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TOM TAT

Bai bdo nay nghién ctiu chudn clia dudng cong Bézier N khiic bic ba va cac hing sé tuong duong trong khong
gian By 3 cta cdc dudng cong Bézier N khic bic ba. Chiing t6i dé xuét cac chuén || - Hg3 trén khong gian B3 cac dudng
cong Bézier bic ba va chuén || - HgN ? trén khong gian By 3 clia cic dudng cong Bézier N khiic bic ba. Trong bai bao
nay chiing t6i ban vé céc hiang s6 tuong duong ctia chuin || - Hﬁ” * va chudn L, trén khong gian By 3 cdc dudng cong
Bézier N khiic bac ba. Mdi dudng cong Bézier bac m ¢ thé duge xem nhu mot dudng cong Bézier bac m + 1. Do do,

N,m+1

, e~ N ., Ly % 5 2 BNm ’ B ~ ~ . , N
ching t6i ciing nghién ctiu cdc hing sb tuong duong ctia chuén || -|[,"" va chudn || - ||, trén khong gian cac duong

cong Bézier N khuc bac m.

Tir khéa: Puong cong Bézier bdc ba, hang sé tuong duwong, chudn, khodng cdch.
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ABSTRACT

This paper is concerned with norms of N-piece cubic Bézier curves and the equivalence relations between some
. . L . . B . L.
norms on the space By 3 of N-piece cubic Bézier curves. We introduce a norm || - ||, on the space B3 of cubic Bézier

B . . P . . . .
curves and a norm || - ||, on the space By 3 of N-piece cubic Bézier curves. This article we deal with the equivalence

B, . . ) . L.
constants for the norm || -||,""* and the L, norm on the space By 3 of N-piece cubic Bézier curves. An N-piece Bézier
curve of degree m can be considered as an N-piece Bézier curve of degree m + 1. We also study the equivalence

N,m BN,m+l
p

constants for the norm || - ||§ and the norm || - ||

on the space By, of N-piece Bézier curves of degree m.

Keywords: Cubic Bézier curves, equivalence constants, norm, distance.

1. INTRODUCTION

In 1962, the French engineer Pierre Bézier publicized
the Bézier curve which is defined based on Bernstein
polynomials. However, the mathematician Paul de
Casteljau built Bézier curve by using de Casteljau’s
algorithm.

Pierre Bézier applied Bézier curves for designing
the bodywork of Renault cars. Its importance is
due to the fact that, Bézier curves are used in
many fields of applications, not only mathematics.
For instance, Bézier curves are used in computer
graphics, computer-aided design system, robotic,
industry, walking, communication, path-planning and
aerospace (see!®). Bézier curves are also used
to find plane shape optimization which appears in
many fields such as environment design, aerospace,
structural mechanics, networks, automotive, hydraulic,
oceanology and wind engineering (see®'4).

Bézier curves are mentioned in many books and
articles for instance.'>”!7 A continuous curve can be
approximated by a Bézier curve. However, when the
curve is long and complex, the degree of the Bézier
curve is high. As a result, the computation is more
difficult. Then, the most common use of Bézier curves is
as N-piece cubic Bézier curves. We will focus uniform
N-piece cubic Bézier curves.

In this article, we define a norm || - || on the space

- B
By, of Bézier curves of degree m and a norm | - ||,

on the space By ,, of uniform N-piece Bézier curves of
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degree m. These norms are computed through control

points. This article studies the equivalence relations
B

between the norm || - ||, and the L, norm on the space

By 3 of N-piece cubic Bézier curves.

Theorem 1. For p € [1,00]. Let B € By 3, we get

By : 10
1Bz, <IBI,"" <2 [IBllz,-

An N-piece Bézier curve of degree m can be
considered as an N-piece Bézier curve of degree m+ 1.

We also study the equivalence constants for the norm

BN,m BN‘erl
- 1lp P

and the norm || - || on the space By, of
N-piece Bézier curves of degree m.

