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DANG DPIEU TIEM CAN CUA NGHIEM CUA
PHUONG TRINH HAMILTON-JACOBI

NGUYEN NGOC QUOC THUONG™, BUI LE TRONG THANH?

'Khoa Toén, Trudng Pai hoc Quy Nhon
2Khoa Toan-Tin, Truong Pai hoc KHTN-DPHQG TP. HCM

TOM TAT
Trong bai bdo nay, chiing t0i nghién ciu ddng diéu tiém cdn cua nghiém nhdt cia phuong trinh Hamilton-Jacobi.
Trudc tién chiing toi nhdc lai mot s6 két qud tiém cdn trong truong hop tudn hoan, sau dé chiing t6i chiing mot sé két qud
mdi lién quan dén bai todn diéu khién téi wu vdi dit kién khong tudn hoan va khong bi chin.
Tir khoa: Déng diéu tiém can, Diéu khién tbi wu, Nghiém nhét, Phuong trinh Hamilton-Jacobi

ABSTRACT
Asymptotic behaviour of solutions of Hamilton-Jacobi equations

In this paper, we investigate asymptotic behaviour of viscosity solutions of Hamilton-Jacobi equations. We first recall
some asymptotic results in the periodic case, and then prove some new results related to optimal control problem with
non-periodic and unbounded datum.

Keywords: Asymptotic behaviour, Hamilton-Jacobi equation, Optimal control, Viscosity solutions.

1. Giéi thiéu
Xét phuong trinh Hamilton-Jacobi dung
ou(z) + H(z, Du(x)) =0, zeRV, (1.1)
va phuong trinh Hamilton-Jacobi tién hoa
v(x,t) + H(z,Dv(z,t)) =0, (z,t) € RY x (0;+00), (1.2)

trong d6 8 > 0 va H : RY x RN — R 1a ham sb cho trudc, goi 1a todn ti Hamilton. Luu y ring, véi mbi sb
thuc duong ¢ cho trude, nghiém ctia phucng trinh (1.1) phu thudc vao d, nghia 1a u(x) = us(x). Myc tiéu chinh
1a nghién cttu ddng diéu tiém can ctia nghiém us(x) cla phuong trinh (1.1) khi § — 0T, va ddng diéu thdi gian
16n cta nghiém v(z, ¢) ctia phuong trinh (1.2) khi ¢ — +o0.

Két qué tiém can cho phuong trinh (1.1), khi § triét tiéu da dudc dé cap trong viéc nghién ctiu bai toan thuin
nhét héa tuin hoan (periodic homogenization) ctia phuong trinh Hamilton-Jacobi (xem [25], [16], [17]). Viéc
nghién ciiu ding diéu thdi gian 16n ctia nghiém clia phuong trinh tién héa (1.2) 12 mot hudng nghién cifu quan
trong va nhan dudc rit nhiéu sy quan tdm. C6 hai cach tiép can chii yéu cho bai toan dang diéu thai gian 16n, d6
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1a céch tiép can hé dong lyc (xem [20], [15], [21], [22], [23], [24], [26], [27]). C4ch tiép can thii hai 12 phuong
trinh dao ham riéng (xem [10], [8], [9]).

Trong ca hai cach tiép cin & trén, mot trong nhiing gia thiét co ban dit ra cho todn tt Hamilton H dé€ su
hoi tu xdy ra, d6 1a ham sb H(x,p) tudn hoan theo bién x va cudng biic theo bién p. Piéu kién tuin hoan
tuong ducng véi viéc xét khong gian nén cho phuong trinh 14 hinh xuyén TV (14 tap compact). Diém ndi bat
clia két qua tiém cn cla hai phuong trinh trén 1a chiing c6 lién quan dén gia tri diing ctia ho cdc phuong trinh
Hamilton-Jacobi, véi tham sb thuc A,

H(x,Dw(z)) =\ zecR".

