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ABSTRACT

In this paper, we present a class of norms of N X M-piece bicubic Bézier surfaces and the equivalence relations

N,M . . . , . . . , . .
between some norms on the space By’ of N X M-piece bicubic Bézier surface. A bicubic Bézier surfaces is a 4 X 4

grid of 16 control points and bounded by cubic Bézier curves. We introduce a class of norms ||- ||;j3’3

NM
of bicubic Bézier surfaces and a class of norm ||-||p3'3 on the space Bé\,’ éM of N X M-piece bicubic Bézier surfaces.
N.M
. Bg 3
These norms are calculated through control points. Thus, the norm ||-||p3'3 and the L, norm are norms on the space
. — . . . BYM
BgéM of N X M-piece bicubic Bézier surface. We will study the equivalence constants for the norm ||-||p3'3 and the

on the space B3 3

L,, norm on the space BQ’ éM of N X M-piece bicubic Bézier surface. These equivalence constants do not depend on

the number of pieces in piecewise bicubic Bézier surface. From this result, we can consider the convergence of a
sequence of piecewise bicubic Bézier surfaces. This keeps an important roll for applying piecewise bicubic Bézier

surfaces to find optimal shapes.
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1. INTRODUCTION

In 1959, the French physicist and mathematician
Paul de Casteljau developed De Casteljau's
algorithm while working at the French car
company Citroén. This algorithm is a recursive
method to evaluate Bézier curves or Bézier
surfaces. De Casteljau's method was patented in
France. But the company Citroén kept the
copyright, preventing publication until the 1980s.
The French engineer Pierre Bézier discovered
Bézier surfaces independently and used them to
design Renault cars. Bézier surfaces were widely
publicised in 1962 by Pierre Bézier.

Bézier surfaces are a direct extension of
Bézier curves to higher dimensions. Bézier
surfaces construction has many benefits. Initially,
each Bézier surface is presented by a few control
points, then it need very little memory. Besides,
these surfaces 1is intuitive, smooth and
compactand beautiful. Bezier surfaces can be

infinitely scalable without compromising quality,
and efficient render via piece subdivision or
evaluation. Points on the Bézier surface are easily
calculated using De Casteljau's algorithm. This
allows for efficient division into polygonal
meshes. It’s easy to compute and design, so the
designer without mathematical background can
be use them. The Bézier surface is flexible. They
can be used to create, smooth, and, with proper
adjustments, create complex shapes, often by
blending multiple patches to achieve desired
forms. More, we can easily modify, change,
move, turn Bézier surfaces just by changing,
moving, turning their control points. (see [1] -

[6])

Bézier surfaces appears from practical
needs, not only mathematics, then its have many
applications. Bézier surfaces are parametric,
smooth patches defined by a grid of control
points, widely used in computer-aided design
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(CAD), computer graphics, and engineering for
modeling complex, curved shapes. They enable
precise control over surface curvature, such as in
automotive body design, font rendering, and
animations. (see [4] —[22])

Bézier surface are presented in many books
and articles for instance [1] — [3]. A continuous
surface can be approximated by a Bézier surface.
However, when the surface is large and complex,
the degree of the Bézier surface is high. As a
result, the computation is more difficult. Then,
the most common use of Bézier surface is as
N X M-piece bicubic Bézier surfaces. We will
focus on N X M-piece bicubic Bézier surfaces.

L B
In this article, we define a norm ||-||1[,3"3 on

the space Bj 3 of bicubic Bézier surface and a
By N,M
norm ||-||p3'3 on the space B35~ of N X M-piece

bicubic Bézier surfaces. These norms are
computed through control points. This article
studies the equivalence relations between the

norm By’ and the L,, norm on the space By of
N X M-piece cubic Bézier curves.

Theorem 1.1. For p € [1,00]. Let I € B}3", we
get

B 9
Tl < T < 2 (Tl

2. PRELIMINARIES

For the convenience of reading, we present some
definitions and notations that will be used
through the article.

