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ABSTRACT

In 2003, Faggionato A. and Martinelli F. proved that the hydrodynamic behavior of a simple

exclusion process under the influence of a bounded disorder field can be described by a Cauchy problem.

In this paper, we show that a similar conclusion also holds true if the disorder field is unbounded and

satisfies a certain condition on its distribution.

Keywords: Hydrodynamic limits, disordered systems, exclusion processes.

1. INTRODUCTION AND MAIN

RESULT

A lot of techniques have been developed so far
in order to investigate the hydrodynamic limit
of an interacting particle system in which each
particle moves on an integer lattice. An interact-
ing particle system is said to have a hydrody-
namic limit if for which there exists a time and
space rescaling in which the conserved quanti-
ties evolve according to a certain partial differen-
tial equation. This partial differential equation is
called the hydrodynamic equation corresponding
with the system. The simplest and most widely
studied interacting particle system is the simple
exclusion process, where a particle sitting on a
site o of the d-dimensional torus T? = R?/Z4
with unit volume, waits an exponential time and
attempts to jump to the nearest neighbor site y
together with the exclusion rule that forbids the
jumps to occupied sites. Furthermore, it is as-
sumed that the total number of particles is the
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unique quantity conserved by the time evolution.
We denote by T4 = Z¢/NZ% the corresponding
microscopic space and by 7V the empirical mea-
sure on T? obtained by assigning to each particle
a mass N %,

' (a6) = ', 8) = Av me(tN%)0, (d6)

where Avd stands for the spatial average and 7,
zeTq

is the number of particles at site . Then the dy-
namics is determined by the diffusively rescaled
Markov generator N2Ly,

Lafm =YY" comremfn™T) = f(n)],

eegmeT%

where & is the canonical basis of the d-
dimensional lattice Z%.

In the above expression, the configuration
7Y is obtained from 7 by exchanging the val-
ues 1, and 7,, the positive and bounded transi-
tion rate ¢, (1) is not only translation invariant
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in the sense that cy4,y42() = ¢z, (7.1), Where
7,1 is the particle configuration translated by z,
but also satisfies the identity ¢, ,(n) = ¢y.2(1).

Given a symmetric, finite range and trans-
lation invariant transition probability p(z,y) on
74, ie. p(z,y) = p(0,y — x) =: p(y — z), the
set {z : p(z) > 0} is finite and p(x) = p(—=x).
If ¢y ppe(n) = Z ple + yN),Vo € T4, Ve € £

yeZ
then such a system is called a symmetric sim-

ple exclusion process. We denote by My the
set of probability measures on T¢, which are
absolutely continuous with respect to Lebesgue
measure with density bounded by 1. Now, let a
sequence of probability measures {yV}y>1 on
Qn = {0, 1}T5lv be associated to a function py on
T? in the sense that under pV, the sequence of
empirical measures 7} on T¢ converges in prob-
ability to po(6)dd € M. Then, it is shown that
after a suitable space and time rescaling, the cor-
responding sequence {P} ! }N>1 of the distribu-
tions at time t of a symmetric simple exclusion
process with the initial measures %, is associ-
ated to the density of particles p(t, -) which is the
unique weak solution of the heat equation

0p(1.0) = S20(1,0), p(0,6) = p(6). (1)

More generally, the hydrodynamic behavior
of the gradient exclusion process and the nongra-
dient exclusion process are also obtained. For a
more comprehensive view, we recommend? Sec-
tion 7.

In!, Faggionato A. and Martinelli F. study
the hydrodynamic behavior of a simple exclu-
sion process under the influence of an external
random field. The disorder field « is given by
independent identically distributed random vari-
ables with |a,| < B,Vz € Z%. Let us describe the
dynamics. Given a disorder configuration a and
a subset A of Z¢, they define the grand canonical
Gibbs measure u5 on {0,1}* associated to the
chemical potential A € R as the product measure

e(am+)‘)77z

a,\ o
iy (n) = H T+ eonir
€A

and the corresponding canonical measure vy ,
with density p as

A
V() =1y (Ima = p),
1
where the particle density is my = — E Ne-

The positive and bounded transition rate
g?y
(epy 0vy) is not only translation invariant, i.e.

¢ . (n) depending on the disorder configuration

() = €5y ypa(n), V2 € 27,

where 7., 7,7 is the disorder and particle con-
figuration translated by z, but also satisfies the
identity cg () = cj ,.(n). Moreover, it satisfies
the detailed balance condition with respect to

the Gibbs measure MX”\ , Le.

