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ABSTRACT

The Chinese Remainder Theorem is considered one of the important contributions of the Chinese to the

world treasure of mathematical knowledge. The Chinese Remainder Theorem has been used by the Chinese in

astronomy and calendar calculations since the 2 century BC and was stated in mathematical language around

the 5™ century. However, it was only in the 13" century that this theorem was rigorously proved by the Chinese

mathematician Qin Jiushaq. The article presents the Chinese Remainder Theorem in Chinese and Sino-Nom

mathematics books (Vietnamese mathematics books written in Chinese and Nom characters). Thereby, it is

possible to partly imagine the ability to receive and develop the mathematics of the Vietnamese mathematicians in

the Middle Ages and the contemporary significance of mathematical knowledge in Sino-Nom mathematics books

in teaching mathematics today.
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TOM TAT

Dinh li Trung Quéc vé phan du dugce coi 1 mot trong nhitng déng gép quan trong ciia ngudi Trung Qudc

vao kho tang kién thirc toan hoc thé giéi. Pinh li Trung Quic vé phdan dir dwge nguoi Trung Qudc sir dung trong

thién vin va tinh toan lich tir thé ki II truée Cong nguyén va duge phat biéu dudi ngdn ngit toan hoc vao khoang thé

ki V. Nhung chi dén thé ki XIII Binh li ndy méi dugce nha toan hoc Trung Qudc Tan Ctru Thiéu chirng minh bing

toan hoc mot cach chit chd. Bai viét trinh bay Bjnh Ii Ti rung Quéc vé phan dir trong céc sach toan Trung Qudc va

sach toan Han-Nom (sach toan cua Viét Nam viét b?mg chit Han va chit Nom). Qua do6 co thé phﬁn nao hinh dung

vé kha nang tiép nhan va phat trién toan hoc cta cac nha toan hoc Viét Nam thoi trung dai, cling nhu y nghia thoi

su ciia kién thirc toan hoc trong cac sach toan Han-N6m trong giang day toan hién nay.

Tw khoa: Dinh li Trung Quéc vé phdn du, sach toan Han-Nom, lich sir todn hoc, toan hoc Viét Nam thoi Trung

dai, giang day toan hoc.

1. MO PAU
Pinh Ii Trung Quoc vé phan dw (The Chinese

Remainder Theorem) c6 ngudn gboc tir bai toan
Vat bat tri ky sé trong cubn sach chir Han Tén
Twr todan kinh (khoang thé ki V).! Mic du Pinh
Ii Trung Quéc vé phan dw 14 co sé dé xdy dung
thudt toan giai hé phuong trinh dong du béc nht,
da dugc st dung trong tinh toan thién van va tinh
toan lich tai Trung Québc ¢ dai vao thé ki II trude
Cong nguyén.? Nhung no6 chi dugc nha toan hoc

*Tac gia lién hé chinh.

Email: tdphuong@math.ac.vn
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Trung Qudc Tan Ctru Thidu chirmg minh chit ché
vao thé ki XIIL3 Trinh Dai Vi cling goi bai toan
Vat bat tri ky s6 1a bai toan Han Tin diém binh.*

Pinhli Trung Quéc vé phan dir b ban chét
toan hoc siu sic va c6 nhiéu ung dung thyc té, vi
vy né luén mang y nghia thoi sy. N6 nam trong
chuong trinh chinh khéa cho hoc sinh chuyén
Toan-Tin va cho sinh vién cac nganh Toan-Khoa
hoc may tinh va dugc giang day trong cac moén
Ly thuyét s6, Ly thuyét thuat toan... Hién nay
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toan dong du dugc phat trién theo nhiéu hudng:
Hé phuong trinh dong du nhiéu an, phuong trinh
ddng du phi tuyén 4p dung trong cac bai toan thi
hoc sinh gioi Quéc gia va Qudc té;°Pdong du trén
cac trrong sb tong quat; ung dung cua dong du
trong mat ma, may tinh,...6

C6 thé khang dinh rang nguoi Viét Nam
da biét dén Pinh li Trung Quéc vé phan diw qua
bai toan Piém binh phdp (phép diém binh) trong
cubn sach Todn phdp dai thanh’ cua Luong Thé
Vinh (1441-1496).

Trong Chuong 6 cua cubn sach Y Trai
todn phdp nhat déic luc (Mot diéu tam dic vé
toan ciia Y Trai)® gdm 8 Quyén do Nguyén Hiru
Than (1757-1831, tén chit: Y Trai) bat dau viét
tu nam 1812 va hoan thanh nam 1829, Dinh Ii
Trung Quéc vé phan dw duge biét dén dudi tén
bai toan Vat bat tri ki sé va dugc Nguyén Hitu
Than goi 1a dang toan Di dir 56 tri nguyén sé (Tt
s6 du tim ra s6 ban dau).

Hoang Xuan Han da viét mot bai béo véi
tén goi Han Tin diém binh.? Tuy nhién, Hoang
Xuan Han chi ban vé cach gidi bai toan ma chua
khéo clru cac sach toan Han-Nom. Bai viét nay
¢6 18 12 bai béo dau tién tim hiéu Dinh li Trung
Québc vé phan dw trong cac sach toan Han-Nom
clia cac tac gia Viét Nam. Nham lam rd van dé
va so sanh voi cac sach toan Han-Nom, chung
t6i ciing diém qua nhitng tu liéu cia cac tic gia
Trung Qudc trude thé ki XVI viét vé bai toan nay.