Definition 2.1. Let k, [ be two positive integers
and P;; be (k+1)(l + 1) points in R™. The
Bézier surface of degree (k, ) associated to the
points P;; for i = 0,--+,k,j =0,---, is defined
as follows

r:[0,1] x [0,1] = R™

ko1
(u,v) & Z z b (Wbj (V)P },

=0 j=0

where  b(0) = (7 ) i@ — ™1 is  the
Bernstein polynomial.

The points P i= 0,-,k,j=0,-,lare
called control points of the Bézier surface of
degree (k,l). The Bézier surface does not in
general pass through the control points except for
the corners of the control point grid. The Bézier

surface is contained within the convex hull of the
control points.

In practice, the bicubic Bézier surfaces
(where k =1=3) are most common. The
bicubic Bézier surfaces are Bézier surfaces of
degree (3,3).

r:[0,1] % [0,1] » R®

3 3
wv) - Z Z by3(W)bj3 (V)P

i=0 j=0
where P, i=0,-,3,j=0,--,3 are control
points.

Figure 1. A bicubic Bézier surface.

Definition 2.2. Let N, M be positive integers and
P;; be (3N +1)(3M + 1) points in R". The
piecewise bicubic Bézier surface associated to
the points P;; for i=0,--,3N+1,j=
0,---,3M + 1isafunctionT:[0,1] X [0,1] » R"

defined by: For any (u,v)€ [%,1%_11
[i,ﬂ,r=0,---,N—1,s=0,---,M—1,
M’ M

F'(w,v) = I, (Nu—1,Mv —s)

3 3

= 2D bia(Nu = b3 (MY = 5Py siz0s
i=0 j=0

It is clear that I} is a bicubic Bézier

surface and I is formed from N X M pieces of
bicubic Béziers.

Notation 2.3.

e The vector space of bicubic Bézier
surfaces is denoted by the symbol Bj 3.
e The wvector space of N X M-piece
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bicubic Bézier surfaces is denoted by the
symbol BéYéM .
We will define some norms and distances

through control points on the space of bicubic
Bézier surfaces B3 3 and on the space of N X M-

piece bicubic Bézier surfaces Bg_;,M .

Definition 2.4. Let p € [1,00]. The function
||-||§3'3: B33 » R is defined by: For any
F(w,v) = Xi-o X=0 biz (Wb 3 (V)P ),

3 3 1/p
14 .
Bss ZZ”PM”p ifp € [1,p]
||F||p T= i=0 j=0
;Jpax, {||Pl-,,-||m} if p = oo,
j=0_...,3

where |||, is the p-norm on R™.
From the properties of the p-norm on R"
and the Minkowski inequality, it is easily seen
B3z .
that ||-||pg'3 is a norm on the vector space Bs 3.

Indeed, it is a norm on the space (R™)® of control
polygons. We then have an induced distance on

B33 by d§3'3 (I,A) == |IT — AII?'3 for any A €
B3,3.

Definition 2.5. Let p €[1,00]. The function
II || B3, — R is defined by: For any
I'(u, v) =T, s(Nu—1,Mv —s)

3
= > bt = )by (M = )Py et
i=0j=0

T r+1 S S+1
for (u,v) € ]
[N’ N+1 M M

1,s=0,---,M — 1, then

S

1

(2 > (1))

gNM l 1

33 — NDPMP \r=0 s=0
_ma_ {urrsuB”} ifp=c
\s=0,-M—1

Using the Minkowski inequality and the

. B .

properties of the norm [|-||,>* on Bj 3, it is easy
N M

to see that ||[|,, 535" is a norm on the vector space

B3 3 . Then we have again an induced distance on
N M N M

B} defined by d, "3 (T, A) = ||T — All,, 733 for
any [, A EB3’3 .

NM
The norms |||, B33 and lI-1l,, B33" can be

computed more efﬁc1ently than, for instance, the

Ly-norm. In the next section, we will find

|B£.]'3M

equivalence constants for the norm ||| p and

the L,-norm on the space Bé\"éM of N X M-piece
bicubic Bézier surfaces.

3. THE EQUIVALENCE RELATIONS

BN‘M
BETWEEN THE NORM ||-||p3'3 AND THE
L,-NORM ON THE SPACE B3’

Firstly, we use the properties of absolute values

and Holder's inequality to estimate the norm
N M

II-1l,, P25 and the L,-norm on the space Byj " of
N >< M-piece blClelC Bézier surfaces.