2 (n) = Cg7y(na:>y)e_(aw_05,1/)(7700_773./)'

Then, the lattice gas with Kawasaki dynam-
ics is a continuous time Markov chain deter-
mined by the diffusively rescaled Markov genera-
tor N2L%;, where LS := E%% and for all A C Z7,

LFM =D eI ) = f()).

ecE zeA

Since the present system does not satisfy the
gradient condition, except the trivial case when
the disorder field is constant, they apply the
classical approach, i.e. looking for a generalized
Fick’s law to establish the hydrodynamic limit
of a disordered nongradient system but with a
slight modification. Namely, they are interested
in the limit

lim (21) B[ ()

100
( Z T:cf>(_ Xl)_l Z ng)]v

|| <t—v1 |z|<i—v1

where E stands for the corresponding expecta-
tion with respect to the product measure de-
fined on the disorder configuration space and
Xo(p) is the annealed chemical potential such
that E[u®*0) ()] = p.
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By the theory of closed and exact forms gen-
eralized from the ones for the nondisordered and
nongradient system, it can be proved that the
above limit exists and defines the semi-inner
product V,(f,g). On the other hand, the sub-
space {Z ot L7a9:a € R?, g € G} is dense

ecé
in G endowed with the semi-inner product V,,

c.f.! Section 7.1, where the instantaneous current
Jay(m) = ¢, (n)(n: — ny) defined as the differ-
ence between the rate at which a particle jumps
from x to y and the rate at which a particle
jumps from y to z, G stands for the space of local
and bounded functions on [~ B, BJZ" x {0,1}%",
and G is the space of mean-zero functions g € G
with respect to all canonical measures on some
cube. Nevertheless, 7. — 19 ¢ G because of the
disorder field, hence {1, —no }ecs no longer forms
a basis of £L2G+. Therefore, they try to consider
the difference

Me — Mo — V/C\l,“mn(n)(ne — o).

Similar to the one considered in?, it can be
proved that for each e € £, the sequence of these
differences is Cauchy in G with the semi-norm
Vpl/ % and that the limit points of these sequences
with e varying in € form a basis of L*G*. Then
the current j; ... can be written as the sum of
some negligible fluctuation 7,£%¢ and

Y Deer(p)ro(ne — 10— V5, iy (e — 100)
e'ek

for some d x d matrix D(p).

In order to get a generalized Fick's law,
it remains to show the negligibility of the
term 7o (Vg . (e = ), Vo € T4 Unfor-
tunately, in the presence of the disorder field,
VR oy (e = M0)lloc = O(1),Vn Therefore,
Faggionato and Martinelli considered the gradi-
ent of the density in two large adjacent cubes
in the hope that the fluctuations are small. This
problem has already solved by Faggionato and
Martinelli as long as d > 3 in'.

They finally arrive at the main conclusion
on the hydrodynamic limit of a system with the
bounded disorder. Namely, in dimension larger

https://doi.org/10.52111/qnjs.2023.17104

than 2, for almost every disorder configuration,
by rescaling space and time diffusively, the hy-
drodynamic equation is the nonlinear parabolic
equation

0ip(t,0) = V(D(p(t,0))Vp(t,0)),
p(0,0) = po(6),

where the deterministic diffusion matrix D can
be described by the following variational charac-
terization, for any a € R,

1
a,D(p)a) = —— inf E[ @0 (p)
(@.D)a) = 55 iat SB[

(i (a1 50 ( 3 70)))]

A

where x(p) = E[u®* ) (1) — p20()(1)?] and
Vaeyg(a,n) = glo,n™Y) — g(a,n). Furthermore,
Faggionato and Martinelli also prove that D(-) is
positive, bounded and continuous in (0, 1). That
hydrodynamic equation is obtained under the as-
sumption that D(-) has a continuous extension
in the closed interval [0, 1]. A few years later on,
in®, Quastel proved that this diffusion matrix D
is actually continuous in the closed interval [0, 1].

The above conclusion on the hydrodynamic
behavior of a disordered system has been ob-
tained as long as the disorder field is bounded.
A natural question posed here is that whether
that conclusion holds true if the random field is
unbounded. In this paper, we will indicate that
a similar conclusion also holds true if the dis-
order field is unbounded and satisfies a certain
condition on its distribution. Let us consider the
disorder field given by independent identically
distributed random variables satisfying the tech-
nical condition that there exists some u > 0 such
that for all 2 € Z¢, E[e**+]] < +00. Then, under
the assumption that the diffusion matrix D has a
continuous extension in the closed interval [0, 1],
in dimension larger than 2, for almost every dis-
order configuration, by rescaling space and time
diffusively, the macroscopic evolution of the sys-
tem with this new disorder field is described by
the nonlinear parabolic equation as above.
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More precisely, let us present the main result
as follows.