2.NOIDUNG

2.1. Pinh li Trung Qudc vé phin dw trong cac
sach toan Trung Quédc

2.1.1. Mét s6 bai todn Binh li Trung Quéc vé
phan diw c6 ngudn gbc tir bai toan Vat bat tri ky
s6 trong cudn sach chit Han Tén Tir todn kinh
(khoang thé ki IV-thé ki V).!

Bai 2.1.1 (Bai toan s 26, Quyén ha)' Nay
c6 mét dong do, khong ré sé heong, chi biét xép
méi nhém 3 cdi thi thira ra 2, xép theo nhom 5
thi thira 3, theo nhém 7 thi thira 2. Hoi 56 leong
do vat 1a bao nhiéu?

Luru y: Dé trinh bay gon, ching toi khong
chép lai nguyén vin bai toan bang chit Han, ma
chi dich Dau bai va Loi giai trong cac sach toan
cd. Sau d6 giai thich Loi giai bang ngdn ngir
hién dai.

Bai toan nay da duoc nhi &u nha toan hoc
Trung Qudc tiép tuc nghién ctru, ching minh
thuat giai va phat trién. Duong Huy (4518,
1238 1298) c6 4 bai kho hon mét chut nhung
cung dang.

Bai 2.1.2 (Duong Huy)"® Xép moi nhom
7 thi thira 1, xép 8 thira 2, xép 9 thira 3. Hoi s6
luwong vat la bao nhiéu?

Bai 2.1.3 (Duong Huy)!® Xép méi nhém
11 thi dw 3, xép 12 duw 2, xép 13 duw 1. Hoi 56
luwong vat la bao nhiéu?

Bai 2.1.4 (Duong Huy)'® Xép moi nhém 2
thidw 1, xép 5 duw 2, xép 7 dur 3, xép 9 dur 4. Hoi
$0 luong vat la bao nhiéu?

Bai 2.1.5 (Duong Huy)!° Ding mét doi
cong nhdn khong biét sé lwong. Sai ngieoi khao
ho. Cho méi nhém 3 nguoi 1 can thit thi thira 5
lang 8 thi, tire la dém 3 thira 2. Cho méi nhém
5 nguoi 1 quan tién thi thira 400 tién, tirc la dém
5 thira 3. M6i nhém 7 nguoi himg mét lan, thu
chén lai ma himg (ke la dém 7 khéng thira).
Hoi tong s6 cong nhdn va moi thi chi ra la bao
nhiéu?

Trong sach Chi Nhd Puong tap sao'' cia
Chu Mat (1232-1298) ¢6 bai tho sau day, co 1€ 1a
phién ban tho dau tién ctia bai Var bdt tri ki so:

=B L

REBH—FALFT

tELTENRE

ERERETL

Phién dm:

Tam tué hai nhi that thdp hi

Ngit luu chdp nhat, sw view ki

That dé Thuwong Nguyén tring tuong héi

Han Thuce, Thanh Minh tién kha tri.
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Giai thich: Han Thuc, Thanh Minh:
Khoang thoi gian tor Pong chi toi ngay Thanh
Minh 1a 105 ngay, goi 1a tiét Han thyc. “Han
thuc” am chi sb 105.

Dich:

Dura tré 3 tudi, [khi ong bd] 70, hiém

5 Tuu 21, viée cang la

7 1an Thugng Nguyén lai gap lai

Han Thyc, Thanh Minh tién biét duoc.

Trinh Pai Vi c6 bai tho Vit bdt tri tong
(Tén Tk ca, hay con goi 1a Han Tin diém binh):*

Z ABfTE+H

AEfEt —1%

tFE B E+A

BRESHESM

Phién Am (Hoang Xuan Han):’

Tam nhén dong hanh thdt thip hi

Ngii thu mai hoa trap nhat chi

That tir doan vién chinh ban nguyét

Trir bach linh ngii tién ddc tri.

Dich (Hoang Xuan Han):’

Ba nguoi cung di it bay chuc

Nim cdi hoa mai ham mét canh

Béy gd xum vay vira nira thang

Trir trdm linh nam biét s6 thanh.
2.1.2. Phuwong trinh dong du tuyén tinh
Cho a, b, m 1a cac s6 nguyén cho trude. Ta ndi
a dong duw véi b theo modul m (hay a va b ciing
thudc mot 16p déng du) va ki hiéu a = b (mod m)
néu a - b 1a boi cua m

Phuong trinh ax =5 (mod m) dugc goi la
phirong trinh dong du tuyén tinh mét bién.

Nghi¢m cua phuong trinh ax = b (mod m)
1a s6 nguyén x sao cho ax chia cho m con du b.

Xét phuong trinh dac bi¢t dang ax = 1(mod m).

Tan Ciu Thidu (FAEE, 1202-1261)
trong S6 thir Ciru chwong (3 L.E, 1247)° da
dua ra phuong phap giai phuong trinh dong du

https://doi.org/10.52111/qnjs.2022.16401

ax = 1(mod m). Phuong phép nay tuong duong
véi viéc giai phuong trinh nghiém nguyén
ax +my =1 da dugc cac nha toan hoc An Do dua
ra thudt toan giai vao thé ki VII.212

Ki hiéu (a, b) 14 wéc 56 chung Ion nhdt cua
hai s6 nguyén a va b.