Trong bai bao nay chiing tdi nhic lai mot sb két qua cd ban vé dang diéu tiém can ciia phuong trinh (1.1) va
(1.2) v6i gia thiét tudn hoan, trong d6 phép chiing minh dua vao céc k¥ thuit cia nghiém nhét. K§ thuat chiing
minh khéng méi nhung chiing t6i trinh bay lai phép chitng minh don gian, ngan gon hon (xem Dinh 1y 2.1). Két
qua méi clia bai bdo 1a chiing ti xét bai toan diéu khién tdi wu véi cdc dit kién f, £ khong tuin hoan, khong bi
chin va khong can diéu kién lién tuc Lipschitz dit trén ham ¢. Cac két qua mdi niy dudc chiing toi trinh bay &
phan cubi cling ctia bai béo.

Mot bai todn nita rat thi vi ¢6 lién quan dén chii dé clia bai bao nay d6 1a nghién ciiu ddng diéu tiém cin ctia
bai toan diéu khién t6i wu v6i nhifu ki di. Cic két qué cho trudng dit kién tuin hoan va bi chiin da dudc nghién
cttu trong [1], [2], [3]. Gin day, céc tic gia trong [28], [29] da dat dugc mot sd két qua tuong tu trong trudng
hop dit kién khong tuan hoan va khong bi chin.

Trudc khi trinh bay cac két qua chinh clia bai bdo, chiing t6i nhic lai mot sb kién thic cd sé vé ly thuyét
nghiém nhét. Céc chitng minh chi tiét c6 thé xem trong [6], [7], [14].

Xét phuong trinh dao ham riéng phi tuyén cip mot (goi la phuong trinh Hamilton-Jacobi)

F(z,u(z),Du(z)) =0, z€Q, (1.3)

trong d6 Q@ C RY 1a mot tap ms, F : Q x R x RY — R 1a ham lién tuc cho trudc,

Ju ou Ju
Du(z) = (871(95), 9 @) 87”(95))
1a gradient ctia u tai diém z, va v : Q — R 13 4n ham cin tim.

Trong nhiéu mo hinh ciia bai toan ting dung, ching han trong bai to4n diéu khién tdi uu (optimal control
problems), trd chdi vi phan (differential games), him gia tri t6i wu (optimal value functions) khéng thda méin
phuong trinh (1.3) theo nghia c6 dién vi ham gi4 tri toi wu néi chung chi lién tuc (thim chi chi nita lién tuc) ma
khong khé vi. Khai niém nghiém nhét (viscosity solutions) do Lions va Grandall d& xuét tit nhiing nim 80 ctia
thé ky truée (xem [11], [12], [13]) da khic phuc dudc cac nhudc diém trén. Diéu thd vi 1a véi khai niém nghiém
nhét, bai toan phuong trinh dao ham riéng (véi diéu kién ban diu, diéu kién bién thich hgp) trd nén dit chinh
(well-posed).

Tiép theo chiing tdi nhic lai khdi niém nghiém nhét ctia phudng trinh dao ham riéng phi tuyén cip mét.
Trudc tién ta gidi thiéu khai niém dudi vi phan va trén vi phan (theo nghia Fréchet) ctia ham ntta lién tuc nhu
sau.

Pinh nghia 1.1. Cho ham nta lién tuc dudi v : @ — R va z € €. Dudi vi phan (subdifferential) cta u tai =
dugc dinh nghia 12 tap (c6 thé bang rdng)

— _ [N EI u(ac+h)fu(x)fp-h>
D u(z)—{pG]R : hlir‘l_l)%f ] 70}.
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Dinh nghia 1.2. Cho ham ntta lién tuc trén u : Q — R, va z € Q. Trén vi phan (superdifferential) ciia u tai x
dugc dinh nghia 12 tap (c6 thé bing rong)

Dtu(z) = {p € R" : limsup wz+h)—ul@)=p-h < 0}.
h|—0 |h|

Ta ki hiéu
USC(Q) = {u: Q — R | unialién tyc trén},
LSC(€) = {u: Q — R | u nita lién tyc dudi}.
Pinh nghia 1.3. Cho ham s6 u : Q — R xdc dinh trén €.

a) Ham s6 u € USC(Q) dudc goi 1a nghiém nhdt dudi (viscosity subsolution) ctia (1.3) néu,

F(z,u(z),p) <0, VzeQ, Vpe Du(z).

b) Him sb u € LSC(QY) dugc goi 1a nghiém nhdt trén (viscosity supersolution) cia (1.3) néu,

F(m,u(az),p) >0, VxeQ, Vpe D u(x).