Lemma 3.1. Let p € [1,]. Then for any I €
B33,

B
W1, < TN

Proof. Let T € B; 3 and assume that

3 3
F@v) =) > bis@h@Py

i=0j=0
for (u, v) € [0,1] x [0,1].
e Casep = 1.

T,
1 3 3

1
- ff Zzbi:3(u)bj,3(v)Pi,j dudv
00

i=0 j=0 1
3 3 3 3

<22 bWyl = 2 X IR,
i=0 j= i=0 j=0

= ||r||333.

e Case p €]1, oo[. Using Holder's inequality, we
get

3
> bis @by @)|1Py,

j=0

3 3
<[ D 0Pl

i=0 j=0

3 3 D
x| D (s @by @) P

=0 j=0

Mw

I
(=)

i

l

p-1
Z



S

A
[
[
5]
=

p—1
14

» 1/p

3 3
Z Z b3 )b, s (WP || dudv
i=0

=
J p

p

3 3
ZZ b;3(Wby, 3(17)”1’”” dudv

i=0j=0

IA IA
o\u—\ o\n—t
O, O%—m

INgC

=~

T

QU

e

QU

<

S

B
= |ITll,,*.

(S S

e Case p = oo. We get

3 3
I, = zz b (Wb (V)P
:O =0

Leo
< zzbls(u)bj 3(v) | max, 1P,
i=0 j= j=0,--3
= linax ”Pl]” = ”F”P
j=0,-+3

Combining the above cases, we obtain the proof
of this lemma. u

Consider Case p € [1, o[, Case p = o and use
the above lemma, we get the following
proposition.

Proposition 3.2. Let p € [1,]. Then for any
reByy

NM

1ML, < 171l o

S

Proof. LetT' € BQ”SM be an N X M-piece bicubic
Bézier surfaces and assume that

F'(u,v) = I, s(Nu—1r,Mv —s)

3 3
= > bia e = )by (MY = )P son

i=0 j=0
if (uv)e[%l%ﬂ [S s+l 0N —
1,s=0,-,M—

e Casep € [1,0). We get

11 1/p
7, = [ [Irca vl duds
00
T+1s+1
N-1M-1 N M
= f f ||l"r's(Nu—r,Mv
r=0 s=071r S
N M
1/p
14
s)||p dudv)
N-1M-1 1 1
1 14
= NUpMi/p f f [T, (. )|, dud
r=0 s=00 0
Using Lemma 3.1, we obtain

|=

1 N-1M-1 p NM
B3, B
Il s—(Z > ) — iy

NPMP \r=0 s=0

e Case p = 0. We have

r = u,v
Il =y max IEC )l
o a’)é ML WS I
§=0,-M—1 NN X
—1,Mv — s)||
= _max max u,v
r=0,N—1 (uv)e[0,1]x 01]” Lrs(u, )”
§=0,M—1
Using Lemma 3.1, we get
B33 éVsM
Tl <, e [Tl = Tl
§=0,-,M—1

Thus, the proof of this proposition is complete.
[ ]

To find the remaining equivalence
constant, we have to prove some lemmas as
follows.



Lemma 3.3. Let p € [1, o[ and Py, Py, P,, P; be
four points on R™, we get

1 3 p 1 3
f zpibis(t) dt = 21—OP<Z||PL'||§>-
0 i=0 p i=0

Proof. Put

1 1
A= max{IPolly 5 1Psllp 5 1P lps 1Pl |

e Case 1: A = ||Pyll,. We consider the interval
1 1
[LE]' Foranyt € [1, E]’ we have