Néu (a, b) = 1 thi ta néi a va b 1a hai sb
nguyén 16 cing nhau.

Nhén xét 1.1.2.1 Néu (¢, m) = 1, thi
phuong trinh ax = 1(mod ) c6 duy nhét nghiém
va co thé tim nghiém nhd giai phuong trinh
nghiém nguyén ax +my=1.1
2.1.3. Binh Ii Trung Quéc vé phan dir
Binh li Trung Quéc vé phan dw phat biéu nhu sau:

Cho k s6 nguyén duong d6i mot nguyén
t6 cing nhau m, M., mNaa, a,..,alak sO
nguyén tlly y. Khi 4y h¢ phuong trinh dong du

x =a,(mod m,)

x=a,(mod

o ( m, ) )

x=a, (modm,)

¢6 duy nhat nghiém (theo nghia cac nghiém ciing
thude 16p ddng du) theo modulo mm,...m,

Chung minh:*>1

Tinh duy nhét: Gia sir hé c6 hai nghiém
X, y sao cho

x=y(modm),i=1,2,.,k

Vi m, m,.., m_doéi mdt nguyén t6 cing
nhau nén x =y (mod m m,... m), tc la x vay cung
thudc mot 16p dong du theo modulo m R

Sw ton tai: Tim nghiém x dudi dang t6
hop tuyén tinh ciia a:

x=Aa +4,a, +..+Aa,
voi cac A4, théa man 4.=0 (mod m)Vj # i va
A4,=1 (mod m).

batN=mm,.m_ m_..m,i=1,2,..,k
Khi 4y N, chia hét cho m v6i moi Vj # i. Vi
(m,m)=..=(m,m_)=m,m, )=..=(m,m)=1

nén (N, m) = 1. Do d6 (xem Nhan xet 1.1.2.1)

8 | Tap chi Khoa hoc Truong Dai hoc Quy Nhon, 2022, 16(4), 5-16
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ton tai duy nhat x, la nghiém cua phuong trinh
Nx = 1(mod m,). Dat
x=Aa +A,a,+..+ 4,a,
=N, x,a, +N,x,a, +...+ N,x,a,.
Khi iy
A =Nx =1(modm,), 4 = O(modmj)Vj # 1.
Vay x=Nxa, =a,(modm,).

Theo ching minh trén, dé giai hé phuong
trinh dong du tuyén tinh (1), ta phai lam céc
budc sau.

Bude 1: Datm=mm,..m,=Nm,i=1,2,.., k.

Bugce 2: Tim nghiém x, cua cac phuong
trinh N.x = 1(mod m,) (thi du, theo thut toan
gidi phuong trinh v6 dinh).>12

Budce 3: Nghiém cua hé duoc tim dudi dang
k
Xy = z Nxa,.
i=1

Budc 4: Két luan nghiém x = x (mod m).
2.1.4. Ap dung Muc nay 4p dung Pinh li Trung
Qudc vé phan du dé giai cac bai toan da phat
biéu trong Muc 2.1.1.

Giai bai 2.1.1:!

Cich tinh rang: 3, lay vat n6 chia cho 3,
du 2, dat 140; 5, léy no chia cho 5, du 3, dat 63;
7, léy no6 chia cho 7, du 2, dat 30. Cong chung lai
duoc 233. Lay 210 trir di nd, thi tinh dugc.

Cu3, léy no chia cho 3, du 1, thi dat 70; 5,
léy noé chia cho 5, du 1 thi dat 21; 7, léy no6 chia
cho 7, du 1 thi dt 15. Tur 106 trd 1én, lay 105 trir
vO1 no thi tinh duoc.

i tKFéhi thich Gohsdredn timig op Ta co he

x =2(mod3)
x =3(mod5)
x =2(mod 7).
bat
N, =5x7=35;
N,=3x7=2];
N, =3x5=15.

Vi (5.7)=(7.3)=(3:5
(N1:3)=(N2.5)=(M,.7)

)=1nén

Il
—

Suy ra ton tai cac sb x,=2,x,=1Lx=1
tiong 1aneibirgds nshi e sopisophueni rinh
Nx=1(modm,),i=1,2,3.
Vayy
x=35x2x2+21x1x3+15x1x2=233.

B33200da halt 1an 3 x 5 x 7 = 105508k
nghiém nho nhét 1a 23.

Nhan xét Duong Huy goi thuat tru 105 la
“tidn quan” (cit ddt),'* nghia la néu s vuot qua
3 x 5 x 7=105 thi “cat ¢ot”: trir cho boi cia 105
dé dugc nghiém nho nhat thoa man hé phuong
trinh dong du.

Giai bai 2.1.2:1°

Thuit ring: 7 du 1 viét xudng 288, trong
dé du 1; 8 du 1 viét xudng 441, trong dé du 2 viét
xudng 882; 9 du 1 viét xubng 280, trong dé du 3
viét xudng 840. Gop lai duoc 2010, di 504 thi
trir di. Trir 3 1an 504 con 498, hop véi cau hoi.

; tﬁllcaﬂ thlch G(%%l (s:% (()isllacho x Ta co hé
x =1(mod7)

x =2(mod8)
x =3(mod9).

N, =8x9="72;

N, =7x9=63;

N, =7x8=56.