¢) Ham s6 u € C(Q) dugc goi 1a nghiém nhét (viscosity solution) clia (1.3) néu né dong thdi 1a nghiém nhét
dudi va nghiém nhdt trén cta (1.3).
Ta dua ra dinh nghia tuong duong ctia nghiém nhdét thdng qua ham thi (test function) nhu sau.

Dinh nghia 1.4. Cho ham s6 u :  — R xéc dinh trén €.

a) Ham s6 u € USC (Q) 1a nghiém nhét dudi (viscosity subsolution) ctia (1.3) néu, véi moi ¢ € C1(9),
néu xo € Q12 diém cuc dai dia phuong ctia u — ¢ thi ta cé

F(xo,u(xo),Dgo(aco)) <0 (1.4)

b) Ham s6 u € LSC () 1a nghiém nhdt trén (viscosity supersolution) ctia (1.3) néu, véi moi o € C*(Q),
néu x € Q 12 diém cuc tiéu dia phuong ciia v — ¢ thi ta cé

F (20, u(wo), Dp(x0)) > 0. (1.5)

¢) Ham sb u € C(Q) 1a nghiém nhdt (viscosity solution) clia (1.3) néu né dong thdi la nghiém nhét duéi va
nghiém nhét trén.

Vi du 1.1. Ham s6 u(z) = || 1a mdt nghiém nhét ctia phuong trinh
—|u ()| +1=0, ze€(-1;1).

That vay, vi ham sb u(x) = |2| chi khong kha vi tai diém xq = 0 nén ta chi can kiém tra tinh chit nghiém nhét
clia u tai di€ém d6. Ta ¢c6 DT u(0) = 0, D~ u(0) = [~1;1]. Do dé —|p| + 1 > 0 v6i moi p € D~ u(0). Theo
Dinh nghia 1.3, v 1a nghiém nhdt ctia phuong trinh da cho.

121



Nguyén Ngoc Qudc Thuong, Bui Lé Trong Thanh

2. Kétqua tiém can trong truong hgp tuan hoan

Xét hai phuong trinh (1.1) va (1.2), trong d6 toan tit Hamilton H thda man cac gia thiét sau:
(H1) H: RN x RN — R lién tuc;

(H2) V6i mdi p € RV, ham s6 x + H(z,p) 1a Z" tuan hoan, nghia 1a

H(z+¢&p) = H(z,p), VEeZV vpeRY;
(H3) Vi mdi p € RY, ham s = +— H (x, p) 1a cudng biic, nghia la

lim H(z,p) =400, VpeRY.

|| —+oo
Xét ho cac phuong trinh Hamilton-Jacobi ¢6 dang
H(z,Dw(z)) =)\, =zeRY, 2.1
trong d6 \ 1a tham s6 thuc. Gid tri ditng (critical value) cia phuong trinh (2.1) dudc dinh nghia 1a
Ao = inf {)\ € R:(2.1) c6 nghiém nhét du’éi}. 2.2)
Khi d6 phuong trinh tuong tng
H(z,Dw(z)) = Xg, x€RY (2.3)

dudc goi la phuong trinh ditng (critical equation).
Két qua sau khang dinh sy ton tai ctia nghiém nhét bi chin trén toan khong gian RY. Phép ching minh c6
thé xem trong [25], [19].

Ménh dé2.1. Phuong trinh ditng (2.3) ¢6 nghiém nhdt lién tuc, bi chan trén RN .

Tir két qua trén ta chiing minh dugc hai két qua tiém cn quan trong sau ddy. Y tudng ciia phép chitng minh
dua vao nguyén ly so sanh gitta nghiém nhét dudi va nghiém nhdt trén.

Dinh Iy 2.1. Gid sit us(z) va v(x,t) ldn lugt la nghiém ciia phitong trinh ditng (1.1) va phutong trinh tién hod
(1.2). Khi do

a) dug(x) — —Xo déu theo bién x trong R, khi § — 0F;

t N <
b) @ — —Xo déu theo bién x trong RN, khi t — +o0.