1 3
1ot =l = (1= 2¢) Aol
15°
= 225 I1Poll,
) 1 14?
P31 = 071l <3 126(1—1—) A

<= I1Rolly

, 1 1
IP,3¢2(1 - Dll, <3 1—62(1 - <) 1Pl

<= ||P0||p

I1Pst3]l, < 1Pl < 1Poll -

163 163

So, forany t € [1, 1—6], we have

3
Z P;b; 5(t)
i=0 p

> ||Po(1 = )%l — IIP3t(1 — 02|,
= IP,3¢2(1 = O)ll, — IIPst3 I,

> 35 i = 25 i, = 25 e
=163 ollp 163 0 14 163 ollp
IRl
1214
= 2 1Pl
Then

1
1 16
0 0

3 p
Zpbz3(t) > Pibis(0)| de
i=0 i=0 p
1
16

v

Of( " P l2de
L (Y
z%@uan,’;).

o Case 2: A == ||P1||p We consider the interval

v

] Forany t € [ ] we have

[32 32
P31~ 02, 2 32 (1 7)2||P I
1 p=3 32 32 tip
21252

=22 Pl

3

7
IPoC1 = %1, < (1 ——) I1Poll

Sm”ﬂ”p

92 9
2
1P,362(1 = Oll, < 35 (1= 55 1Pl

3-92-23
Tllplllp
3 3
IPst3l, < 373 1Psll, < 3.323 1Pyl

So, forany t € [ ] we have

ibi3(t)

> |IP,3t(1 — )l — 1P (1 — ©)°l,
—lIP,3¢2(1 = DI, — IIPst3ll,

21252 253
= Tllplllp —m”ﬂ”p
3-92.23 93
_Tllplllp —mﬂﬂup
_ 6243 N
798304 1P
Then



dt

3 14
Z P;b; 5(t)
p

i=0

9

3 14 32
Z s dt > f
i=0 P A
32

9
= 6243
> D

I<98304> 1P 1lpdt

3
1,6243\P 1 »
> —(5m=02) PN
16198304/ 2+ 2.3P i
1 (% )
> Zl—op(ZnPiuz).
i=0

e Case 3: 4 = §||P1||p. When we substitute s =

1 — t, this case becomes Case 2.
e Case 4 : A = ||Ps]|,. When we substitute s =
1 — t, this case becomes Case 1.

From the above four cases, we have
1 3 14 3
1 p
[ D pbisco| de= g Dy )
0 p i=0

i=0
]
Lemma 3.4. Let p € [1,[. For I € B33, we
have

T, = 220 Il

Proof. Let T € B3 3 be a bicubic Bézier surface
and assume that

3 3
I'(y,v) = Z Z b;3(W)bj 3(V)P; j

i=0 j=0
for (u,v) € [0,1] X [0,1]. Using Lemma 3.3, we
get

Irl,,
1
11 3 3 14 14
= ff ZZbi'3(U)bj,3(v)Pi’j dudv
0 0 ||i=0j=0 p
1
1 1 3 14 14
> le—opz Zbl3(u)b]3(v)P” dv
0

i=0 '=
14

kA

p

1 3 1 3
= Zl—opz f z bi,3 (U)b]’?, (U)Pi,j dv
0

i=0
p

1
1 3 1 3 ) 14
210p Z 210p Z”Pi.]'”p
i=0 7=0

1 3 3
= ZZ 1P| = 5 iTIE.

Y

N ‘

For Case p = oo, we also estimate on each
cubic Bézier curve and then consider on each
bicubic Bézier surface.

Lemma 3.5. Let Py, P, P,, P3 be four points on
R", we get

3
> Pibis(0)
i=0

Proof. Put

max

T
t€[0,1] = 96 10 M illeor

o)

1 1
A= max{||P0||oo,§||P1||w,§||P2||w, I1Psllo}.

e Case 1: A= ||Py|le. Since Y3 ,P; b;3(0) =

Py, hence
3
. b. >
max 1> Pibia )| 2 Pl
=0 o)
= Pill oo
max |7
e Case2: A = —||P1||Oo Att —i we get

1
Z Py b3 (Z)
i=0 o

27 27 9
2 1Pl = = 1Polleo — =2 l1P2loo

——II 3||oo

64

2 2Pyl — 2 1Pl — < A

_64 11lloco 1llco 11l
1

55l
= 5P
Thus
> \ _13
Jnax ;Pi i3(6) w_%igéggllﬂllw.




1 . .
e Case 3: A = 3 P, || . This case is the same to

Case 2.
e Case 4: A =
Case 2.