Vi (8,9)=(7.9)=(7.
(

(M. 7)=

8)=1nén
N,,8)=(N;,9)=1.

Ton tai cac s6 x, = 4, x, =7, x, =5

tuong ung la cac nghiém cua phuong trinh
Nx, = 1(mod m).
Vay

y
x=T72x4x1+63xTx2+56x5x%3

=288+ 882 +840=2010.
Trir 2010 ba 1an cho 7x8x9 =504 duoc 498.
Giai bai 2.1.3:"°
Thuat riang: 11 du 1 viét xudng 936,
trong dé du 3 viét xuong 2808; 12 du 1 viét

https://doi.org/10.52111/qnjs.2022.16401
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xudng 1573, trong dé du 2 viét xudng 3146; 13
du 1 viét xuéng 924, trong dédul. Gop lai dugce
6878, phap day tong trir di 1716. Trir 4 1an 1716
con 14, hop véi cau hoi.

i ehilhi thieh Gofs5an timpd geTa c6 hé

x=3(mod11)
x=2(mod12)
x =1(mod13).

N, =12x13=156;
N, =11x13=143;
N, =11x12=132.
Vi (12,13)=(11,13) =(11,12)=1 nén
(N,,11)=(N,,12) =(N,,13) =1.
Ton tai cac séx, = 6,x,= 11, x,= 7 la cdc
nghiém cua cac phuong trinh Nx, = 1(mod m).
Vay
x=156x6x3+143x11x2+132x7 x1
=2808+3146+924 = 6878.

BRIHT &bdmlachehbl1112 12X 1B6716 ¢

dugc nghiém nho nhat 13 14.

Giai bai 2.1.4:1°

Thuit rang: Dém 2 du 1 viét xubng 315,
trong dé du 1; dém 5 du 2 viét xudng 126, trong
dé du 2, viét xudng 252; dém 7 du 1 viét xudng
540, trong dé du 3 viét xudng 1620; dém 9 du 1
viét xudng 280, trong dé du 4 viét xudng 1120.
Gop lai duoc 3307, phap day tong trir di 630. Trir
di 51an 630 con 157 1a dap sd, hop v6i cau hoi.

i tifEdi thich GaiciRyda chog goTa 6 he

x=1(mod2)
xX= 2(m0d5)
x=3(mod7)
x=4(mod9)

N, =5xT7x9=315;
N, =2xT7x9=126;
N, =2x5x9=90;
N, =2x5x7=70.

Kihi u a,b,c lau cs chungl nnh tc aba
https://doi.org/10.52111/qnjs.2022.16401

Ki hiéu (a, b, ¢) 1a uwéc s6 chung 16n nhat

cld BayehEHYEE ddng a. b, ¢
Vi (5,7,9)=(2,7,9)=(2,5,9) =1 nén

(N1-2)=(N,,5) = (N5, 7) =(N,,9) =1.

Téntaicéc séx1= lLx,=1,x,=6,x,=4
1a cac nghi¢ém ctia phuong trinh Nx, = 1(mod m,).

Do do6

x=315xIx1+126x1x2+90x 6x3+70x 4x 4
=315+252+1620+1120=3307.

Trir 3307 ndm 1an cho 2 x 5 x 7 x 9 = 630
dugc nghiém nho nhat 1a 157.

Nhin xét Day la bai giai hé 4 phuong
trinh dong du, khong thy c6 trong cac sach toan
Han - Nom, thim chi hiém thay trong céc tai liéu
toan hién nay cta Viét Nam.

Giai bai 2.1.5:°

Thao ring: Dém 3 thira 2 viét xudng 140,
dém 5 thira 3 viét xudng 63, 7 khong thira khong
viét xudng. Gop lai dugc 203, trir 105 con 98
ngudi. Ly 200 nhan véi s6 ngudi duoc s tién,
s6 nguoi chia 7 duoc sb rugu, chia 3 duoc sb thit.

Giai thich 1 can = 16 lang; 1 lang = 24
thu, vay 1 can= 16 x 24 = 384 thu; mdi lan chia
1 can = 384 thu cho 3 ngudi, mdi ngudi dugc
128 thi. Goi 6 ngudi lax va y, 1a s6 1an chia thit
(khong ké 1an cubi chia bi thira), mdi lan chia 1
can = 384 thu cho 3 ngudi, cir mdi 3 ngudi dugc
chia 1 can thit thi thtra 5 lang 8 thu = 128 thu =
1/3 can, vay phai thém 2 ngudi cudi cing nhan
HhcihaoA5q taBaeo bii ra ta co:

384y, +256=128x <=3y, +2=x
Nghiala x =2(mod 3).