Theorem 1.1. Let d > 3,T > 0. Let the disor-
der field be given by iid random variables satis-
fying the technical condition

Ju > 0 such that Vo € 24, E[e"l*]] < +00. (2)

Assume that the diffusion matric D de-
fined as in' Theorem 2.1 for p € (0,1) has
a continuous extension in the closed interval
[0,1]. Consider a sequence of probability mea-
sures {u™ }n>1 on Qn associated to the macro-
scopic profile po(0)df € Ms. Then for almost ev-
ery disorder configuration o, any t € [Q,T], the
sequence of probability measures {P{" }n>q is
associated to the macroscopic profile p(t,0)dd €
My whose density is the unique weak solution
p € C([0,T], M2) of the Cauchy problem
{atpu,e) - VD(LOVAL)

p(0,6) = po(6).

and satisfying the energy estimate

T
/ / IVp(t,0)[2dodt < .
0 Td

This result follows from repeating the proof
for the case of bounded random field and replac-
ing the arguments where the boundedness is used
by the different ones.

For this purpose, it is enough to deal with
all the estimates involved in the boundedness
of the random field we have considered above.
Namely, they are the estimate on the entropy
H (IP”‘N |P#~), the equilibrium bounds and the re-
sults applying them as well as the description of
(a, D(0)a), (a,D(1)a) as the limit of (a,D(p)a)
when p | 0 and p 1 1, respectively. We will carry
them out with more details in the following three

sections.
2. ESTIMATE ON THE ENTROPY

As mentioned in' Section 4, if |o,| < B, Vx € Z¢
then there exists some constant C'(B) > 0 such

that for every disorder configuration o and any

N>,
e%xllx

wvin) = J] T >

zeT

—C(B)Nd’ V€ Qn

and the estimate on the entropy H (IP’“NHP“N)
will thus follow, ie. 3C > 0 such that
H(P*" |Pv) < CN.

Let us now show that for the present model,
i.e. the system with unbounded random field sat-
isfying the technical condition (2), we also obtain
the above bound on py(n) for almost any disor-
der configuration and any N large enough.

Lemma 2.1. There exists a constant C > 0 such
that for almost any disorder configuration o and
any N large enough,
Oz _oNd
MN(T])_QCLI% Ty >e , Ve Qy.
(4)

Proof. By the technical condition (2), there ex-
ists ug > 0 such that E[e%l*=l] < C’. We set

e_‘o‘zl

—-CN*¢
Oy =< a: >e
H 1_|_ea1 -
zeTd

2InC’

Uup

where C' := K +1In 2 for some K >

. Then,

we have

]. _CNd
Pv) <P | ]I samy>e
xET‘fV

d
<P H e?lazl > KN
zeTY,

" N
< (e_élK]E[euo‘“’”l])

< e(lnc’—%K)Nd
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Hence, d) |MA(f;NAf)|
In G/ — %0 Ky N e < Ol f]| oo min(|Af|az, \/W),
Z P(Qn) < Z eInC' =32 KN | . for any function f with Ay large enough,
N2>1 N>1

Then by Borel-Cantelli lemma, for almost every
disorder configuration «, for all N > Ny(a), o ¢
Qn. Moreover, due to the fact that —|a,| <
a1z, Y € Qpn, the assertion of the lemma fol-
lows. ]

3. GENERALIZED EQUILIBRIUM
BOUNDS

In the proof of! Lemma A.2, all the estimates
originate from bounding p*(1,) at a single point

x, l.e.
—2B A Qs +A 2B\
€ e e“e
= < 5
o <) = T S O

if || < B,Va € Z%. Tt thus implies the estimate
C™HM (ma) < p(ma) < CpMma)  (6)

for all A C A and every disorder configuration.

Now, if the disorder field is unbounded then
we no longer obtain an estimate as (5). How-
ever, the bound (6) still holds true but for almost
all disorder configurations and all finite subsets
A C Z% large enough by applying the Large devi-
ation estimate (! Lemma A.1). More precisely, *
Lemma A.2 is substituted by a more generalized
one as follows.