[|P,||. This case is the same to

From the above four cases, we have

ZP bl3(t)

max

> 52 max [P,
te[0,1] 96 max o

Lemma 3.6. For P;; € R",i =0, ,3,j =

0,---,3. We have
ZEbm(u)bﬂ(v)P”

(u, v)E[O 1]><[0 1]

i=0 j= o
1
2?1:0 ”PU“
j=0'...'3

Proof. Put

1
A= {||190,0||00,a P

1
cllPiall gz 1Pl g IPeall_ g lPisl,

1
o' 64 ||P0,2||OO' 1Po3]l...

aallP w'@||P1,1||Oo,m||1’1,z||w;a||P1,3||00
1 1
||P3.0||00’6_4 ||P3.1||00’6_4 ”P3'2”00' ||P3,3||00}.

e Case 1:
A=

max{[1Pooll gz [1Poall g P02l 1Pl )

Then

ii b3 (w)b 3(V)Pi,j

max
(u,v)€l0,1]x[0,1]

i=0 j=0 -
3
> .
max 1> D bia@ba )P,
i=0 j=0 -
3 3
~ velo1] Z bja ()P,
i=0 j=0 -

(u, U)E[O 1]><[0 1]

[oe]

e Case 2:
A=

max{(1Psollo g 1Psall g P52l 17551l )

Thus

3 3
uv)E[O 1] ><[0 1] Z l3(u)bf'3 (U)Pi,j
i=0j=0 -
3 3
> |1, 2, bis(DBis )P
i=0j=0 -
3 3
= max 1> D biaw)Py,
i=0j=0 -
Using Lemma 3.5, we get
3 3
(wp)el0 L Ix[0,1] Z Z bizs(W)bj 3 (V)P
i=0j=0 -
3 3
> 12, ) bs@)Ps,
i=0j=0 o
13
2 5g 2%, 1P
13 1
e ez i 1Pl
j:(),...,g
1
= Z_iir(l)?3f3||PLJ||w'
j=0,++3
e Case 3:
A=

1 1
maX{”Po,onoo'a 12101l o0 27 1P20ll 1Psoll,,

This case 1s similar to Case 1 and Case 2.



e Case 4:
A=

max{“POA”oo -

This case 1s similar to Case 1 and Case 2.
e Case 5: A = % ||P1,1||oo. Consider at (u,v) =

11
( ) we have
4’4

: 1 1
. Zzbw(z)%(ﬁ%
i=0j=0 o
272 272 243 27
gaz (o0 F gz Por + gz Poz gz Pos
272 272 243 27
T ot gz Pt et ga s
24—3 243 81 9
ter ot tgphe t el
27 27 81 1
642P30 642P3'1+?P3'2+WP33
Since IPioll,, < 2z 1Pl IPsall,, <
1
sillPualles P2l < Pl 1P, <
E”Pl'lnoo for i=0,i =3 and ||Pj,0||00S
1
sallPuall 1Pall,, < N1Puall.,s 12l <
1Pall, 175l 64||P11|| for j=1,j=2,
thus
3 3
mﬁﬁm1;Z”@%@%
2 2
2@”1’1,1”00—@”Pl.l”m—@upl,l”m
243 27 27?
— o 1Pl =gz 1Pually, — gz 1Puall,,
2
— gz 1Pl = gz 1Puall,, — 2z I1P1all,,
— 2z 1Pl = 2z 1Pall,, — 25z 1Puall,,
27
— ez lPull,, =gz 1Pl = 2z 1Pl
529136
— ez IPuall,, = —z— 1Pl

' 52 ||P24|| NPsall,, )

Note that ||P10||

allPiall P2l < Pl 1Pl <
1

az IPell,,
1

sallPrzlle 1Pl < I1Puall o 17520, <

1 1
2 gelPual. = 7 s I .
j=0,-3

e Case 6: A = L ||P1,2||00. Consider at (u,v) =
(1 3) we have

4’4
23:23: bi3(W)bj 3 (V)P

=0

max
(u,v)€l0,1]x[0,1]