1 quan = 1000 tién, chia cho 5 nguoi thi mdi
ngudi nhan 200 tién. Goi y, 14 s6 1an chia tién
(khong keé 1an cudi thira 400, tirc 1a thém 3 ngudi
nhan mdi ngudi 200). Theo bai ra ta co
1000y, +600 =200x <> x =5y, +3
hay x= 3(rnod5).
i Gdaz, 1a sb lan da rog,rmo, Imdidarhot7

cho 7 nguoi (thu chén lai dé rét cho nguoi khac).
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Va khong c6 s6 nguoi du, tirc 1ax = 7y,. Ta c6 hé
x=2(mod3)

x=3(mod5)

bat
N, =5x7=35
N, =3x7=2];
N, =3x5=15.
Vi (5.7)=(3.7)=(3.5)=1 nén
(N3)=(N,.5) = (M. 7) =1,
Ton tai cacsdx, =2, x,= 1, x,= 1 la cac
nghiém cta phuong trinh Nx, = 1(mod m). Vay
x=35x2x2+21x1x3+15x1x0
=140+63=203-3x5x7=203-105=98.
Dap: 98 nguoi; 7 nguoi hiing ruou mot
lan, 98 ngudi bang 14 lan himg ruogu; 3 ngudi
mot can thit, 98 =32 x 3 +2. Vay s thit chi ra la
32 can 256 thu =32 can 10 lang 16 thu; 5 nguoi 1
quan tién, mdi ngudi duge 200 tién, 98 =19 x 5+ 3.
Vay 98 ngudi duge 19 quan 600 tién.
Bai 2.1.6 (Tan Cru Thiéu, Bai 9, Chuong 1)%3
Tim x biét
x=1(mod19)=14(mod17)=1(mod12).
Giai Ta co h¢
X El(m0d19)
x=14(mod17)
x=1(mod12).

N, =17x12 =204;
N, =19x12 =228,
N, =19x17=323.
Vi (17,12)=(19,12)=(19,17) =1 nén
(N,19)=(N,,17)=(N,,12) =1.
Téntai cac séx1= 15,x,=5,x,= 11 1a cac
nghiém cua cac phuong trinh N x, = 1(mod m,).
Vay
x=204x15% 1+ 228% 5x 14+323x 1 1x 1=22573.

Trir 22573 cho nam 14n 19 x 17 x 12 =3876
duoc nghiém nhd nhat 1 3193.

Tan Ciru Thidu 1a nguoi dau tién da dua
ra thudt giai hé phuong trinh dong du,’ sau nay
dugc phuong Ty goi 1a Pink li Trung Quéc vé
phan duw (The Chinese Remainder theorem). Ong
cling da xét ca céac truong hop khi cac m, 1a cac
s6 khong nhat thiét nguyén t6 cting nhau bang
cach dua vé trudng hop céac m, 1a cac s6 nguyén
t6 ciing nhau, hodc céc bai toan dong du voi phan
) hoac s6 du am. Ong nhan xét: Néu a, b, clacac
68y nhighilh thi

xzé(modEJ < ax=b(modc).
a a

b N
That vay, xz—(mong <> Ton tai sO nguyén
a a

y sao cho
c b
x=—y+—Saxr=cy+b< ax=b(modc).
a a
Duéi ddy chung t6i chi néu dau bai mot sb
bai toan, 10i giai c6 thé xem trong. 23
Bai 2.1.7(Tan Ctru Thiéu, Bai 5, Chwrong 1)23
Tim x biét
x =0(mod54) = 0(mod57) = 51(mod75) = 18(mod72).
Bai 2.1.8 (Tan Ciru Thiéu, Bai 5, Chuong 1)
Tim x biét
x=0.32(mod0.83) = 0.70(mod1.10) = 0.30(mod1.35).
Nhan xét H¢ trén tuong duong voi
100x = 32(mod83) = 70(mod110) = 30(mod135).
Bai 2.1.9 (Tan Ctru Thiéu, Bai 8, Chuong 1)>3
Tim x biét
x=-60(mod130) = -30(mod110)
=-10(mod120) = —10(mod 60) =10(mod 25)
=10(mod100) =10(mod30) =10(mod 20).
Bai 2.1.10 (Tan Ciru Thiéu, Bai 3, Churong 2)2
Bai toan nay c6 ngudn gdc tir bai toan thién van
va tinh toan lich. Tim x biét

4108j=117540
16900 ) 16900

7264 ( 8967 )
———| mod29—— |.
16900 16900

xEO[mod365 (mod 60)

=10
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2.2. Pinh li Trung Qudc vé phan du trong cic
sach toan Han — Nom

2.2.1. Tim bji s6 chung nhé nhdt ciia ba sé

Ta bit dau bang mot bai toan dudi dang tho trong
cudn sach chix Han Bai thanh todn hoc chi minh
cta Pham Gia Ky (to 52a).'

Bai 2.2.1
Phién am chir Han:

Truong gia tam niv hiéu thudn
Quy ninh bdt dan can lao

Dong thon dai nit cach tam triéu
Ngii nhdt Tay thon nit ddao

Tiéu nit Nam hwong vong vién

Y nhién that nhdt nhdt tao

Ha thoi té chi am thudn lao
Thinh van toén éng hoi bao.

Dich:

Ho Truong ba gai hiéu thuan

V& tham khong ngai can lao

Gai ca thon Dong cach ba sang

Nim ngay gai thon Tay dén

Gai it qué Nam ngdng xa

Cung vy bay ngdy mot gap

Luc ndo cung téi udng rugu nong

Xin hdi 6ng toan tra 10i.

Giai' Lay “3 sang”, “5 ngay” nhan véi
nhau dugc 15 ngay. Lai nhan véi 7 dugc 105
ngay la ba con géi cung toi.

Loi binh Day 14 bai toan tim boi s6 chung
nho nhat (BSCNN) cta ba sb 3, 5, 7. Bai toan tim
BSCNN hi¢n nay dugc giang day trong chuong
trinh toan 16p 6.