Theorem 2. For p € [1,0|. Let B € By, we get
1

By .m By m+1 BN
< <2 .
sy B < 1B < 2081

2. PRELIMINARIES

For the convenience of reading, we present some
definitions and notations that will be used through the
article.

Definition 3. (' chapter 6, p. 141) Let m be a positive
integer and Py, ..., P, be m+ 1 points in R". The Bézier
curve of degree m with control points Py,...,B, is
defined by

B([Por... Palut) = Y Pbin(t). 1€ (0.1, (1)
i=0

92 | Quy Nhon University Journal of Science, 2023, 17(5), 91-101
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where b;,(t) = (")f'(1—1)""" is the Bernstein

l

polynomial.

Py

B([Py, Py, Py, P3), 1), t € [0,1]

Py /,

Figure 1. A cubic Bézier curve.

The points P; are called control points for the Bézier
curve of degree m. The polygon formed by connecting
the control points with lines, starting with Py and
finishing with P, is called the control polygon. The
convex hull of the control polygon contains the Bézier
curve.

A uniform N-piece Bézier curve of degree m is a
piecewise Bézier curve which has N-pieces, each piece
is a Bézier curve of degree m and the point at 1 = ¥,
j=1,...,N—1, is the connecting point of the pieces.
We often drop “uniform”. Let us consider the definition
of the N-piece Bézier curve of degree m.

Definition 4. '® Let m, N be positive integers and
Py,...,Pyy be Nm+1 points in R". The N-piece Bézier

curve of degree m with control points Py,..., Py, is
formed by
p:10,1] - R"
t+— B(t) =B([Pjm-- -, Pjmsm), Nt — j)
Jj i+l
fre[4,441]
I N

p
g

3 \
BUIPo Py P, Ps1.20) = Y Piby(20) Pe
B = =

3
B([Ps, Py, P5, Pgl, 2t — 1) = Z Pyyibia(2t — 1)ift € [1/2,1]
i=0

ift €[0,1/2]
y Py
Figure 2. A two-piece cubic Bézier curve.

Notation 5.

* The vector space of Bézier curves of degree m is
denoted by the symbol B,,.

e The vector space of N-piece Bézier curves of
degree m is denoted by the symbol By .

* The set of continuous parametrizations on [0, 1] is
denoted by the symbol C? ([0, 1], R").

We define some norms and distances through control
points on the space of Bézier curves of degree m and on
the space of N-piece Bézier curves of degree m.

Definition 6. Let p € [1,°0]. The function ||-||8 : B, —
m

R is defined by: For any B(t) = Y. P.b;u(t) € By,
i=0

m /p .
(T URIS) ™ it pete
i=0

1Bz = ,
max {|[Pflo} if p=ee,
i=0,...,m

where || - ||, is the p-norm on R”.

From the properties of the p-norm on R” and the
Minkowski inequality, it is easily seen that || - |5 is a
norm on the vector space B,,. Indeed, it is a norm on
the space (R")"*+! of control polygons. We then have an
induced distance on B,, by dp"(B,7) := || B —vI/b".
Definition 7. Let p € [I,09]. The function | - |[5*" :
By, — R is defined by: For any B(t) = BU) (Nt — j) =

2 i joJ+1] .
iEOijJribi,m(Nt_]) ift e |:N7N:| ,j=0,....N—1,
1 (Nl ] » 1/p
—( X ||ﬁ(1)HBm >
Bym . N/p j:o( p )
1B, = e
D5} i p = oo
L {1801 ity

Using the Minkowski inequality and the properties

. B
of the norm || - [[B on B,,, it is easy to see that || - ||,
is a norm on the vector space By . Then we have again

an induced distance on By, defined by dgN "(B,y) =
BN,m
1B =7l

By,
lp

The norms |- |5 and |- ||, can be computed more
efficiently than, for instance, the L,- norm.