..
Il

o
-

3 3
1 3
21> D bia(3) e (3) P
i=0 j=0 .
27 243 272 272
27 243 277 277
toarotar it gt g
9 81 243 243
Tzt gt g eat g hes
1 9 27 27
642P30 642P31 9P3,2+@P3,3

Som wllPuzll 1Pl <
for i=0,i=3 and ||Pj,0||oo <

56_14.”131,2”00 for j=1,j =2,

3 3
Z Z b;3(W)bj 3 (V)P
=0 j=0

1Pr2ll.,0 1Pl

then

(u, v)E[O 1] ><[0 1]

272 27 243
= 5Pl — gz lPrall, — 2z [Pl
277 277
— e lPall, — gz P, — 25 1Pl
243
— oz 1Pzl =gz 1Pzl — g3z 1Pl
243 243
— e lPell, — 2z IPall,, — 2z 1Pl
— i lPall, — g 1Pl — 5 1Pl
533744-
644|| Proll, = =gz P2l
1
> L1nal, > oo e I
j=0,--3

eCase7: A= é ||P2,1||Oo. This case is similar
to Case 5 and Case 6.



e Case8: A= # ||P2,2||oo. This case is similar
to Case 5 and Case 6.

From the above cases, we get the proof of
Lemma. |

Combining the above lemmas, we obtain the
following proposition.

Proposition 3.7. Let p € [1,00]. For I € Bé\,’éM,
we have

By 9
eI < 20y,

Proof. For any I' € B M be an N x M-piece
bicubic Bézier surfaces and assume that

F'(w,v) = I, s(Nu—1r,Mv —s)
3 3
Z 13(Nu T)b]3(Mv S)P3T+l3s+]
i=0j=0
e [E R x[E 2 =0
1,s=0,---,M —1.

e Casep € [1,0[. We have

11 1/p
e, = { [ [P v duav
00
rist1
N-1M-1 N M
- [ [ Insov—rmw
r=0 s=01r S
N M
1/p
P
5)|pdudv)
1 N-1M-1 1 1 1/p
= s\ 2 2 | sl dud
r=0 s=00 0
Using Lemma 3.4, we obtain
1
s P
B33
Irll, > — 1( (Il )
NpMp r=0 s=0
1
TR == N
B33
%1 1( (L )>
NpMp r=0 s=0
1 gM
= Il

e Case p = oo. We have

||F||L°° = nrl,"ﬂSX'll—‘r,s'lLoo
Using the above lemmas, we get

1T, = max||Ty|, = S5 maxiir?

1 NM

5 Tl o
Thus, from two above cases, we obtain the proof
of the proposition. ]

From the above results, we have following
theorem about equivalence constants for the norm

1(Bss
(A

N X M-piece bicubic Bézier surface.

and the norm ||| L, On the space of

Theorem 1.1. For p € [1,]. Let ' € B?I)V3M, we
get

By 9
el < PN < 29 il

Proof. Using Propositions 3.2 and 3.7, we get the
proof of this theorem. [

The equivalence constants do not depend
on the number of pieces in piecewise bicubic
Bézier surface. From the above theorem, we get
the following corollary:

NM

dy,(T,4) < d, Bas (T,8) <2°%d, (T, 4)
forany I'A € B3,§ .
4. CONCLUSION

NM
In this article, we propose the norm ||- || 33" on
the space of N X M-piece bicubic Bézier
surfaces. Piecewise bicubic Bézier surfaces are
defined through its control points. This norm is

also determined through its control points. Then,
N M

the norm |||, 533" is convenient to compute. On

the space of N X M-piece bicubic Bézier surface,
N M

the norm |||, 533" and the L, norm are equivalent.

The article give equlvalence constants for the
NM

norm || || 533" and the L, norm on the space of
N X M—plece bicubic Bezwr surface. The
equivalence constants do not depend on the
number of pieces in piecewise bicubic Bézier

BN,M
surface. Form the norm |||l *3  we have the
NM NM
induced distance d,, B33 . Using the norm |||, P33

we can consider the convergence for sequences
of piecewise bicubic Bézier surfaces. Thus, by
using this norm and piecewise bicubic Bézier
surfaces, it is convenient to find optimal shapes.
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