2.2.2. Pinh li Trung Quoc vé phan duw trong “Y
Trai todn phdp nhat ddic luc”

Trong Chuong 6 ctia cubn sach Y Trai todn phdp
nhat dac luc, dang toan Vat bat tri ki s6 duge goi
1a dang toan D7 dur 56 tri nguyén s6 (Tir s6 du tim
ra s6 ban dau).

Bai tho dudi day trong Y Trai todn phdp
nhat ddc luc 1a mot phién ban cua bai Han Tin
diém binh.

https://doi.org/10.52111/qnjs.2022.16401

Bai 2.2.2 (Di du s tri nguyén s6 ¢ ca - Bai
ca co: Tir s6 du biét dugc s6 ban dau), trang 115).3

Z ABfTE+H

g —&

tFEEMEA

BELSERH

Phién am:

Tam nhéin dong hanh thdt thap hi

Ngii thu mai hoa chdp nhat chi

That tir doan vién thu da nguyét

Bach linh ngii tho dinh vi ki.

Giai thich ciia Nguyén Hitu Théan®

Tam nhdn dong hanh that thdp hi: Ba
ngudi dong hanh hiém dugc 70: S6 70 chia hét
cho 5 va 7, va chia cho 3 du 1, nén goi la phép
tam so.

Ngii thu mai hoa chdp nhat chi: Nam cay
hoa mai 21 canh: s6 21 chia hét cho 3, cho 7, va
chia cho 5 du 1, cho nén goi 1a phép ngii so.

That tir doan vién thu da nguyét: Bay
ngudi con doan vién dém tring thu (ngay ram
15): S6 15 chia hét cho 3, cho 5, va chia cho 7 du
1, cho nén goi 1a phép thdt so.

Bach linh ngii tho dinh vi ki: Tram linh
nam (105) da dinh, dem chia cho 3, cho 5, cho 7
déu khong du, nén dung lam phép trir.

Giai thich: “Trr trdm linh nam”: 105 la
boi s6 chung nho nhét cta 3,5,7. Trir bt 105 (cat
d6t theo Duong Huy) dé duoc nghiém nho nhét.

Sau khi gidi thich tung cau tho va giai bai
Han Tin diém binh, Nguyén Hitu Than da phat
biéu mot s6 bai toan moi, twong tu nhu bai Vit
bdt tri ki s6, ma chang t6i chua tim thiy trong
cac sach toan Trung Hoa, c6 1& do chinh Nguyén
Hiru Than sang tic khi nghién ctru bai Vit bat
tri ki 5.

Céc bai toan 1.2.3 - 1.2.12 dugc lay tir ¥
Trai todn phdp nhat ddc luc.® Dé tién trinh bay,
chung tdi su dung ngdn nglr hién dai trong phat
biéu bai toan va 1o giai.
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Bai 2.2.3 Tim s6 nho nhit biét khi chia no
cho 3, cho 5, cho 7 déu du 1.

Giai Goi x 12 s6 can tim. Khi 4y x - 1 chia
hét cho 3, 5, 7. Chimg t0 x - 1 1a BSCNN cua 3,
Sva7.Suyrax-1=3x5x7=105.

Vay x =106

Bai 2.2.4 Tim s6 nho nhét biét khi chia n6
cho 3, cho 7, cho 11 déu du 1.

Giai Goi x 12 s6 can tim. Khi 4y x - 1 chia
hét cho 3, 7, 11. Chimg t6 x - 1 1a BSCNN cua 3,
7vall.Suyrax-1=3x7x11=231.

Vay x =232.

Bai 2.2.5 Tim s6 nho nhét biét khi chia n6
cho 5, cho 7, cho 9 déu du 1.

Giai Goi x 12 s6 can tim. Khi 4y x - 1 chia
hét cho 5, 7, 9. Chimg t6 x - 1 1a BSCNN cua 5,
7va9.Suyrax-1=5x7x9=315.

Vay x =316.

Bai 2.2.6 Tim s6 nho nhit biét khi chia no
cho 7, cho 9, cho 11 déu du 1.

Giai Goi x 14 s6 can tim. Khi 4y x - 1 chia
hét cho 7,9, 11. Chtng té x - 1 [a BSCNN cua 7,
9vall.Suyrax-1=7x9x11=693.

Vay x = 694.

Bai 2.2.7 Tim s6 nho nhét biét khi chian6
cho 7, cho 11, cho 15 déu du 1.

Giai Goi x 12 s6 can tim. Khi 4y x - 1 chia
hét cho 7, 11, 15. Chimg t6 x - 1 1a BSCNN cua
7,11val5. Suyra x-1=7x11 x 15 = 1155.

Vayx =115

Bai 2.2.8 Tim s6 nho nhét biét khi chia n6
cho 9, cho 11, cho 13 déu du 1.

Giai Goi x 12 s6 can tim. Khi 4y x - 1 chia
hét cho 9, 11, 13. Ching t6 x - 1 1a BSCNN cua
9,11val3.Suyra x-1=9x 11 x 13 =1287.

Vayx = 1288.
Bai toan sau day thuong dugc st dung

trong cac ki thi hoc sinh giéi Trung hoc Co so
cap Tinh.

Bai 2.2.9 Tim s6 nho nhat biét khi chia
no6 cho 3 thi du 1, chia cho 5 thi du 2, chia cho
7 du 3.