3. THE EQUIVALENCE
B
p

BETWEEN THE NORM || - ||, AND THE L,
NORM ON THE SPACE By 3

RELATIONS

Since the space Byj3 is a subspace of the space
C%([0,1],R"), the norm || - ||, is also a norm on the
space By 3 of N-piece cubic Bézier curves. Moreover,
N-piece cubic Bézier curves are common and convenient
to approximate continuous curves. So, we concentrate

. . B
on the equivalence relations between the norm || - || pN’3
and the L,-norm on the space By 3 of N-piece cubic
Bézier curves.

For p € [1,0], we first show that the norm || - ||, is
weaker than the norm || - ||5» on the space B,, of Bézier
curves of degree m and then show that |- |, is also

B
weaker than the norm || - [|,"" on the space By, of

N-piece Bézier curves of degree m.
Lemma 8. Let p € [1,00|. Then for any € By,
IBllz, < lIBII;".
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Proof. Let B € By, and assume that
(t) =Y Pbin(r), t€[0,1].

Case p = 1. We get

1 m
1By = [ | X i)
0 i=0

m
<L [17ll bin(e) < Z |2l = 1815

Case p €]1,0[. Using Holder’s inequality, we get

% 1 pontt)

<(Xll) " (Lo )
d NP, (r—1)/p
(X ll;) " (L)

(X lelg)"

(p=1)/p

IN

IN
o

Il
Ms

(=}

Hence

181k, =( [ | £ ot )W

<(J(E 1l pn0)'ar) "
s(ji}!}&”ﬁm)w =

J— Bm
=[IBl,"-
Case p = oo. We get

O\»—- O\'_‘

(Llelp)”

< (Font) g

1Bl =] & 2t

= max IIPIIoofHﬁHB’"

Combining the above cases, we obtain the proof of this
lemma. O

Form this estimation,
proposition.

we have the following

Proposition 9. Let p € [1,0)|. Then for any B € By m,

BN.m
1Bl < IIBII,""

Proof. Let B € By,, be an N-piece Bézier curve of
degree m with control points Pj,,4; € R", i =0,....m
j=0,...,N—1.So

https://doi.org/10.52111/qnjs.2023.17508

B(t) =B (Nt — Zij-H im(Nt = j)

i=0

1
J It ]7j:0,...,N71.

fte[
! N N

Case p € [1,00). We get

81, ~( | isigar)
0

(Z]/Hus Dov—gar)

s fva)”

Using Lemma 8, we obtain

Nll/,,<2(llﬁ |B"’))l — |85,

Case p = oo. We have

1B]|z.. = max 1B()]

I1Bllz, <

= max 1,€[n3afi1 1BY (Nt = j)|
= ax. 1,2‘[8’§]HB ().
Using Lemma 8§, we get
1Bl < _max (B2 = B]="""
Thus, the proof of this proposition is complete. L

Thus, for p € [1,e0], we have with respect to the norm

[| ||, is weaker than the norm | - Hﬁ’v " on the space By
of N -piece Bézier curves of degree m. Since By 3 is a
subspace of By, this result is useful for the space By 3
of N-piece cubic Bézier curves.

In practice, the most common use of Bézier curves
is as N-piece cubic Bézier curves. So, we concentrate
on the space By 3 of N-piece cubic Bézier curves. We
will find a constant A such that || - HgN’} <A| ||z, on the
space By 3 of N-piece cubic Bézier curves.

Lemma 10. Ler p € [1,00] and Py,P\,P»,P; be four
points on R"*, we get

1
/Hiﬂbm(t)Hidt Zi(iupn )

Proof. Put

1 1
M = max { Byl 5 1Pt 5 1Bl P }-

94 | Quy Nhon University Journal of Science, 2023, 17(5), 91-101
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* Case 1: M = || Py,

1
We consider the interval [O,R] For any t €

1
h
{() 16} we have

13 153
1R =11, > (1 =3¢ ) IRl = 25 I1Rull-

2
1P3e(1—1) ||p<3ﬁ( —) 1Pl

3.152  9.157
<3||P0H17 16% = 16’5 ||P0Hp

123 -0l <3(56) (1= 5 ) IRl

3.15 9.15
<31l Te3 = To3 IR0l

1 1
P52l < < 1Psllp < = [1Poll-
P=1e P T e

we have

1
So, f ¢ {077}7
o, foranyt € 16

3
| X P =1ma-0’l,
i=0 ?