Lemma 3.1. Given a nonempty finite subset
A C Z¢ of cardinality L and X € R. We set

6a0+>\

A= E (W) P = ,u>‘(mA
min(p, 1—p). Then, there exists a constant C > 0

) and a, =

such that for almost any disorder configuration
a, any L large enough, any subset A C A satis-
fying KL < |A| < L, where % <K< %,

a) C7YAlp < p*(Na) < C|Alp,

b) C7HA|(1—p) < p*(|A|=Na) < ClA|(1-
p);

¢) CYAla, < p*(Na;Na) < ClAlay,

https://doi.org/10.52111/qnjs.2023.17104

where p = u)‘(mAf).

Proof. Due to! Lemma A.1 applied to f(a) =
ag+A
¢ — A, for any § > 0 and any nonempty

1+ e@otA
finite subset A C Z%, we obtain
P(|p*(my) — A| > 8) < 2757 (7)
We set

S ={A:ACAwith KL <|A|<L},
Qr = {3A € 8 : pM(ma) > Cpt(my)},

4v/21In2
for a constant C' > 2 + An and any
161n2 1
m < K < 5 Therefore, by (7), we
get
Y PQL) < >0 DT P(u(ma) > Ct(my))
L>0 L>0A€S
C A
<Y 2MP(p (ma) > 54+ P Mmy) < 3
L>0
<Y 2 P(u A>(C 1)A)
2
L>0
>\ A
FE(A(ma) — A< ~3)]

< 372l (e O AKL 4 =AY < oo,
L>0

Then, by Borel-Cantelli lemma, for almost
all disorder configurations a, there exists Lo(a)
such that for all L > Ly(a), v ¢ Qp. It implies
the upper bound of a). For the lower bound of
a), we do the same argument. Then, the estimate
b) easily follows from a).

Let us now verify the estimate c¢). We ob-
tain the upper bound from using the fact that
pM(Na; Na) < p*(Na) and applying a). For the
lower bound, we assume p € [ , 3] and consider
the set W= {z € A: pM(n,) < 5}
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*If [W| > 3|A| then W € S. Hence, we have

MNANA) =D i (asma) = Y N (i)
zEA zeEW
=Y 1) (1 = 1 ()
rzeW

>_ZM 7]1— (NW)

zeW

C7HWlp = CHAlp.

wli—\

%|A| then |[WW€¢| > %|A|7 ie
We¢ e S. Hence, we have

PANNANY) =Y i i) =Y A i)
zEN zeWe

= > )1 = ()

xeWe
Z ’s Z 1-%
IEWC
1
= SIA (W - Nue)
- _
> SO W1 - p) 2 YA,

From two cases above, we get
M (Na; Na) 2 O [Afay. (8)
Now, given A € S, applying (8) gives us
pM(Na;Na) > C7HA|min(p/,1 — p'), where

p= M m
b) then imply the lower bound of c).

A). This estimate together with a),

The estimate d) then follows from a) and

c) similar to the one as presented in! Lemma
A2 O

Lemma 3.2. There exists a constant C > 0 such
that for almost any disorder configuration o, any
function f with support Ay large enough and any
subset A C Z% large enough, for all \, N € R,

1 (F) = 1)

< Ol floolAglle® (ma,) = i (ma ), (9)

1 (ma; Na) — i (ma; Ny)|
2| A’ /
< ﬁr N () — i (mas) YA’ C A (10)

For any p, p’ € (0,1),

11 ®) (10) — 1) (1) < Clp’ = p,

(11)

1) (nosmo)| < Clp — pl,
(12)

‘ Ao(p’ )(770 770)

[An(p) = dolp)l < )IP—MA"(p)(mA)I-

p(1—p
(13)

Proof. Let us first prove (9). By setting p :=
,u’\(mAf),p’ = ,u’\/(mAf), we can write

¥ (1) |—\/ 12519 (f)ds
/w (f; Na,)Na, (9lds. (14)

By Lemma 3.1, for any function f with support
large enough,

125 (f; Na, )|
< Ol fllool Ayl
x min(p*21 ) (ma,), 1= 2 (ma,)

= C|[fllcc|A s min(s, 1 — ).

Moreover,
1
!/
A, (8) =
f M)\Af(S)(mAnyAf)
< C
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Therefore, for any function f with support large
enough,

|M>\Af(s)(f;NAf) /Af(8)| < C[[flloolAgl-

Hence, we obtain (9)

Now we verify (10). Let us observe that

(N a; Nag Na)| <2 | 0 72|

TEA
<23 ()1 = p(na))[2p(ns) = 1
zEA
<2 () (1= p(ne))
TEA
=2) p(neine) = 2u(Na; Na). (15)
zEA

We set j := p*(ma), ' == p (my). By this
setting, we have Ay (p) = A\, A/ (') = N and we

can write

| (ma; Na) — i (ma; Ny

- ‘/” L) (my; Ny )ds
5 ds

ﬁ/
S[ [ ) (my; Nos Na) A ()| ds
o

~/

P2
< / S E Ny Np)Aas(s)ds
5 A

/ﬁ/ 9 ,u’\A/(S)(NA';NA')
< — d
= [ |A| /L/\A’(S)(mA’;m/A’)

S

- 2|A'||~, 3

S P =Pl
A

and we arrive at (10).