Chitng minh. a) Goi w 1a nghiém nhdt ctia phudng trinh (2.3). Bing cach thém hing sb thich hop, ta c6 thé gia
sttw > 0 trong RN, Khi d6 w — % la nghiém nhdét ca phuong trinh (1.1). Theo nguyén ly so sanh giita nghiém

nhét dudi va nghiém nhdt trén, ta ¢
A
w—%ﬁw vz € RY.
Tu d6 suy ra

dw— X < dus Vx e RV,
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Do dé
liminf inf ¢ > —Xo.
T, B dusl) 2 o

MOt céch tuong ty, theo nguyén ly so sanh nghiém nhét, ta c6
A
wf—OZu(; vz € RY.

Tu d6 suy ra
Sw— X > dus Vr e RV.

Do d6
limsup sup dus(x) < —Xg
§—0t zeRN

Vay dugs(x) — —Xo déu theo bién x trong RY, khi § — 0%,
b) Tuong ty nhu chiing minh & phan a), gia sit w > 0 1a nghiém nhét ctia phuong trinh (2.3). Khi d6 w — Aot 1a
nghiém nhét clia phuong trinh tién hoa (1.2). Theo nguyén ly so sanh nghiém nhét, ta c6

w(z) — Mot < v(x,t) Y(x,t) € RY x (0;+00).

Chia hai v& cho ¢ 16i cho t — +o0, ta dugc
t
v@t) o

liminf inf
t—+00 zcRN

Tuong tu, ta cd
w(z) — Mot > v(x,t) Y(x,t) € RY x (0;+00).

Tu d6 suy ra
v(z,t
lim sup sup (7) <—-X
t—+oo zcRN b
O

t N .
Viay M — —\o déu theo bién z trong R, khi t — +oo0.
3. Lién hé véi két qua diéu khién ergodic
Mot trong nhiing mo hinh tiéu biéu din dén phuong trinh Hamilton-Jacobi cip mot d6 1a bai toan diéu khién

t6i uu. Xét hé diéu khién phi tuyén cé dang
@3.1)

trong d6 « : [0; +00) — A 1a ham do dugc (goi 1a "ham diéu khién"), A ¢ RM 1a tap con compact (goi 1a "tap
didu khién"), f : RNV x A — R 1a ham s6 cho trude, z € RY 1a vi tri ban dau va y(s) = y.(s;a) € RV, vé6i

5 > 0, 12 nghiém (con goi 1a quy dao) ctia hé (3.1). D€ don gian ta ky hiéu
A= {a:[0;+00) = A« do dugc}.
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Xét hai bai todn i uu hda dong luc lién két véi he (3.1) nhu sau

+o0
u(zx) = ;Ieli/o E(y(s),a(s))eiés ds, (3.2)
v(x,t) = ;25{/() £(y(s), a(s)) ds+g(y(t))} (3.3)

trong d6 J 1a tham s6 duong va y(-) 1a nghiém ctia hé (3.1). Céc ham s6 u(z) va v(z, t) dugc goi la cac ham gid
tri tbi uu (optimal value functions). Cac gi thiét co ban dit ra cho dif kién ctia bai toan nhu sau:

(A1) f:RY x A — RY 12 ham lién tuc, bi chiin va thdéa man diéu kién Lipschitz

|f(l‘:a’)7f(y>a)‘§[/1|zfy| Va € A.

(A2) £:RY x A — R 13 ham lién tuc, bi chin va thoa mén diéu kién Lipschitz

[l(z,a) = £y, a)| < Loz —y| Vac A

(A3) ¢ : RY — R 1aham lién tuc va b chin.
(A4) Véimbia € A, cicham z — f(z,a) va x — £(r,a) 1a Z" -tudn hoan, nghia 1a
fx+¢€a)=f(z,a), lz+&a)="Lz,a) YEcZV VzeRY, Vac A
(A5) Ton tai r > 0 sao cho
B(0,r) Cto{f(y.a) :a€ A} VyeR".