Cich giai 1 (BSCNN) Goix 13 s6 can tim.
Khi 4y x - 1 chia hét cho 3, x - 2 chia hét cho 3,
x - 3 chia hét cho 7. Suy ra 2(x - 1) ciing chia hét
cho 3, 2(x - 2) ciing chia hét cho 5, 2(x - 3) ciing
chia hét cho 7. Chimg to
2x+1=2(x-1)+3=2(x-2)+5=2(x-3)+7
chia hét cho 3, cho 5, cho 7 hay 2x+ 1=105.

Suy ra x =52.

Nhan xét Loi gidi trén doi hoi doi chut
sang tgo (thi hoc sinh giéi THCS). Tuy nhién,
néu biét thuét giai hé phuong trinh dong du thi
chi can ap dung DPinh li Trung Qubc vé ph?m du
ma khong can phai sing tao.

Ciach gidi 2 (Giai hé phuong trinh dong
du) Goi x la s6 can tim. Theo bai ra ta c6 hé
1(mod3)
2(mod5)
3(mod 7).

X

X

X

N, =5x7=35;

N,=3x7=21;

N, =3x5=15.

Vi (5,7)=(3,7)=(3,5)=1 nén
(N,3)=(N,,5)=(N,,7)=1.

Tén tai cac sb x, =2,x,=1,x,=11acac
nghiém cua cac phuong trinh N.x, = 1(mod m).
Vay
x=35x2x1+21x1x2+15x1x3=70+42+45
=157=3x5x7+52.

Dadp: Spp: S6 nhiftnhét thoa MW 1a 52.

Nhin xét Céc bai toan trén thyuc chat chi
can dung khéi niém Boi s6 chung nho nhét. Tuy
nhién, cac Bai toan dudi day trong® doi hoi phai
biét van dung Pinh Ii Trung Quéc vé phan du.

Bai 2.2.10 Gia sir c6 mot s6 ngudi. Xép
hang 7 thi du 1, xép hang 11 thi du 3, xép hang
15 du 4. Hoi s6 ngudi 12 bao nhiéu?

https://doi.org/10.52111/qnjs.2022.16401
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Giai Goi x 1a s0 can tim. Theo bai ra ta
co hé

1(mod7)
3(mod11)
4(modl5).

X

X

X
bit
N, =11x15=165;
N, =7x15=105;
N, =7x11=T77.
Vi (7,11)=(7,15)=(11,15)=1 nén

(N, 7)=(N,,11)=(N,,15)=1.

Todn tai cac sb x =2,x,=2,x,=81acac

nghiém cta phuong trinh Nx, = 1(mod m). Vay
x=165x2x1+105%x2x 3+ 77x8x4=3421
=(7x11x15)x2+1114.

Dap: 1114 nguoi.

Bai 2.2.11 Gia sir c6 mot s linh ban cung,
chia thanh timg cip tdp ban trong ba ngay. Ngay
thir nhéat cap 7 nguoi thi du 6 nguoi. Ngay thir
hai c@p 11 nguoi thi du 10 nguoi. Ngay tht ba
cap 15 nguoi ciing du 10 ngudi. Hoi s6 nguoi 1a
bao nhiéu?

Giai Goi x 1a sb can tim. Theo bai ra ta
co hé

x=6(mod7)
x=10(mod11)
x=10(mod15).

N, =11x15=165;

N, =7x15=105;

N, =7x11=T7.
Vi (7,11)=(7,15)=(11,15) =1 nén

(N, 7)=(Ny11) =(N,15)=1.
Todn tai cac sb x, =2,x,=2,x,=81acac

nghiém cua phuong Fri.nh Nx,=1l(modm). Vay
x=165x2x6+105x2x10+77x8x10=10240
=7x11x15x8+1000.
Dap - pgp: 1000 linh.

https://doi.org/10.52111/qnjs.2022.16401

Bai 2.2.12 Gia st ¢6 binh linh an com 3
lan. Lan thir nhat xép 9 nguoi mot ban thi thira
3 nguoi. Lan thir hai xép 11 nguoi mot ban thi
thira 1 ngudi. Lan tht ba xép 13 ngudi mot ban
thi thira 4 nguoi. Hoi s ngudi 1a bao nhiéu.

Giai Goi x 1a sb can tim. Theo bai ra ta
n tim. Theo bai rata c6 h
3(mod9)
2(modl1)
4(mod13).

cohe 1 las

X

X

X

N, =11x13 =143;
N, =9x13=117,;
N, =9x11=99.
Vi (9,1 1) =(9,13) =(1 1,13) =1 nén
(N,,9)=(N,,11)=(N,,13)=1.
Ton tai cac sb x =8,x,=8,x,=5lacac
nghiém cta phuong trinh Nx, = 1(mod m). Vay
x=143x8x3+936x8x14+99x5x4=6348
=9x11x13x4+1200.
Ddp  Pap: 1200ingudi.
2.2.3. Pinh li Trung Qudc vé phan duw trong
“Todn phép dai thanh” va mét sé sdach khdc
C6 thé khang dinh rang nguoi Viét Nam biét dén
bai toan Diém binh phdp (phép diém binh) qua
cubn sach Todn phdp dai thanh’ duge coi la cua
Luong Thé Vinh. Tuy nhién, cudn Todn phdp dai
thanh hién nay con luu trlt chi la ban chép lai va
bai Diém binh phdp’ khong co6 10i giai.
Bai 4.2b Piém binh phap (Todn phdp dai
thanh, Ban B, to 64a; Ban A, to 115a)?’
REZX
ZARITET+#E
AT —H
tARITKHA
BRERATEAD
Phién am:
Piém binh phap
Tam nhén dong hanh that thip suy
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Ngii thu mai hoa chap nhat chi

That nhdn dong hanh thu ban nguyét

Trir bach trie ngii dinh vi ky.