=123t (1= 1) ||, = P32 (1 =), = | P52

9.152
> @”POHP 16 1Pollp
9 15
~= 1Bl = 75 1Bl
1214
oz [[Pollp-
~ 4096
Then

- 5
P P
[ xros]ar= [ | ¥ e
i=0 p i=0 P
0 0
1
16
1214\ 7
By||Pdt
/(4096) Ll
0
1 (1214
i P
16 <4096> 2+2. 3,7(2” l )
1 3
> 5105 (L I01)-

1
e Case 2: M = §||P1||,,.

. . 7 9
We consider the interval {i’ﬁ} For any t €
[ 79 } e have
32732

7 7 2
_ > _

_ 37 252
55 1Pillp;

7
IR0, < (IW) 1Rl
< Lip =2
< 33310l = 3355 1Allps
9
_ < _
131 -0l <3.(5) (1-5) 12l

3.92.23
< STHPIHM
93
3
1521l < 55512511
93 93
< P lp== = —= P »-
— 3” 1||P323 3323 || 1||P

we have

7 9
forany 1 55,53,
So, forany ¢ € T RE)

3
o)
i=0 P
> [[P3e(1 =12~ 1Po(1 =),
— 132 (1 =1)|, — [|Ps2 |

2
> 212 p), - 32323||P1||p
392 23
222 Al - sl
6254
= IRl

Then

sile

Lo »
[ 5ol / |z st

l
32
>/

625
p
(98304) 11 l[par

1 [ 6254 1
6(98304) 2423 p(Z” ‘”p)

1
> oo (L IRI)-
210p 1—;) p

e

B~

I \%

1
e Case 3: M= §HP2||,,. When we substitute s = 1— 1,
this case become Case 2.

» Case 4: M = || Ps|| . When we substitute s = 1 —1,
this case become Case 1.

From the above four cases, we have

https://doi.org/10.52111/qnjs.2023.17508
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1
/Hiﬂbw(ﬂH f>2T>,,(ZHPH ).

O
Lemma 11. Let Py, P, P>, P3 be four points on R", we
get

13
Pb; IH > 2 Plle..
,?%H): 30|, = g6 max [I7]

Proof. Put
1 1
M = max { | Byl v, 3 1P|, 31l 15  -

[[Po ] co-
Since Y. P,b;i3(0)
i=0

e Case 1: M =
3

= Py, hence

3
max || Y Rbia ()| = 1Ry
i=0 ~

r€(0,1]
~ max_||P)].-
1
. Case2:M:§|\P1||m.
Att ! e get
= —, W
7’ g
3
1 27
Pb: (7>H Plle—2L1Ry)ls
| X eeia( > 2Rl — 2 A0l
2Pl 1]
2lee ™ gq 11731l
9
Pil|oo — =[P ]|oe
_64|| e — 5 1P
- aHﬂHw* 192||P1||m
13
=—||P |-
o2 171

Thus

3 13
Pbisl(t H > 2 Plle.
ma | LRbis()|_ 2 55 max 17

e Case 3: M = §||P2HW This case is the same to
Case 2.

e Case 4: M = ||P3||». This case is the same to
Case 1.

From the above four cases, we have

ma Pb tH >—ma P
teO)l‘]HZ i3(1) ...f“ i

O

Combining the above lemmas, we obtain the

following proposition.

https://doi.org/10.52111/qnjs.2023.17508

Proposition 12. Let p € [1,0|. Then for any B € By 3,
we have

By, 0
I1BII," <2'Bz,-

Proof. Let B € By 3, assume that

3
B(1) :ﬁ(f)(Nt—j) = ZPj3+ibi,3(Nt_j)
i=0

j j+1

ft[
IGNN

},j:O,...,N—l.