V6i gia thiét (A1), véi mdi 2 € RN va o € A cho trudc, hé (3.1) c6 nghiém duy nhét y(s), s > 0.
Dua vao nguyén ly quy hoach dong ctia Bellman, ta c6 thé dic trung cdc ham gi4 tri v va v nhu 12 nghiém
nhét clia phuong trinh Hamilton-Jacobi-Bellman. Phép chiing minh c6 thé xem trong [6].

Ménh dé 3.1. Gid sit cdc gid thiét (A1)-(A5) dugc thod mén. Khi dé cdc ham gid tri 16i wu u(z) va v(x,t) lan
Iugt la nghiém nhdt duy nhdt ciia cdc phwong trinh Hamilton-Jacobi-Bellman sau ddy

Su(z) + H (v, Du(z)) =0, zeRN, 3.4
ve(z,t) + H(z, Dv(z,t)) =0, (z,t) € RN x (0; +00), (35
v(z,0) = g(z) xz € RV, '
trong do
H(z,p) :I;leaj({ —p- f(z,a) —E(oc,a)}. (3.6)

Nhan xét 3.1. Dudi céc gia thiét (A1)-(A5), todn ti Hamilton-Bellman H dudc xdc dinh bdi (3.6) thod min
céc gia thiét (H1)-(H3), do d6 cdc ham gia tri t6i wu u va v thda méan cc két qua tiém cén ctia Pinh 1y 2.1. Day
dugc biét dén 1a két qua diéu khién ergodic di dugc Arisawa chiing minh trong cic cong trinh [4] va [5].
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4. Mot so két qua trong truong hop khong tuin hoan

Phin nay danh cho viéc nghién ctiu bai toan didu khién tdi uu véi dit kién khong bi chin va khong tuan hoan.
Cic két qui mdi ctia bai bdo 1a Dinh 1y 4.1, Dinh ly 4.2, Pinh ly 4.3. Trudc tién ta phat biéu mot s gia thiét
dugc ding trong phan nay.

(B1) f:RY x A — RY Ia ham lién tuc va thod man diéu kién Lipschitz

|f(z,a) — f(y,a)| < Llz —y| Vae€ A.

(B2) ¢:RYN x A — R 13 ham lién tuc.

(B3) Hé (3.1) la diéu khién dudc dia phuong, nghia 1a véi méi tap compact K C RN, v6i batky =, 2 € K, ton
tai Tx > 0vaa € Asaocho y,(t,a) = 2, voit < Tk.

(B4) Hé (3.1) 1a diéu khién dugc Lipschitz dia phuong, nghia 1a véi mdi tip compact K C RY, véi bit ky
r,2 € K,tontai Lx > 0vaa € Asaochoy,(,a) =z, véit < Li|z — 2|.

Trudc tién ta chiing minh hai bd dé co ban lién quan dén quy dao ctia hé (3.1). Hai bs dé nay dudc dung trong
viéc chiing minh mot sb két qua & phan sau.

BG dé 4.1. Gid sit (B1). Khi dé
[f(z,a)] <C(1+|z]), VzeRY ac A4,

, L la hang sé Lipschitz ciia f.

trong d6 C = max{M, L}, M = max |£(0,a)
ac
Chitng minh. Theo gia thiét (B1), ta c6
[f(z,a) = f(0,0)| < Llz|, z€RY, a€A,

do do
[f(z,a)| < Llz| +[£(0,0) < Lifz[ + M < C(1 + |z|),

trong d6 M = max |£(0,a)|, C = max{M, L}. O
B4 dé 4.2. Gid sit (B1). Khi do

lyz(t, )] < (Jz| + Ct)et, Vt>0, a € A,
trong dé C' la hdng s6 nhu trong B6' dé 4.1. Hé qud la, vdi bdt ky r > 0, ton tai R > 0 sao cho

Yz (t, ) € Br, Vte[0,T],

vdi moi ham diéu khién o : [0, T) — A va moi x € B,.
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Chitng minh. Theo BS dé 4.1, ta c6

Ify,a)l <CA+1y), yeRY, acA

Ta co
D)) < [ t,0)] = [ (alt,0),0(0)| < C(1+ et ).
Tu do6 suy ra, .
elt0)| = (0.0 < [ €O+ lus.0)) .
do vay,

t
et )] <Jel +Ct+C [ (s, ds.
0
Theo bit dffmg thiic Gronwall, ta nhan dugc

lyz(t, )| < (|z] + C)eCl, ¥t >0, a € A.

