3 3
P, ib; .b;
(u,v)GII[(l)?Jl)}{X [0,1] H ZZ(; ZZ(‘: 7 73(u) ]73(2}) o)

272
S e I e
—642H | FOSRYE |  | OS 643 11
243 27 272
e [y ISy e B | v | Kl
243 27 243
o2 Py B Py e Pra
o0 o0 o0
9243 81 9
_=p _lp __Zp
642 1" Ml 6421l Ml T 64311 Ml
27 27 81
2P 2P —p
64217 MMloe 68311 M Hloe T 64311 M lg
Lp _ %H H
644" Ml T gt T M
1 1
75HP1 1“ 2 217 ;Ug%%, 1P oo
j=0,...3
e Case 6: A = . Consider at

(u,v) = <i, i) we have
uuerf(l)alxx[m]HZZ b 13 ( )Hoo
>| Sy Prgbia(1/4).b35(3/4)|

i=0 j=0
7 243 272 272
P g+ P + P+ P,
H642 00+ gl gl altos
27 243 272 272
“Zp P, P, Pis
642 10—|—642 11+642 12+642
9 81 243 243
642P20+642P21+642P +@P2,3
9 27 27
oot gphatghet 642P33H

IN

Note that || P; ol|co S — 15,

1
—1P12lc0s (P13 00

[1P;2]l00 < <
’ 64
fori = 0, = 3 and ||Pjollec <
1Pj,1 ][00 S [1P12]loo, [[P2llec <
HP12H007 HP]3”OO— 64 o forj=17=
2, then
P b H
(uv)ené)alx 01”222_% b 13 ( )
> 2P - 252 H 5572
= eazll" 2 6atll” 12 643 1" 2
272 272 27
St |- Y| R 0 0] |t =
643 11" M2lloe 64211 Pllee 643117 Ml
243 272 9
il R | < Y e | -
642 1" 2l 643117 M lloe 643117 Mo
81 243 243
S| - | | 2 Y0 i | =
642" Ml 64211 Mlle 64211 e
1 9 27
-l - Sl - o
VN |l | SVED | el SEVED |
_E p B 533744H H
VLN | | SV R |
1
> o3[, 2 1 e, 1Pl
j=0,...3
1 . L.
eCase7: A = ?HPZlHoo- This case is similar
to Case 5 and Case 6.

1

e Case 8: A = @||P272||oo. This case is similar

to Case 5 and Case 6.
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From the above cases, we get the proof of
Lemma. O

Combining the above lemmas, we obtain
the following proposition.

Proposition 3.7. Let p € [l,00]. For I' €

BéVXXgM we have
Bys™
IT]lo>* <27 |7z
Proof. For any T' € B XM assume that
I'(u,v) =T s(Nu—r, Mv —s)
3 3
= Z bis(Nu —1)bj3(Mv — 5)P3rii 35+
i=0 j=0
£ )Err+1><ss+1
if (u,v —_ —
’ N’ N M M
r=0,...,N—15=0,....,M—1
e Case p € [1,00[. We have
11 U
iele, = ([ [ i)
0 0
r+1l or4l
N-1M-1 N M
~ [ [ e —rato-s)ip
r=0 s=0 % %
N M
1/p
dudv)
N-1M-1 1} 1/p
i ( [ e )
N /pM /p ==

Using Lemma 3.4, we get

Tl

1 N—-1M-1 1 B \P 1/p
ST 535 (ITrsll 22+

(HrrsuBm)”) "

L 1M

I
2

M—

,_l

1
220 Nl/le/p(

O

r= S=

N x M
BS&

=Tl

e Case p = 0o. We have

T2 = max [Ty |z,
r,s

11

Using the above lemmas, we get

1T .. =max ||Tys]|L.,
r,s

X M

1 B
> max [T 20 = P2

Thus, from two above cases, we obtain the proof
of the proposition. O

From the above results, we have follow-

ing theorem about equivalence constants for the
Bn,3

norm || - ||, *** and the norm || - ||, on the space

of N x M -piece bicubic Bézier surface.

Theorem 1.1. For p € [1,00]. Let T € By,
we get

BN M
ITllz, < ITfp*

< 2% ||Dz,.

Proof. Using Propositions 3.2 and 3.7, we get the
proof of this theorem. O
The equivalence constants do not depend on the
number of pieces in piecewise bicubic Bézier sur-
face. From the above theorem, we get the follow-
ing corollary:

N,M
B

dr, (T,A) <dy** (T,A) <2 dp, (T, A)

forany I', A € Bé\féM.
4. CONCLUSION

N M
In this article, we propose the norm || - ||p on

the space of N x M-piece bicubic Bézier sur-
faces. Piecewise bicubic Bézier surfaces are de-
fined through its control points. This norm is also

determined through its control points. Then, the
N IW

norm || - || p % is convenient to compute. On the
space of N x M- piece bicubic Bézier surface,

N M
the norm | - H P and the L, norm are equiv-
alent. The article give equivalence constants for
BN.M
the norm || - ||, and the L, norm on the space
of N x M-piece bicubic Bézier surface. The
equivalence constants do not depend on the num-

ber of pieces in piecewise bicubic Bézier surface.

BN.M )
Form the norm || - ||,** , we have the induced
N M N M

distance d), 24" From the norm I|- H »Y, wecan
consider the convergence for sequences of piece-
wise bicubic Bézier surfaces. Thus, by using this
norm and piecewise bicubic Bézier surfaces, it is
convenient to find optimal shapes.
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