Case p € [1,0), we have

181, =(/ poiga)
(% /” s )

1 b3 p \Up
NP ( Z, /H Z;,)Pj3+ibi,3(t)det) .
=0y 'S

J

Using Lemma 10, we obtain

1 N—1 1 I/P
Nl/p ( Z 210p(2||PI3+lH ))

B
>l
Case p = oo, we have

1Blc. = max [B(0)]l-

1Bllz, =

= max max

s [ ot

= max maxH P3+,,3 H
J=0,...N—1t€[0,1] Z /

Using Lemma 11, we get

1Bl > HP/3+1||DQ

13
..... N 196
B B
HﬁH "> 210Hﬁll o

O

From the above propositions, we obtain the

. . By 3
equivalence relations between the norms || - ||, and
| -1z, on the space By 3 of N-piece cubic Bézier curve
as follows.

Theorem 1. For p € [1,00|. Let B € By 3, we get

B,
1Bz, < 1IBIL"* <2 1Bl

Proof. Using Propositions 9 and 12, we get the proof of
this theorem. O
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The equivalence constants do not depend on the
number of pieces in piecewise cubic Bézier curves.
From the above theorem, we get the following corollary:

B
dp,(B,y) <dy"* (B,y) < 2" dp, (B,7)
forany 8,7 € By 3.

4. EQUIVALENCE CONSTANTS FOR THE

NORMS |- [|5V"*' AND || - [|5¥" ON By m

For any Bézier curve of degree m with m + 1 control
points

B)=Y Pbin(0). 1€ (0,1,
=0

we can choose m + 2 points Qo, ..., Om, Om+1 as follows

P if i=0,
i m+1—i L
Qi: mi_HPlilJ’_T_l_lPl lfl:17...,n’l7 (2)
P, ifi=m+1
such that
m+1

Zszm ZQ, (1), V1 €[0,1].

For simplicity of notation, we admits P_| = P, | = Opn.
Hence
i m+1—i
= —P_ P, Vi=0,... 1.
0 mrl i—1 1 m1 iy VI , ,m—+

This means that a Bézier curve of degree m is also a
Bézier curve of degree m + 1 and then an N-piece Bézier

curve of degree m can be considered as an N-piece

‘s B .
Bézier curve of degree m. So, || - ||,,"""" is also a norm on

the space By ;. This section deals with the equivalence

relations between the norm || - ||§"’~”’+1

B
-1

and the norm

on the space By ;.

We first consider on the space B,, of Bézier curves of
degree m.

Lemma 13. For p € [1,00]. Let B € B,,, we get

IBIIp"™" < 2[IB15m.
Proof. Let B € By, assume that

m
ﬁ(t) :B([P0:~"7Pm]7t):Zpibi,m(t)
i=0
m+1
=B([Q0, -, Om11],1) = Y Qibim+1(1),
i=0
vt € [0,1],
where P, € R", Q; € R" and
i m+1—i .
0= T 1+ o1 P, Vi=0,....m+1.

Case p € [1,), we have

||BHBm+I :(niIHQHp)]/p
14 L Hip
m+ 1—i

m+1
Z H l 1+ Pl
+1 m+1

From Minkowski’s inequality, we obtain
m+1 ; 1/p
Buy1 H ' p H”
o1 <(E [
("ﬁl ‘ m+1— z > 1/p

m 1/p m 1/p
<( 5 1ei) +(ZWHQ
i=0 i=0
olplEe.

Case p = oo, we have

p>1/p
) .

1B [Zm+ =, max Q[
~ max H i P Jrm—i—l—iP"
im0t lm 1! m+1 e

<

m+1—i

P.
m+1 '

=

AAAAA 0

Then we estimate an upper bound on the space By,
of N-piece Bézier curves of degree m.

Proposition 14. For p € [1,|. Let B € By, we get

Sm B m
18I, < 2118,

Proof. Forany B € By,

B(t) =B (Nt — j) =Y Pjmyibim(Nt — )
i=0
j j+1

ft[
IGNN

},j:l,...,N—l.