Xét bai todn cuc ti€u hoa phiém ham tich phan

T
T (z,a) = limsup/ [0(ya(t, ), a(t)) + K] dt,
T—oo JO
trong d6 v, (¢, @) 1a nghiém ctia hé didu khién (3.1) va k 1a hing s6 cho trudc. Ham gid tri t&i vu tuong ting 1a
(z) == inf J* : 4.1
v"¥(x) érelA (z,a) 4.D
Luu y rang vi £ khong bi chin va phiém ham tich phan suy rong khong chita hing sb "discounted factor" nén
ham gid tri t&i uu v* () c6 thé vo han trong RY. Vai trd ctia hing sb & 1a nhim "dam bao" cho v* () hitu han.
Ta c6 két qua dau tién sau day.

Pinh Iy 4.1. C4 dinh k € R. Gid sit (B1), (B2), (B3).
a) Néu g € RN sao cho v*(zg) = —oco thi v¥(x) = —oc vdi mei x € RN,
b) Néu g € RY sao cho v* () = +oo thi v¥(z) = 400 vdi moi x € RV,

Chiing minh. a) Gia st 2o € RN sao cho v*(z9) = —oo. Liy m € R, ton tai @ € A sao cho

J¥ (20, @) = limsup /T [€(yao (t, @), @(t)) + k] dt < m.
T—+o0c0 JO
Xét z € RN . Béi gia thiét (B4), tdn tai Tx > 0va a € A, véi K C R compact chifa g,  sao cho
yo(t,a) =x9 V6 ¢ < Tk.
Xét ham diéu khién

ot (t) =

a(t—17)  néut>t

{a(t) néut <t
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Khi d6 theo tinh chit nita nhém, ta cé

Ya(s +1,0%) = yym(f,a)(57a) = Yao (8, Q).
Taco

vk(x) < Jk(gc,oz*)

7 T
= /0 [€(y=(t,a),alt)) + k] dt + limsup[ [0(ya(s,a*),a(s — 1)) + k] ds

T—4o00 Jt

t T
= / [€(y=(t,a),alt)) + k] dt + limsup/ [C(ya(s +T,0%),a(s)) + k] ds
0 0

T—+o00

t T
= / [€(y=(t,a),alt)) + k] dt + limsup/ [€(yao (s, 0),0(s)) + k] ds
07 T—+o00 JO

- /ot [ (vt 0), a(t)) + k] dt + J* (0, @),

trong d6 fgf(yz(t,a),a(t)) dt € R. Vi J¥(zg,@) < m véi moi m € R, ta suy ra v¥(z) = —oc.

b) Gia st zp € R sao cho v*(zy) = 4o00. Ly z € R, 16 rang v(z) > —o0, néu khong nhu thé thi theo
ching minh phan a), v(xg) = —oco. Do d6, véi € € R cho trudc, ton tai @ € A sao cho

T
o (z) > lim sup/ [0(yz(t, @), a(t)) + k] dt —e. 4.2)
T—+o00 JO

Bai gia thiét (B4), tdn tai T > 0 vaa € A, véi K C RY 1a tap compact chifa z, = sao cho
Yz (t,a) =2 Vit < Tg.

Ta xét ham diéu khién

o (t) = {a(t) néut <1

at—1t)  néut>t
Khi dé theo tinh chét nita nhém,
Yao(s +1,0") = yyzo(f,a)(sva) = Ya(s, ).

Ta c6 danh gia

JE (o, a) = / [€(yao (t, @), alt)) + k] dt +limsup[ [0(yao (s, a%),a(s — 1)) + k] ds
0

T—+oco Jt

€ T
= / [€(yao (t, @), a(t)) + k] dt + limsup/ [0(yao (s +1,07),a(s)) + k| ds
0 T—+00 J0

T T
= / [€(ya, (t, @), alt)) + k] dt + limsup/ [0(yz(s,@),a(s)) + k] ds.
0 0

T—+oo

k : k
= inf J =400
v"*(x0) ;IGI.A (0, @) ,
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nén
JE (20, ") = +o0.
Hon nta,
t
/ [Z(yzo(ua), a(t)) + k] dt € R,
0
do do,
T
limsup/ [€(yz(s,@),a(s)) + k| ds = +o0.
T—+o00 JO
Tir d6 suy ra, theo (4.2), v* () = +o0. O

Tir két qua trén ta d& dang suy ra dudc hé qui quan trong sau.