Dich:

Phép diém binh

Ba nguoi cung di it bay chuc

Nam cay hoa mai 21 canh

Béy con doan vién dém trang thu

Trir trim linh ndm biét s6 thanh.

Nhan xét: Toan phap dai thanh (dugc coi
1a ctia Luong Thé Vinh) goi bai toan nay 1a Diém
binh phdp, khong goi 14 Han Tin diém binh nhu
Trinh Pai Vi (1592). Piéu nay 1 co s¢ dé tin
rang Todn phdp dai thanh hién ton (hai ban chép
tay, mot ban trudc nam 1934 va mot ban nam
1944) c6 bong dang Todn phdp dai thanh cua
Luong Thé Vinh (1441 - 1496).

Hoang Xuan Han’ da chép lai bai Han
Tin diém binh tir sach Todn phdp thong téng cta
Trinh Pai Vi va viét:* Bai tho nay cua Trinh DPai
Vy doi nha Minh, ding chit sach c6 dinh liu dén
nhiing chit can biét. Nhu & cau dau 1a ding “tam
nhdn dong hanh tat hitu ngd si’” [ba ngudi ciing
di tit c6 nguoi 1a thiy ta] va cau “nhdn sinh that
thdp ¢6 lai hi” [Nguoi bay muoi xua nay hiém].
Va Ong xin dich d6i lai nhie sau ndy cho dé hiéu:

Ba nguoi cung hang, nhan bay muoi.

Nam ngudi ciing hang, nhan ham mét.

Bay nguoi cung hang, nhan muoi lam.

Trir trim linh ndm thi tinh suét.

Nhung rdi Hoang Xuén Hin ciing binh
luan: Nghia van la t6i tam. Nhung ta phdi hiéu
rdang bai tho trén la chi @é nhé mdy sé quan hé
trong qui tdc ma thoi.®

Trong Ldp thanh todan phdp (t6 21a)" ¢o
bai Van trit toan phap (Phép toan van tri = sdp
xép, tinh toan trurdc):

BEHRE
= AETE+AED
FBBIE T —%

tFEHEFA

RERAE AR

Phién dm:

Vin tru toan phap

Tam nhdn dong hanh thdt thip sw

Ngii thu cdo hoa chdp nhat chi

That tir vién bai chinh ban nguyét

Trwr bach trie ngii dinh vi ky.

Trong Todn dién triv cieu phdp (t& 53b)'°
cling c6 bai Van tru toan phap thi (tho vé toan
van tru), thuc chat ciing 1a bai Diém binh phap.

SLIE NP

= NFEAT-EE

FNFEAT =3

NG|

B Bk T 2

Phién am:

Vin tru toan phap thi

Tam nhdn dong hanh that thap suy

Ngii nhdn dong hanh nhi thip nhdt chi

Thit nhan dong hanh thu ban nguyét

Trie bach trie ngii dinh vi ki.

Trong ca ba cudn sach’'>16 déu khong c6
101 gidi.

3. KETLUAN

Pinh Ii Trung Quéc vé phan dir d duge nguoi
Viét biet dén tr thoi Lwong Thé Vinh (1441-
1496), cach day 500 nam. Theo tu li¢u sach toan
Héan-Nom hién ton, c6 thé khang dinh, Nguyéen
Hiru Théan (1757-1831) la nguoi dau tién trinh
bay chi tiet 101 giai va phat biéu mot so bai toan
tuong tu. Ong ciing da viet rd: “Néu sd nguoi
nhiéu hon déap so, thi tir cach gidi cling tim duoc
ding s6 nguoi”.* Nghia 13, phai “cat dot™: trir
BSCNN cuacac so m, i=1,2,..., k, d€ dugc dap
s0 nho nhat hoac dap so6 trong mot khoang nao
d6. Qua khao sat van ban, c6 thé noi, cac nha
toan hoc Viét Nam da cam nhéan dugc cai hay vé
mat toan hoc va rng dung trong thuc té cta toan
dong du. Tuy nhién, ngudi Trung Quoc con di xa
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hon: ho biét van dung dinh 1i vé dong du véo cac
bai toan thién van va tinh toan lich tir thé ki I1
trude Cong nguyén.

Cac séach toan Han-Nom thuong dua ra 101
gidi cho nhiing bai toan thyc té vi viy né van
con co gia tri khong chi trong nghién ctru lich
st toan hoc, ma con trong giang day toan két
hop véi thuc tién, mot trong cac dinh hudng cia
Chuong trinh toan 2018 va trong cac sach giao
khoa mdi. Nhitng vi du trong sach toan Han-
Ném (va duge gi6i thiéu trong bai nay) van co
thé st dung trong day va hoc chuyén dé Pong dur
trong chuong trinh todn Trung hoc va toan Pai
hoc hién hanh.
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