Since a Bézier curve of degree m is also a Bézier curve of
degree m+ 1, an N-piece Bézier curve of degree m is also
an N-piece Bézier curve of degree m + 1. We consider
two cases:

Case p € [1,0|. Applying Lemma 13, we obtain

_Nll/p < Z (Ilﬁ I mﬂ>p>1/p
Szv}/n(il( )’ )w

B m
=2||BIl,""-

B
11"
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Case p = 0. From Lemma 13, we obtain

Furthermore, we have

o\ /P
)

1Bl = max V]2 N
= . i1 = (% i)
< _max 20BD)E = 2Bl =0
""" m+1 : :
O z( Y e
Consider p € [l,o[. We use the parity of m to i=mEl g met met
evaluate a lower bound for the norm || - ||1,§'"+1 with

respect to the norm | - |5 on the space B,,. From this
estimation, we find equivalence constants on the space

By n of N-piece Bézier curves of degree m.

Lemma 15. Let p € [1,00[. The inequality

Bm< m+1
STy Bl <81

holds for all B € By,.

Proof. Let B € B,,, assume that

B(t) B([Po, B ZPbtm
m+1
:B([Qm 7Qm+l Z Ql lm+1
vt €0,1],
where P, € R", Q; € R" and
i m+1—i
[ ] Pla V_O, ) L.
¢ m+1 1+ m+1 ! me

We consider 2 cases.

e Case 1: mis an odd number. We have

B m+1 1/p
BBt = (Z ||Qf|$>
i=0

(m+1)/2, . .
i m+1—i
2( Z Hm—l—lPFl_i_ f
i=0

m+1

,,)1/17
) .

Using the Minkowski inequality, we obtain
(m+1)/2 1—i
Z ‘ m-+ lPi
m+1

1/p
B p
BB z( )
i=0 P

(m+1)/2
(1 e )"

m+]7]

2 m+1— 1/p
> -or- -
S

i=0

m+l

1/p
l+1
(T e)
i=0
m+171 1/
E m+3 P
>3 i)
= 2(m+1)

+1

T* m+1 l/P
(T i)
- 1/p

|P,-||,,) |

https://doi.org/10.52111/qnjs.2023.17508

i=0

From the Minkowski inequality, we get

m+1

. 1/p
B 1 p
i (% |l
i=m3l g m+1 P

< ”i] ’m+1_iP p>]/"

- -4 1

i=ml m+1 r
meooia 1/p

> PP

_<2 oL ei)
-2

_ f" LHHP.HP v
) m+1 Hip

Then

B,
2Bl 2 —

1 m 1/p
>— P17
> (Limg)
B
=B

e Case 2: mis an even number. We have

Boer m+1 i 1/p
”ﬁ“ﬂ - Z ”Qal
i=0

p>1/p
) .

m/2 m+1—
P.
(ZH Iy B
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Applying Minkowski’s inequality, we have
m/2 1/p
B, m+1 —l
1812 (Z\ )
m-+1 P
m/2 » 1/p
( Z H m+1 s p)

_ ’"2/2 mt2 o)
“2(m+1) tlp
m_q

2 m 1/p
(X sl
i=0
m/2 m+2 1/p
> .|| P
(X s ek
m/2 m 1/p
- <Z z(erl)HPiHﬁ)
i=0

1 (,%’2 1/p
—r(Leg)
m+1\ 5"

Furthermore, we have

B, m+1 1/p
1851 = (Z ||Q,-1,;>
=0

m+1 : :
i m+1—i
> 2 H P_i+—FP,
A +1 m—+1
i=3+1

From the Minkowski inequality, we have

B m+1
mil s H H
I8 _(iz op

< mil 41— p>1/p
_ ’ P
=241 m+1 P

m m+2 1/17
> i)
(,._%22<m+1> s

m 1/p
(L i)
i=%5+1

i m+2 1/p
> .|| P
_(iz 2(m+1)”P'””)

g+l

(8 gmieng)

i="%+1

1 m 1/P
= — f)l 14 .
(2 o)

i=%5+1

o\ /P
)

Then

5 m/2 1/p

2Bl > (Z H M)
( i 1/p
|Pi|’,§>
m+l i=%+1

1 m 1/p 1 B
> P P - m.
> S (Bieng) = e

Combining the above results, we obtain

B B
IBI" 1BI[™-

( +1)
O

We now estimate on the space B, of Bézier curve of
degree m.