Heé qua 4.1. Cé dinh k € R. Gid sit (B1), (B2), (B3). Néu ton tai xo € RY sao cho v*(xg) € R thiv*(z) € R
vdi moi x € RV,

Luu ¥ ring, trong hé qua trén hing s6 k dugc cho trudc va chiing ta gia st ring v* (o) hitu han tai diém zo
nao d6 trong RN . VAn d& dit ra 1a lidu c6 ton tai diém xy nhu thé hay khong? Néu cau tra 16i 1a khing dinh thi
ham gid tri v* (x) hitu han tai moi di€ém z € RY . Tuy nhién chiing ta chua c¢6 ciu trd 13i cho su tdn tai ciia diém
xg d€ v¥(x9) € R. Thay vao d6 chiing ta quan tdm dén bai toan sau: C6 dinh o € RY. Ton tai hay khong hing
s6 ¢ sao cho v¢(x() € R. Néu hing sb ¢ nhu thé ton tai, thi theo Hé qua 4.1, v°(x) € R vdi moi 2 € RV, D€ tra
16i cho cau hdi nay, ta xét tdp sau

F:={keR:v"@z)eR, Vo e RV}.
Pinh Iy 4.2. Gid sit (B1), (B2), (B3). Khi dé F # 0. Hon nita néu c € F thi F = {c}.
Chitng minh. Xétham s6 ¢ : R x RN — [—00, +00] dugc cho bdi
o(k,x) = v*(z), (k,z) R xR,
R& rang v6i mbi zy € RY,
p(k,20) < (k' z0), Vk<K.
Hon nua

lim p(k,x0) = —oc0, lim @(k,zp) = 4o00.

k——oc0 k—+oco

Do d6 ton tai ko := ko(x0) € R (ko phu thudc vao x¢) sao cho p(kg, 2g) := v (2() € R. Khi d6, theo Hé qui
4.1, v%(z) € R v6i moi x € RN, tiic 1a kg € F, hay F # 0.

Gia st ¢ € F. Ta sé chiing minh ring ¢ ¢ F v6i bit ky ¢/ # c. That vay, ¢ dinh 2 € RN, vi v¢(2) :=
;22 J¢(z, ) € R, v6i e > 0 cho trudc, ton tai @ € A sao cho

J(z, @) < v(z) + ¢ < +oo.

Hon ntta,
—oo < v(z) < J(z,@).
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Do d¢,
J(z, @) € R.

Lay T > 0, véi ham diéu khién @ € A & trén, ta c6
T T
/‘mmmmm+ﬂﬁ=/'mmmmm+4a+w—gr
0 0

Cho T' — 400, vabdi J¢(z, @) € R, ta duge

J“’(x,a) =—00, VY <eg,

J (z,@) = +00, VY >ec.
Sukién ¢’ ¢ F dugc 14p ludn nhu sau:

e Néucd < ¢, tacé
v (@) = inf J%(2,0) < J¥(2,@) = o0,

dodoc ¢ F.

o Néuc >c layT > 0vabitkya € A, tacé

T T
/ [C(y(t), a(t)) + ] dt :/ [C(y(t), a(t)) + ] dt + (¢ = o)T. 4.3)
0 0
Hon nua,
J(z, ) > v(z) > —00, Vae A

Cho T' — 400 in (4.3), ta dugc
J(z,a) = +o0, VYac A,

do do
v (z) == inf J¢(z,0q) = 4o0.
acA

Suyrac ¢ F.
O

Pinh nghia 4.1. Phin ti duy nhét c trong tap F dudc goi 1a gid tri ditng (critical value) ctia bai ton diéu kién
tdi wu (4.1) lién két v6i hé diéu khién (3.1).