Let us next consider the estimate (11). With

no restriction, we assume that 0 < p < p’ < 1.

Since lim P(Jag| < B) = 1, there exists some
Btoo

constant B > 0 such that P(|ag| < B) > 5 and
we have

https://doi.org/10.52111/qnjs.2023.17104

x(p) = E [ (no; mo)|

e@ot+Xo(p)
(1 4 evotlo(e))

5 -]I e0tXo(p)
B {loo/<B} (1+ ea0+)\0(P))2

+E

; eotAa(p)
{lao|>B} (1 n ea0+/\o(p))2

> P(|a| < B) min (h(—§)7 h(ﬁ)) ,

eBt2o0(p)

where h(8) = —(1+e3+*0("))2

. Therefore,

W\U(p/)(ﬁo) — 1P (10)]

P d o Ao() (5
— Xo(s) M 7o
= [ = (m)ds| < / ———ds
’/p ds ‘ P x(s)

SC(/)/ - P)»
and this implies (11).
On the other hand, (12) is a simple conse-

quence of (11). In fact, we have

1120 (g3 170) — 120 ®) (303 19 )|
< |M/\o(p’)(n0) _ uho(p)(%”
+ ) ()% — o) (1pg)?|

< O () — o) (o)
<Clp"—pl.
O

4. ON THE CONTINUITY OF THE
DIFFUSION MATRIX AT THE END
POINTS 0 AND 1

As we can see in the proof of? Theorem
5, Section 11, the assumption on the bound-
edness of the disorder field is essential to de-
scribe (a, D(0)a) and (a,D(1)a) as the limit of
(a,D(p)a) when p | 0 and p 1 0, respectively.
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More concretely, let us go through that proof.
By the boundedness of the random field, there
exists some constant C'3 > 0 such that

e”‘m +>\O(p)

Pe = T et > Csp. (16)

This assertion helps the author to verify the
following inequality

Y(p) > C1p’E[g5 ]-

Unfortunately, when the random field is un-
bounded, that assertion does not hold true. In-
deed, if there were some constant C3 > 0 such
that we have the estimate (16), then by taking
the limit o, | —o0 in both sides of (16), we would

get a wrong bound C5 < 0.

Moreover, as we keep looking at that proof,
we can see that the assumption on the bound-
edness of the disorder field is also used to prove

the equality (11.35) as follows

: ; Ao(p) _ 2 2
lim X (p) mf)E[Z(u P (e — mo)? + Cp?)

ce€

% (8o +7_oU — U)ﬂ

: e Qe _ 2
:51(15)@[2664«3 o+ ) (B +7-U ~ U

Elexo]

Namely, one has

No(p) = X(lp) = . [ eaoi)\o(m }’
(

1 4 e@0+ro(p))2

and

ero(p) (gao + e
) (ne—no)? = ( )

(1 + ex0t20(p))(1 4 exetrolp))’

If -B < a, < B then

)\O(P)( g _|_ O‘e)
e e e A ( ) 2
(1+ eBHralr))2 < w2 (e = o)

ero(p) (eUto + eae)

S Tre Frmmpe

Hence, the equality (11.35) follows from
checking that as p — 0,\g(p) ~ Inp —Inz and

Ao(p) ~ p.

We now claim that it is not necessary to re-
quire the boundedness of the disorder field in
order to obtain the equality (11.35). In fact, due
to the Monotone Convergence Theorem, we have

the following two estimates
1 1

lim ] = Sy

Al—oo R eo
(14 evoth)2

. (e% + e%) (B + T_U — U)?
Aﬁlinwﬁ[ (15 oot (L o)

=E[(e™ +e*)(Be +7-U ~ U)?).

They immediately imply the equality
(11.35).

Therefore, based on the previous observa-
tions, in order to get the hydrodynamic behav-
ior of our system with unbounded disorder as
the Cauchy problem (3), we just add another as-
sumption that the diffusion matrix D(p) has a
continuous extension in the closed interval [0, 1],
i.e. we arrive at the assertion of Theorem 1.1.
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