Lemma 16. Ler 3 € B,,, we get

1
——[|BI% < B2,

Proof. Let B € B, assume that

B(t) =B([P,.. Zpb,m
m+1
:B([Qm 7Qm+l Z Ql 1m+l
vr €0, 1],

where P, € R", Q; € R" and

i m+1—i
0= +1l1+ mr1 P, Vl_03-~7m+1
We assume that || ]2 = || P, ||
m+1

e If0 < <7
4] )

Bl = max  {[|Qifl}

.....

i m—+1—iy

S| _p 0T " 0p
—Hm+1 o=t — = Fo |,
SP L 0 e )
- m+l 1y - +1 10—1 oo

m+l 2ip

o) ——— Pyl
1 B,

— P > = ——— wm.

_m+1” ol mHIIﬁII
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1
o Ifip= % (This case requires that m is an odd

number.)
Bl = max {01}
io+1 m+1—(ip+1)
ZHm—0—1 ‘o m+1 P[OHHM
lo+1 m— i
>0 p, |- 2Rl
210+1 ” ”
m+1 ~
1
_T_HHPioHoo:mi_HHﬁHg’"'
m+1
o If >7
io 5
B = max {01}
io+1 m+1—(ip+1) H
> . P
—Hm+1 fo m+ 1 o[,
lo—|—l — 1o
+1H loH‘X’_ m+ 1 HPloH”w
210+1 ” ”
T om+1 =
1 B
>—||Pylle = ——|B ||
LRyl = I

Combining the above results, we obtain

1
By > Bm.
18]+ > —— B
O

We then consider on the space By, of N-piece
Bézier curves of degree m.

Proposition 17. Let p € [1,0|. The inequality

B
IBI;™ < 1Bl

1
2(m+1)
holds for any B € By .
Proof. Let B € By ,,, assume that

m
_]) = ZPJMHbi,m(Nt_j)
i=0

j j+1
=
N N

B(r) =Y (N1

1fze[ N—1.

Because a Bézier curve of degree m is also a Bézier curve
of degree m + 1, an N-piece Bézier curve of degree m
is also an N-piece Bézier curve of degree m + 1. We
consider two cases: Case p € [1,e). From Lemma 15,
we get

https://doi.org/10.52111/qnjs.2023.17508

N— 1/p
1812 =i (5, (18212-)")

J
- /
-Nw<jz< wenleiE))

B
1B

T 2(m+1) +1)

Case p = oo. From Lemma 16, we get

Bym
IBlle="""" = IIﬁ HB””*l
J= 07 SN
> — Bun
ey I8
BN‘m
NMM‘
Thus, the proof of this proposition is complete. L

From the above result, we obtain the following
theorem.

Theorem 2. For p € [1,)|. Let B € By, we get

By m < Nm+1 <2 BNm.
STy B < 181 18115

Proof. Using Propositions 14 and 17, we get the proof
of this theorem. O

Thus, we have the following corollary

1

BN.m BN m+1
mdp (B,v) <dpy™"" (B,7)

B m
<2d,""(B.7),
for any B,y € BN,

5. CONCLUSION

. L Bys . .
This article introduces a norm | - ||,"" of piecewise

cubic Bézier curves which is defined by control points.
This norm is convenient to compute. We also show

. B
the equivalence constants for the norm || - ||, and the
norm L,. These equivalence constants do not depend

on the number of pieces. Thus, we can use the norm

By 3 .

|- |[," to consider the convergence for sequences of
piecewise cubic Bézier curves. This result is important
for using piecewise cubic Bézier curves to find optimal

trajectories.
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