Tir bay gid, d€ cho don gian, ta viét J(x, a) := J(z,a) va v(x) := v°(x), trong d6 c 1a gi4 tri ding dugc
dinh nghia & trén.

Tiép theo ta nghién cifu tinh chét chinh quy ctia ham gi4 tri t6i uu v. Gi thiét mAu chét cho két qué sau day
1a tinh diéu khién dugc Lipschitz dia phuong ctia hé diéu kién (3.1).

Pinh Iy 4.3. Gid sit (B1)-(B4). Khi d6 ham gid tri t6i wu v lién tuc trong R,
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Chitng minh. C6 dinh z € RN, r > 0 vaxét z € B(z,r). R6 rang B(x,r) la mot tap compact chia 2 va 2.
Véi batky € > 0, ton tai @ € A sao cho

v(z) > lim sup /T [Z(yz(t,a),a(t)) + c] dt —e. (4.4)
T—+oc0 JO

Theo gia thiét (B4), ton tai L, > 0 va a € A sao cho
ye(t,a) =z voit < Lp|z — z|.

Ta xét ham diéu khién

(1) a(t) néut <t
« = _ . _
at—1t) néut >t

Khi d6 theo tinh chit nita nhém, ta cé

Yo(s +1,0") = yyz(f,a)(saa) = y.(s,@).
Ta co

v(z) < J(iv,a*)

7 T
= / [0(yz(t,a),a(t)) + c] dt + lim sup[ [0(yz(s, ), (s — 1)) + | ds
0 T—+o0 Jt

T T
= / [E(yx(t, a), a(t)) + c] dt + lim sup/ [E(ym(s +1, a*),a(s)) + c] ds
0 T—+400 Jo

7 T
= / [0(yz(t,a),a(t)) + c] dt + lim sup/ [0(y=(s,@),a(s)) + ] ds
0 0

T—+o0
t
< / [0(yz(t,a),a(t)) +c| dt + v(z2) +e.
0
Theo BS dé 4.2, bing cich dit R, := (|| 4 k7)er, ta c6 y,(t,a) € Bg, v6i moi t € [0,7]. Hon nita a(t) € A
vdimoi t € [0,%], va £ : Br, x A — R lién tuc theo hai bién, do d6 ton tai

M, = V4 .
T eBacA [y @)+ ]

Tur d6 suy ra

v(z) —v(z) <tM, +¢
< LyMylz — z| +e.

Lap luan mot cach tuong ty, ta nhan dugc

v(z) —v(z) < Ly M|z — 2| +e,

trong d6
M, = 14 R, = kT)e.
v yeégjﬁeA[ (y;a) +¢], Ry:= (2| +7+kl)e
Vi ¢ 12 bat ky, cho nén chiing minh hoan tat. O
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Tiép theo ta dua ra dic trung nghiém nhét cho ham gid tri t6i wu v. Két qua nay da dugc biét dén véi cac gia
thiét chinh quy dit trén céc di kién f, g va y tudng ctia phép chiing minh dya vao nguyén ly quy hoach dong ctia
Bellman (Dynamic Programming Principle). Dua vao phudng phéap chiing minh d6 (chang han xem trong [6])
vGi mot vai thay ddi ky thudt, ta c6 thé chiing minh dudgc hai két qua tuong tu nhu sau. Piéu khac biét trong két
qua ctia ching t6i 1a ham ¢ khong bi chin, khong thoa mén diéu kién Lipschitz va hing sd "discounted factor"
1a bing khong.

Ménh dé 4.1 (Nguyén ly quy hoach dong). Gid sit (B1)-(B3). Khi dé vdi moi x € RN vamoi t > 0,

acA

v(x) = inf {/Ot [€(ya(s, @), a(s)) +c] ds+ v(ym(moz))}

Ménh dé4.2 (Phuong trinh HIB). Gid sit (B1)-(B4). Khi dd, v la mdt nghiém nhdt ciia phuwong trinh Hamilton-
Jacobi-Bellman
H(x,Dv(z)) =c trong RV,

trong do
H(x,p):= 51613{ — f(z,a) -p— Z(x,a)}.
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